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Abstract
Student teachers learn in many ways, one of which can be through analys-
ing teaching. For this, analytical frameworks that are accessible yet theo-
retically grounded are useful. The increasingly accepted characterisation of 
mathematics as a discourse has been developed into a fully-fledged theory— 
commognition—but the theory is hard for novices to access without addi-
tional operationalisation. In this paper, I explore theoretically whether a 
framework developed both to inform and analyse practice, Mathematics 
Discourse in Instruction (MDI), is compatible with commognition. Since 
MDI was developed in a particular context, I also consider the extent to 
which the framework is broadly applicable to different types of instruc-
tional organisation. I examine the application of MDI to two qualitatively 
different Swedish mathematics high school lessons. The results indicate 
high compatibility of MDI with commognition, making MDI a candidate 
for the analysis of mathematics lessons, which can be made available to 
student teachers. Application of the framework to the Swedish mathe-
matics lessons suggested some limitations to the MDI framework’s wider 
applicability, wherefore some adjustments are suggested.

The need to describe mathematics teaching,  
and describe it well
Teaching is a more complex activity than many student teachers believe  
at the onset of their education, and in my view, one purpose of teacher 
education is to contribute to student teachers’ nuanced perceptions of the 
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work of teaching (see also Erixon & Christiansen, 2024). A recognised 
pedagogy for this purpose is the analysis (decomposition) of existing teach-
ers’ or of student teachers’ practice (Grossman, 2021; Grossman et al., 
2009), through which various aspects of teaching as well as their substan-
tiations are made visible. As Kennedy (2016, abstract) argues, “the role of 
teacher education is not to offer solutions to these problems, but instead 
to help novices learn to analyse these problems and to evaluate alternative 
courses of action for how well they address these problems”. It is for such 
analysis that analytical frameworks1 become relevant.

Analytical frameworks serve research purposes because they aim to 
describe and understand – among other things – classroom practices,  
but frameworks can also contribute to the development as practice. 
Analytical frameworks or observational rubrics may be developed in 
the context of evaluating the outcome of efforts to reform teaching (see 
Weingarden & Heyd-Metzuyanim, 2023 for discussion of some examples) 
or even to inform professional development or teacher education. At other 
times, rubrics or observation protocols serve first and foremost the inspec-
tion and assessment of teaching.2 Many frameworks can serve any of these 
purposes, disregarding the purpose for which they were developed. Within 
these overarching purposes, different aspects may be foregrounded, which 
is why it is not surprising that a plethora of frameworks exist for capturing 
different aspects of classroom practice.

For the purpose of decomposing practice to make it accessible for teach-
ing and critical reflection in teacher education, the striving must be for 
intersubjective or descriptive measures with explicitly operationalised cri-
teria. Indeed, subjective evaluations of teaching are both inadequate and 
often not sufficient to make distinctions that can inform teacher decisions 
(see Hill et al., 2012; Jacob & Lefgren, 2008), though trained observers 
may make more reliable evaluations (Rockoff & Speroni, 2010). A 2018 
issue of ZDM was entirely dedicated to a critical appraisal of observation 
frameworks. Twelve different frameworks were used to analyse the same 

	 1	 Analytical frameworks should not be confused with theoretical frameworks, 
which may consist of assumptions, theories, hypotheses, concepts, etc. that guide 
research studies or researchers, for instance by informing the design or a study 
(see Cai et al., 2019; Niss & Jankvist, 2022). Of course, the categories are neither 
concisely defined nor mutually exclusive.
	 2	 For instance, the UK Department for Education specifies that standards 
can be used in annual appraisal, misconduct hearings, applying for pay increases 
and professional development. See Christiansen et al., 2019 for an analysis of some 
teacher education practicum observation protocols and their implicit images of the 
desired teacher.
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three video-recorded lessons, and in the final paper the frameworks were 
compared. In that comparison, Praetorius and Charalambous (2018) con-
cluded that all the frameworks used in the special issues were high-infer-
ence instruments, that is, they required a high degree of subjective judge-
ment, rather than relying on readily observable characteristics. The same 
point is argued by Weingarden and Heyd-Metzuyanim (2023).

Some frameworks are only applicable to a particular type of lesson; for 
instance, Weingarden and Heyd-Metzuyanim (2023) discuss the realisation 
tree assessment tool that provides multiple levels of resolution of analysis 
but which targets only classroom discussions related to more explorative 
tasks (see a critique of this in Jokhaji, 2026). While this may be highly rel-
evant for focusing on particular aspects of teaching, it does raise questions 
of selection of content for teacher education. Further, it must be considered 
that a framework may be used in contexts other than those in which it was 
developed (Heyd-Metzuyanim et al., 2020).

Also of concern are assumptions implicit in analytical frameworks. 
The frameworks discussed in the special issue of ZDM tend to focus on 
either quality or frequency of the captured features of lessons, with few 
considering at which stage of a lesson a feature is observed (Praetorius 
& Charalambous, 2018). This assumes that teaching can be reasonably 
described through a range of observable features without considering their 
sequencing and other relations among them.

Some frameworks do not make explicit the existing research or theories 
on which they are based, something Praetorius and Charalambous pro-
pose is a shortcoming. Criteria of frameworks at times constitute a non-
elaborated view of mathematics as well as of desired mathematics teaching. 
For instance, as the criteria of the Mathematical Quality of Instruction 
(MQI) framework are formulated (Hill et al., 2008), it appears that error-
free instruction, dense and clear mathematical language, meta-discussion 
of the use of language in mathematics, connections to rich mathematics, 
justification and proving, and responding to learners – who may have mis-
understandings – comprise the desired teaching.

Working within commognition, with its explicit characterisation of 
mathematics, a number of frameworks for analysis of classroom practice 
exist. I have already mentioned the realisation tree assessment tool, that 
aims to capture which realisations of a mathematical object are manifested 
during classroom discussions, the links between them, and who agents are 
in both realisations and making links (Weingarden & Heyd-Metzuyanim, 
2023). This is a very nuanced tool, but only applicable to particular types 
of lessons or even aspects of lessons. A framework for capturing the extent 
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to which a part of a lesson offers ritual-enabling or exploration-requiring 
opportunities to learn (see later for these concepts) has also been proposed 
(Nachlieli & Tabach, 2019) but criticised for making the categorisations 
unfruitfully polarised (Christiansen et al., 2023). And relying on a detailed 
discourse analysis of lessons is hardly feasible, especially not in the context 
of teacher education – though it may serve its occasional purposes.

The framework Mathematics Discourse in Instruction (MDI) is an ana-
lytical framework developed with the dual purpose of researching mathe-
matics teaching, including the differences in teaching between lessons (Adler 
& Ronda, 2015), as well as of informing practice, including professional 
development (Adler & Sfard, 2016)3. The latter purpose makes it pertinent 
to address in this volume. MDI was developed over time in a South African 
project, and is explicitly grounded in the socio-cultural field (Adler & Ronda, 
2015, p. 238) but not explicitly within commognition. Since the framework 
contains coding descriptions that appear fairly explicit yet relatively easy to 
apply, I wondered about the extent to which it is compatible with commog-
nition, so that it could be used in both research and teacher education that  
takes a discursive perspective on mathematics, learning and teaching.  
That gave rise to the first research question for this study:

a)	 To what extent is the MDI framework compatible with the 
commognitive description of mathematics and mathematics 
learning, and recent operationalisations of this theory?

Given that the variables that explain learner performance vary across coun-
tries (Eriksson et al., 2021), frameworks developed in one context may be 
deemed inappropriate in another context. However, rarely are applications 
of frameworks across contexts rigorously studied (see, however, Heyd-
Metzuyanim et al., 2020). MDI was developed in a very particular context, 
namely development of teachers in historically disadvantaged high schools 
in South Africa, still strongly influenced by the segregated education sys-
tem of Apartheid. With many schools being under-resourced and with large 
classes, the main concerns were more about fundamental access than about 
striving for explorative mathematics lessons. This may be one reason that 
explorative aspects of mathematics learning are not foregrounded in MDI, 
while it is a central aspect of commognition, developed in more privileged 
contexts (Sfard, 2001; 2007; 2008). It is therefore not given that MDI can 

	 3	 A symposium organised as part of the project from which MDI sprang was titled 
Doing mathematics discourse research: And translating it into constructive feedback to the 
teacher (Adler & Sfard 2016, p. 3).
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be applied to Swedish lessons in general, and to explorative lessons in par-
ticular. This gives rise to the second research question guiding this study:

b)	 To what extent is the MDI framework applicable to lessons 
organised around explorations?

Below, I first present central tenets from commognition, followed by a 
presentation of the MDI framework. This will be followed by a theoretical 
analysis of the compatibility of MDI with commognition, which addressed 
research question a. The analysis of two Swedish mathematics high school 
lessons using MDI but supplemented with aspects from commognition is 
then presented to address research question b. The paper is closed with a 
discussion of the results of the two analyses and their relevance to both 
research and teacher education.

An unfairly brief summary of commognition
The theory of commognition was developed over a substantial period of 
time by Anna Sfard. For instance, the idea of reification of mathematical 
conceptions was introduced in a seminal 1991 paper. It is, however, in the 
2008 book that the theory comes together more fully. Since then, the the-
ory has been expanded with both new concepts and operationalisations. It 
would be impossible to give justice to such an extensive work in just a few 
pages, but I will touch on the main ideas.

Commognition aims to contribute to a more coherent description of 
what goes on in the learning of mathematics, from a participationist view 
on learning (Sfard, 2008). The move is to first characterise mathematics 
as a discourse4, and then the learning of mathematics as a change in dis-
course. Within this perspective, learning mathematics equates to becom-
ing increasingly able to have mathematical communication with others 
and with oneself (Sfard, 2007; 2008). Later additions to the theory focus 
more strongly on the learning opportunities offered through teaching. I 
will address all three aspects – mathematics according to commognition, 
commognitive perspectives on learning and commognitive perspectives 
on teaching.

	 4	 The term discourse takes on different meanings in the literature. Sfard 
defines discourse as a “special type of communication made distinct by its repertoire 
of admissible actions and the way these actions are paired with re-actions; every 
discourse defines its own community of discourse” (2008, p. 297).
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Mathematics according to commognition
Mathematics is characterised by its specialised vocabulary, visual media-
tors, narratives and routines (Sfard, 2008). Mathematical objects are dis-
cursive objects, consisting of a signifier together with its range of realisa-
tions5 (Sfard, 2008), or the collection of realisations which refer to each 
other – the realisation tree (see also Jokhaji, 2026)6. 

Discourse objects are created from other objects, through processes of 
objectification. Three such processes are postulated: saming (giving one 
name to a number of things), encapsulating (using a signifier in singu-
lar when talking about a property of all members of a set), or reifying – 
introducing a noun “with the help of which narratives about processes on 
some objects can now be told as ‘timeless’ stories about relations between 
objects” (Sfard 2008, p. 170). Parabolae were known as one form of conic 
sections, but as a result of saming it is possible to refer to both these curves 
and expressions on the form y = ax2 + bx + c simply as quadratic functions. 
Division is a result of saming the processes of sharing out and measuring 
out. A function is a result of encapsulating all the possible values (x,f(x)) 
that satisfy the equation of the function. The processes of taking some 
parts of a whole are reified into rational numbers.

Narratives, in the commognitive perspective, refer to statements that 
are subject to endorsement or rejection. Endorsed narratives include the 
discursive constructs’ definitions, proofs, theorems and mathematical the-
ories (Sfard 2008, p. 134). According to Sfard, the goal of participating in 
mathematical discourse is to produce endorsed narratives but not neces-
sarily for every participant (2008, p. 223). Endorsement is reached through 
mathematical routines called explorations. 

	 5	 Realisations are perceptible accessible entities such as graphs, formulae, 
tables, numbers, verbal statements, icons and even physical objects. A realisation can 
be thought of as a representation of a mathematical concept in the more common 
mathematics education discourse. However, realisations do not assume the pre-
existence of mathematical concepts to be represented; instead, it is use – not intrinsic 
properties – that determines what is the signifier and what is the realisation (Sfard, 
2008, p. 164).
	 6	 The realisation tree assessment tool (Weingarden et al., 2019, see also 
Jokhaji, 2026) provides an operationalisation of both the opportunities for 
learners to engage in generating mathematical objects and learner authority/agency 
in the classroom – though only for some types of lesson organisations. In the 
operationalisation of the concept of “realisation” for the purpose of coding lesson 
observations, Weingarden et al. (2019) found it useful to work with a privileged 
signifier or “root note – that which signifies best the object that is to be samed” (p. 5). 
This blurs the lexical constraints of Sfard and thereby the difference between the ways 
“realisation” and “representation” are used.
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In the commognitive theoretisation, Sfard operates with three routines: 
explorations, deeds and rituals (2008). In later works in the commognitive 
tradition, rituals and explorations dominate the literature, while deeds are 
not addressed. Rather than seeing rituals and explorations as opposites, 
they are seen as complementary (Lavie et al., 2019; Nachlieli & Tabach, 
2019; see also Christiansen et al., 2023).

Rituals have been described in somewhat different ways across the com-
mognitive literature. Sfard herself often uses examples from early learning, 
and writes about routines with the closing condition of creating or sustain-
ing a bond with others (2008), and this is picked up by Lavie et al., who 
say that rituals are performed to achieve social rewards (2019)7. Instead 
of defining rituals mostly by their closing conditions, Nachlieli and Tabach 
(2019) use ritual to refer to imitation of someone else’s performance. The 
substantiation of a ritual consists in making clear that the procedural steps 
have been followed.

Explorations are routines that are completed “when an endorsable nar-
rative is produced or substantiated” and include numerical calculations, 
solving equations, defining and proving (Sfard 2008, p. 224). The notion 
of narrative is thus not restricted to theorems; for instance, an established 
and warranted algorithm would be an endorsed narrative, as would the 
solution to a given equation. Construction refers to the process resulting in 
a new endorsable narrative, while discourse-specific substantiation is the 
process of deciding whether to endorse previously constructed narratives 
(Sfard 2008, p. 225). “Whereas for a mathematician, substantiation is a 
purely discursive activity, with all the evidence arising from the discourse 
itself, children are likely to seek substantiation beyond the discourse”, 
Sfard claims (2008, p. 233).

Learning and teaching mathematics
As learning equates to becoming increasingly able to participate in math-
ematical discourse, teaching is about the extent to which mathematical 
communication is endorsed and supported in the classroom. Each charac-
teristic of mathematical discourse therefore comes into play in the learning 
and teaching of mathematics. For instance, learning mathematics includes 
learning the discourse objects resulting from objectifications: “Replacing 
direct realizations with discursively mediated ones is among the aims of 

	 7	 This focus on motivation or closing conditions of course generates a 
difficulty in determining the motive that drives a routine, but it also makes less visible 
that even explorative activity is a part of a discourse with its issues of in-/exclusion. 
See, however, below about meta-level discourse.
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school learning”, Sfard claims (2008, p. 226). Further, learners should pro-
ceed towards objectification of the discourse (Lavie et al., 2019).

Sfard distinguishes between two different levels of discourse and related 
levels of learning, both of which are considered necessary for the mastery of 
a discourse (Ben-Zvi & Sfard, 2007). Object-level learning “leads simply to 
an extension of the discourse – it increases the set of ‘known facts’ (endorsed 
narratives)” (Ben-Zvi and Sfard 2007, p. 119), while meta-level learning 
results in a transformation of the discourses. The latter learning is facili-
tated through commognitive conflict – situations where learners’ existing 
discourses are not adequate for describing a concept or scenario, or where 
a known word changes its realisations (see Sfard, 2007), for instance when 
“number” must change to also include negative numbers or irrationals.

Teaching aimed at object-level learning can be facilitated through 
explorative participation, while teaching aimed at meta-level learning (or 
learning conventions) require ritual participation as well as information 
from the teacher (Nachlieli & Elbaum-Cohen, 2021). How situations of 
commognitive conflict are handled by the teacher also becomes pertinent.

If we want learners to be able to engage in mathematical discourse, 
explorations are desirable, but rituals may be satisfactory routines in some 
cases, just as they may be a “natural, mostly inevitable, stage” (Sfard, 2008, 
p. 245), because “[w]ithout other people’s example, children may have no 
incentive for changing their discursive ways” (Sfard, 2008, p. 257). The 
difference between rituals and explorations has been foregrounded in more 
recent research within commognition, where explorations are seen as cen-
tral to learning, for example, “For learning to progress, this initial per-
forming of ritual routines should be followed by de-ritualization toward 
performing exploration routines” (Nachlieli & Tabach, 2019)8.

Cole and Sinclair (2019) criticise Sfard for separating rituals from 
agency and thinking, but within the commognitive tradition rituals are 
seen as the starting point for deritualisation – the mathematical effort 
of learners engaged in sense-making activity (Nachlieli & Tabach, 2022; 
Sfard, 2020). Deritualisation is characterised by flexibility in ways of per-
forming a task; bondedness to the task in the sense that all procedures are 
necessary; broader applicability of the routine; stronger performer agentiv-
ity; language reflecting objectification; and substantiability in the sense of 
being able to assess or substantiate the routine (Lavie et al., 2019).

	 8	 Note the careful formulation of “performing exploration routines”. As 
discussed by Christiansen et al. (2023), the term “explorative” could be misleading 
when discussing teaching and learning – it is not about explorative activity in the 
classroom per se, but about routines focused on developing a result, a narrative, 
rather than going through established steps.
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It is not the task formulation in itself that decides whether a learner uses 
rituals or explorations, it has to do with how the task is perceived (Lavie  
et al., 2019). To enable analysis of teaching, Nachlieli and Tabach make 
the move to generate related notions of teaching, viewed as opportunities 
to learn (OTLs):

•	 ritual-enabling OTLs are “teachers’ actions that provide 
students with tasks that could be successfully performed by rigid 
application of a procedure that had been previously learned” 
(Nachlieli & Tabach, 2019, p. 257), and

•	 exploration-requiring OTLs are “teachers’ actions that provide 
students with tasks that could not be successfully solved by 
performing a ritual.” (p. 257)

Nachlieli and Tabach (2019) operationalise their terms through speci-
fying the initiation, procedure, nature of closure and substantiation,  
and autonomy for each of these OTLs. Ritual-enabling OTLs are initi-
ated by questions of how to proceed; learners are expected to apply a 
rigid procedure through imitation; the task is closed when an answer 
has been reached, if necessary substantiated by detailing the steps of the 
procedure; and it is ultimately the teacher who determines the end condi-
tions (Nachlieli & Tabach, 2019, Table 1). Exploration-requiring OTLs 
are initiated by goal-directed questions; learners are expected to make 
decisions concerning procedure; the task is closed when a new narrative 
has been produced, if necessary substantiated by mathematical reason-
ing; and the learners determine the end conditions (Nachlieli & Tabach, 
2019, Table 1). Opportunities to engage in the aspects of deritualisation 
mentioned above have the potential to function as an alternative, more 
fine-grained characterisation of OTLs in the range from ritual to explora-
tion, as explored by Christiansen et al. (2023). An attempt at recognising 
teaching moves that facilitate de-ritualisation, in particular in teaching 
not specifically organised around explorations, has also been proposed 
by Österling (2022).

After this brief introduction to the key ideas and concepts of commog-
nition, I now describe the MDI framework. This will be followed by an 
analysis of the compatibility of MDI with commognition.

The MDI framework
MDI was developed in the context of improving the teaching of mathematics 
in South African secondary schools, and documenting the extent to which the 
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interventions worked (the Wits Maths Connect Secondary Project). Rather 
than trying to identify the extent to which ambitious mathematics teaching 
is implemented, it sets out to identify the mathematics made available to 
learn (Adler & Ronda, 2015). Its focus is on ways of mediating learning 
that are commonplace in teaching: (i) the use of examples (exemplification), 
teacher explanations concerning both (ii) the use of mathematical terminol-
ogy (naming) and (iii) legitimisations, and (iv) learner participation (Adler 
& Ronda, 2015). Adler and her team in South Africa have supported teacher 
development through making explicit what teachers can change within these 
aspects (see for instance Pournara et al., 2015).

While acknowledging the commonalities of their framework with other 
frameworks, as well as the shared purpose of making visible what math-
ematics is made available to learn, Adler and Ronda (2015) highlight the 
difference in theoretical framing – a point also made by Praetorius and 
Charalambous (2018) as mentioned above. For instance, they claim that 
the views of mathematics and the privileged pedagogy of MQI (Hill et al., 
2008) are “not explicitly elaborated but rather taken as shared” (Adler & 
Ronda, 2015, p. 238). MDI is strongly framed by the sociocultural per-
spective but developed in the interaction between the theoretical field and 
the empirical. It also draws on other research in mathematics education 
and specifically on variation theory (Adler & Ronda, 2014).

MDI pays attention to language, justifications and explanations, and the 
importance of generality in mathematics (Adler and Ronda, 2014; 2015), 
similar to, for instance, MQI. However, inspired by variation theory (e.g., 
Marton & Pang, 2006), MDI adds a focus on the specificity of example 
and task selection (Adler & Ronda, 2014). The stronger focus on tasks is 
in line with the COACTIV approach (Krauss & Blum, 2012; Kunter & 
Voss, 2013). If “tasks” are considered sufficiently broad and inclusive, this 
would include inquiry-based approaches (Artigue & Blomhøj, 2013) or 
exploration routines (Lavie et al., 2019), as well as abstraction activities, 
but the focus for Adler and Ronda is that which is commonplace in teach-
ing (2015, p. 238).

With the theoretical foundation of MDI explicitly in the socio-cultural 
field (Adler & Ronda, 2015, its starting point is the building of scientific 
(speech- and sign-mediated) concepts, which in teaching translates into an 
object of learning. This can be a mathematical object, a procedure or a 
meta-mathematical practice. To bring the object of learning into focus for 
the learners, the teacher uses a range of mediating mechanisms. The three 
broad mechanisms of MDI are, as mentioned, exemplification, explanatory 
talk and learner participation (see Table 1).
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Exemplification has two elements: examples and tasks. Adler and Ronda 
(2015) use a definition of example by Zodik and Zaslavsky (2008, p. 165): 
“a particular case of a larger class, from which one can generalise”. MDI 
draws on variation theory, which engages what remains invariant against 
what changes or vice versa (Marton & Pang, 2013; Runesson, 2010). A set 
of examples can vary in one or more ways; for instance, all four equalities 
in Figure 1 are of rational numbers in both a fractional and a decimal form. 
However, the first three fractions can be written as finite decimals, while the 
last cannot; the second and third examples are more straightforward illus-
trations of the link between the fractional and the decimal forms. In varia-
tion theory, similarity identifies what remains invariant over examples (one 
aspect across all four examples in Figure 1, another aspect across the first 
three examples, and a third aspect across examples 2 and 3), contrast helps 
draw attention to the boundary of this invariance (for instance, identifying 
which fractions can be represented as finite decimals), and fusion refers to 
when more than one aspect is varying or is invariant across examples.

3
8

0.375               7
8

0.7               39
100

0.   = = = 339               1
7

0.142857 = 

Figure 1. Examples of rational numbers represented in fractional and 
decimal form.

When it comes to tasks, MDI draws heavily on Stein et al. (2000) with 
respect to the connection between concepts and procedures (Adler & 
Ronda, 2015). They also allow for differences in the level of cognitive 
demand suggested by the task formulation and by how the task ultimately 
comes to be implemented in the classroom situation, also in line with the 
findings of Stein et al. (2000).

Explanatory talk is in focus in MDI, based on the understanding that 
pedagogic discourse “transmits criteria as to what counts as mathematics” 
(Adler & Ronda, 2015, p. 241, in recognition of Bernstein, 2000). This has 
two components in MDI – the naming and the legitimating criteria that are 
transmitted as legitimate. For naming, MDI categorises the use of words 
on a spectrum from colloquial to formal mathematics (see Table 1). It is 
not uncommon in school mathematics for procedures or general claims 
to only be legitimised by the authority of teacher or textbook, and this 
is one category of the legitimating criteria of MDI.9 Think, for instance, 

	 9	 Adler has addressed this issue in previous work (Adler & Davis, 2006), 
considering the use of authority/position, visual clues and mediators as legitimisations 
or substantiations of claims.
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of telling learners to divide by a fraction by inverting and multiplying 
without engaging why this works or when other algorithms may be more 
applicable. Claims can also be legitimised through other non-mathematical 
means, and of course mathematically – more or less generalised (Adler & 
Ronda, 2014; 2016). Explaining how to multiply two binomials by stat-
ing that two children should get both apples and carrots is an example of 
non-mathematical legitimising.

In the presentations of MDI, learner participation is given less attention, 
because the focus is on what mathematics is made available for learning 
by the teacher’s mediation (Adler & Ronda, 2016), but it is recognised as 
an important indicator of the learners’ opportunity to talk mathematics, 
engage in mathematical reasoning and have their ideas engaged by the 
teacher (Adler & Ronda, 2014).

In Table 1, the upper part specifies how to “code” specific teaching 
events, while the lower part utilises the former codes to generate overarch-
ing characterisations of the observed lesson. Rather than assume that not-
ing the frequency of these five components of instructional discourse will 
make visible the mathematics made available for learning, MDI introduces 
level indicators that are qualitatively different from the coding indicators. 
Hence, the MDI approach implies an explicit and considered linking of 
codes to lesson characterisations. The parsing varies with the factor that is 
coded; it is event wise rather than time wise, but what constitutes an event 
varies from “a task” or “an example” to “occurrences of legitimisations”. 

I now move on to an analysis of the compatibility of MDI with com-
mognition. This will complete the first part of the chapter, after which I will 
turn to the empirical exploration of the applicability of MDI to a context 
different to that in which it was developed.

Compatibility of the MDI framework to commognitive theory
The first concern is whether MDI and commognition rest on compatible 
theoretical grounds. Although both are framed within socio-cultural per-
spectives, Sfard specifically refers to discursive learning, while Adler and 
Ronda are less forthcoming with a definition of learning or of knowing. 
They do, however, refer to Sfard’s point that participation in formal dis-
course “ultimately marks out learning mathematics” (Adler & Ronda, 
2015, p. 244), as well as state that learning is a function of participation in 
interactions between teacher and learners (Adler & Ronda, 2014, p. 13).  
In this fundamental sense, MDI and commognition are compatible.

Mathematics is, in the papers on MDI, referred to as a network of sci-
entific concepts, with generality and objectification – the latter with direct 
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reference to Sfard (Adler & Ronda, 2014, p. 10). It is not immediately obvi-
ous that this is compatible with commognition’s notion of mathematics as 
a discourse. To interrogate this, I compare MDI to Sfard’s four distinguish-
ing characteristics of a discourse: words, visual mediators, routines and 
endorsed narratives. The comparison can, however, only be tentative, both 
because the literature on commognition is more extensive, and because of 
MDI’s more limited focus on the discourses of instruction.

Mathematical objects: Words and representations
The vocabulary/naming of mathematical objects are central to both com-
mognition and MDI, with Adler and Ronda referring to Vygotsky’s notion 
of scientific concepts (1978), whereas Sfard goes to great lengths to provide 
a discourse definition of mathematical objects as the realisation tree of a 
signifier in a given discourse (2008, p. 166). This is because mathematical 
objects are not perceptually accessible, Sfard says (2008, p. 164) and Adler 
and Ronda agree:

First, for something to be learned/taught, it has to be presented in some 
form. In mathematics, this is always a representation rather than the 
thing itself, one that as yet has to be invested with particular mathemat-
ical meanings. What then follows is reflection on this ‘object’ – semiotic 
mediation – so as to fill out its meaning. At some point reflection will 
need to end, and meaning fixed as to what can/does count as legitimate 
with respect to the ‘object’. (Adler & Ronda, 2014, p. 10)

As can be seen here, commognitive theory uses its own generated con-
cept of realisations, whereas MDI adheres to the more common notion of 
representations, but both are used to refer to the perceptually accessible, 
which mathematical objects are not. Commognition makes a distinction 
between representations in words and visual mediators, but both can be 
realisations. MDI does not make the same distinction between types of 
representations/realisations.

The concepts of variation theory employed by MDI add nuance to the idea 
of saming (one aspect of objectification in commognition), specifying that 
this process can be identifying what is invariant against a backdrop of change 
or vice versa, and that it can be multi-dimensional. However, MDI does not 
address the other aspects of objectification, in particular not reification.

Explorations and Rituals Reflected in Tasks
Commognition engages extensively with the nature of routines and the 
centrality of explorations in mathematical discourse (see earlier), while 
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recognising the role of rituals in the learning of mathematics. Adler and 
Ronda (2015; 2016) agree that while imitation and dependency on the 
teacher may be a necessary part of learning, it cannot be the end goal. 
For that reason, the instructional discourse should not be restricted to 
non-mathematical legitimising criteria, including the teacher’s authority 
(Adler & Ronda, 2016). There is thus agreement between MDI and com-
mognition on the importance of not limiting learners’ participation in the 
mathematics instructional discourse to imitative or ritual participation.

To some extent, this is also reflected in the task categories of MDI. There 
is an apparent likeness between: carrying out procedures (MDI) and rituals 
(commognition), choosing procedures (MDI) and deeds (commognition), 
and the more complex activities of using and making connections (MDI) and  
explorations (commognition). In the parsing of the coding to generate level 
indicators (the lower part of Table 1), it is clear that the focus is not on the 
task formulations but on the unfolding requirements on learners. However, 
commognition makes a clearer distinction between task formulation as an 
observer may perceive it and how the task is experienced by the learner 
(Lavie et al., 2019). In the later developments of commognition, however, 
opportunities to learn are described as either ritual enabling or exploration 
requiring (Nachlieli & Tabach, 2019). The description of ritual-enabling 
OTLs as expecting learners to apply a procedure through imitation is akin 
to MDI’s description of requiring learners to carry out known procedures. 
Similarly, the description of exploration-requiring OTLs as expecting 
learners to make decisions and give mathematical substantiations is akin 
to MDI’s description of requiring learners to decide on operations and 
prove or reason. 

Endorsed narratives are the desired outcomes of mathematical work, 
according to Sfard (2008). Narratives can be “descriptions of objects, of 
relations between objects, or processes with or by objects” (Sfard, 2008, p. 
300). Compatibly, Adler and Ronda (2005, p. 241, p. 244) list elaborations 
of mathematics in classrooms as relating to “properties of mathematical 
objects, accepted conventions and derived procedures, instances or empir-
ical cases, and then the general case or proof”.

Endorsed narratives must be constructed as well as substantiated within 
the discourse, according to Sfard (2008). In MDI, there is limited explicit 
reference to construction, while substantiation is given a prevalent role 
in the category legitimating criteria. In MDI, substantiation is not fore-
grounded as something learners do but as the teacher’s substantiations 
of mathematical claims (narratives). While this can be to model desirable 
mathematical reasoning, MDI also allows for categorisation of commonly 
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occurring legitimisations such as reference to authorities or drawing paral-
lels to everyday situations. Thus, MDI allows for categorisation of teaching 
that does not facilitate mathematical discourse, while this is not in focus 
in the conceptualisations of commognition. However, Sfard does give an 
example where the teacher takes the role of the substantiator, so that even 
mathematical decisions become an issue of power relations (2008, p. 234).

When imitation or ritual participation are seen as necessary aspects 
of learning yet not the desired endpoint, deritualisation must be in focus. 
While Lavie et al. (2019) have suggested some characteristics of this math-
ematical sense-making activity of learners, attempts at formulating derit-
ualisation moves in teaching are only in their infancy (Christiansen et al., 
2023; Österling, 2022). Some suggestions are to encourage learners to find 
more than one way to perform a task, encourage learners’ own substan-
tiation, encourage the extension of task situations for known procedures, 
encourage learner agency and legitimise objectification. In the task cate-
gory use multiple concepts and make multiple connections of MDI, there 
is mention of learners being required to solve tasks in different ways, pose 
problems, or provide substantiations. Level three of legitimising criteria 
also refers to principled legitimisation, but without reference to learner 
participation. Finally, MDI’s categories of learner participation are organ-
ised in order of increasing learner agency. Hence it is possible to see some 
but not all aspects of deritualisation mirrored in MDI.

A central component of commognition is the distinction between 
object-level and meta-level discourse and the related notion of commogni-
tive conflict. Two pertinent cases in Sfard (2007) illustrate how challenging 
it can to involve facilitating learning that involves a transformation of the 
discourse. This aspect is not addressed by MDI.

The first question guiding this paper (To what extent is the MDI frame-
work compatible with the commognitive description of mathematics and 
mathematics learning, and recent operationalisations of this theory?) can 
now be answered. The comparison has shown relatively good compati-
bility between MDI and commognition, yet with some limitations to the 
nuances that MDI allows the observer to capture. For learners to “indi-
vidualise” (Sfard’s term that replaces “internalise”) a discourse, they have 
to participate in the discourse interpersonally. MDI includes learner par-
ticipation, which specifically addresses “whether and how learners have 
opportunity to speak mathematically and to verbally display mathemat-
ical reasoning … what learners are invited to say apart from the tasks” 
(Adler & Ronda, 2015, p. 245). But MDI does not enable an analysis of 
the interplay between ritual-enabling and exploration-requiring OTLs in a 
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lesson, nor the extent to which deritualisation takes place or is encouraged 
or facilitated. MDI makes no distinction between observers’ and learners’ 
interpretation of tasks, but this is also less in focus in later developments of 
commognition. The central distinction between object-level and meta-level 
discourse of commognition cannot be captured by the MDI framework.

That said, the relatively clear criteria formulations of MDI, with its 
event-based parsing and its accessibility, makes it a strong candidate for a 
framework which is compatible with the central tenets of commognition. 
This is relevant to researchers in mathematics education, but even more so 
for the analysis of teaching for the purpose of teacher education, because 
of the relative inaccessibility of commognition, due, among other things, to 
its specialised terminology.

However, a theoretical comparison of theories and frameworks does 
not answer the question of the framework’s applicability to the empirical. 
The work of Adler and her team has demonstrated the usefulness of the 
framework in both analysis of South African mathematics instruction and 
in-service training (Adler & Ronda, 2014; 2015; 2016; Pournara et al., 
2015). The question is whether it can be applied in contexts different to 
those in which it was developed, in particular in a developed context and 
for lessons which are organised around explorative activity. Therefore, I 
now proceed to an empirically informed critique of MDI. This is done 
through applying MDI to two Swedish mathematics lessons, one of which 
is organised around learners’ explorations, and discussing the extent to 
which differences in the lessons were reasonably captured. This is the 
method used to answer the second research question.

Method for the empirical analysis
To consider the applicability of the MDI framework to a broader context, I 
draw on the data collected by a former Masters student whom I supervised 
(Lagneborg, 2016). This was chosen both because the data came from two 
very different lessons within the same school, and because the student had 
used MDI for the analysis.10 This was deemed sufficient for the purpose of 
this paper because its focus is on the framework, not on what the results 
may or may not suggest about Swedish mathematics teaching.

The cases are two mathematics lessons from an upper secondary school 
in Stockholm, with two different teachers and classes of learners. Lesson 

	 10	 Seeing as the teachers had only given permission for the data to be used for 
the student’s thesis, only data presented in the published thesis have been reproduced 
here.
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H was a 60-minute Grade 10 lesson in a human sciences programme and 
lesson N was an 80-minute Grade 11 lesson in the natural science pro-
gramme. There were approximately 30 learners in each class. The sample 
was a convenience sample, though it purposely sought to represent two 
very different lessons within the same school. Ethical guidelines from the 
Swedish research council were followed.

Both lessons were video recorded, so that only the teachers appeared in 
the visuals. This would have been a problem if a more comprehensive anal-
ysis of the interactions in the classroom had been pursued, but in this study, 
we focused on the opportunities to learn made available by the teaching. 
The sound was transcribed for analysis, and board work noted. The tran-
scriptions were done by the Masters student who also collected the data. 
Together, we worked through the student’s preliminary coding of the  
data until full agreement was reached.

Transcripts were coded in Swedish for the MDI categories of naming, 
legitimating criteria and learner participation. Translations into English 
were only done once coding was completed. Tasks and examples were 
coded separately, not as part of the analysis of the spoken interactions.

MDI Coding level 1
The boundary between mathematical language and everyday language was 
not always easy to draw, as some mathematical terms – such as percentage 
– are used in everyday language. In the recorded lessons, everyday language 
could occur interspersed with clauses in mathematical terminology, further 
complicating the coding. This was in part due to working on applied tasks. 
For instance, in lesson H, the teacher discussed an example of change fac-
tor11 applied to population growth with the class, and asked “So what 
relationship can one formulate if one knows that there were x number of 
inhabitants from the beginning, and it increases by 5.2%, and the increase 
itself was 16,200?” This was coded as appropriate mathematical terminol-
ogy despite the references to inhabitants and “from the beginning”.

Coding for learner participation with the MDI coding criteria was 
straightforward. To the question above, a learner responded: “Then you 
can take 16,200 divided by 5.2, within brackets times 100 is equal to x.” 
This was coded as answering a how/what question with a phrase/sentence 
(P/S). Later, a learner made a suggestion about how to move forward on a 
task of predicting the number of inhabitants: “Can’t we write it as if one 

	 11	 Sometimes called percentage multiplier. It is the number with which to 
multiply the original amount to get the amount after a change, where the change is 
often expressed in relative terms, as a percentage.
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assumes that the new number, that is 2010, is y, so that one can use that 
later?” This was coded as a learner presenting an idea in a discussion (D).

Legitimations that referred to a particular task at hand were coded as 
mathematical but local (L). For instance, a teacher statement such as “but 
you can also consider that this decimal number, 5.2% is the same thing as 
that decimal number times x is 16,200” was coded L. In “The calculation 
is correct, but another step could be needed before, in order to follow more 
easily”, the first claim is a positional legitimation as the teacher states this 
on authority, while the remainder of the sentence is argued on pedagogical 
grounds. This was considered a non-mathematical (NM) legitimisation.

MDI Coding level 2
Each lesson was divided into episodes, based on changes in what the activ-
ity was and who performed it. Thus, if the teacher introduced a task and 
discussed it with the class, followed by group work on the same task,  
and concluded with a final discussion of the learners’ work, this was con-
sidered to be three episodes. All episodes that addressed the same mathe-
matical object constituted a part of a lesson.

For each episode and part, the codes from level 1 were listed. If a code 
had only occurred infrequently in an episode, this was noted using brack-
ets. Given the well-defined level 2 codes of MDI, it was straightforward 
to apply these lists of level 1 codes to determine the relevant levels across 
the lesson. For instance, the two parts of lesson H both contained frequent 
non-mathematical language (NM) or use of mathematics words as names 
only (Ms), with the occasional appropriate use of mathematics (Ma). This 
corresponds to level 2 of the naming category, described in MDI as “move-
ment between NM and Ms, some Ma”.

Results
Below, each lesson is briefly described in generic terms and the MDI coding 
summarised. On this basis, the presence of objectification, deritualisation, 
and construction and substantiation of narratives from commognition 
were considered.

Lesson H
The learning objects of the lesson were not explicitly stated by the teacher 
but appeared to be procedures for working with part-whole relation-
ships, change factor, per mille/ppm and “mathematical communication” (a 
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competency listed in the Swedish mathematics curriculum). Broadly, the les-
son consisted of two parts each consisting of two episodes (see Table 2). 
In the first, the teacher went through examples of part-whole tasks, with 
learners responding to his questions, followed by seatwork. The second part 
followed the same organisation, albeit for the concept of change factor.

Thus, there were two sets of examples, and both sets utilised similarity 
(S) and contrast (C) but not at the same time, wherefore it was not char-
acterised as fusion. The content was represented symbolically or numeri-
cally. It is not possible based on the MDI coding to determine the extent 
to which any objectification took place in the lesson, but using the three 
objectification processes of commognition, it appeared that no new objects 
were introduced through saming, encapsulation or reification.

The subsequent tasks required learners to apply the shown approaches, 
hereunder chose the appropriate procedure. The procedures were known 
to the learners, wherefore it was not characterised as problem solving, 
nor as reasoning. Hence these tasks were coded as applications (A) in the 
MDI framework. Learners did engage in some mathematical communica-
tion during seat work. Thus, the lesson mostly contained routine-enabling 
OTLs, though the need to make decisions around appropriate procedures 
indicate some degree of flexibility, bondedness and performer agentivity 
(i.e., aspects of deritualisation).

There was substantial movement between everyday language (NM), use 
of isolated mathematical terms (Ms) and complete clauses in mathematical 
language (Ma). Overall, the movement between everyday language and use 
of isolated mathematical terms was more frequent. However, this may also 
have something to do with the content, as this lends itself to applications 
with some relationship to everyday situations.

Table 2. Episodes in lesson H.

Episode Activity Agents

1 Presentation of examples of 
solving part-whole tasks.

Teacher with some responses 
from learners.

2 Seatwork on part-whole tasks. Learners.

3 Presentation of examples of 
solving change factor tasks.

Teacher with some responses 
from learners.

4 Seatwork on change factor 
tasks.

Learners.
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The legitimating criteria used in the teacher’s explanatory talk and inter-
actions with the class were mostly specific to the particular task they were 
working on or specific to established ways of working, that is, local legiti-
mation (L). In some cases, the legitimations were non-mathematical. There 
were no cases of general mathematical legitimation, either partial or full.

The learner activity mostly consisted of answering with single words 
(Y/N) or with sentences in response to questions on what or how (P/S). 
At times, learners engaged with mathematical ideas (D); at other times, 
learner participation was very limited.

Table 3 shows the level 1 coding for each of the two parts, and the level 
2 coding of the lesson as a whole.

The ease of flow in this lesson suggests that the teacher and learners 
agreed on the importance of learners acquiring the mathematical terminol-
ogy and on the distribution of roles with the teacher positioned as the more 
knowledgeable (see Sfard 2008, p. 283).

Lesson N
The lesson had the equation of the circle as its stated learning object, but 
it was hard to distinguish this analytically from the process goals (compe-
tencies, or förmågor in Swedish) of the curriculum, that include reasoning, 
mathematical communication and problem solving. Indeed, working with 
the tasks, the learners engaged in mathematical reasoning, exploration 
(for some, both construction and substantiation), mathematical commu-
nication, carrying out known procedures, and problem solving. We distin-
guished a number of episodes in the lesson, based on changes in what the 
activity was and who performed it, summarised in Table 4.

Table 3. Overview of MDI for lesson H.

Episode Examples Tasks Naming Legitimation Learner 
participation

Part I about 
part-whole

S, C K, A NM, Ms, 
(Ma)

NM, L Y/N, P/S, D

Part II about 
change factor

S, C K, A NM, Ms, 
(Ma)

NM, L Y/N, P/S, D

Level for each 
category

L2 L2 L2 L1 L3
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The interactive form of the explanatory talk stands out here – something 
not captured so well by MDI’s categories of learner participation. It was not  
only the teacher but also the learners who used mathematical language 
appropriately (Ma). The lesson was organised so that it progressed towards 
the general formula for the distance between two points in a coordinate 
system, and the general equation of the circle. This principled derivation of 
procedures and formulaic realisations did not mean, however, that the lesson 
was free from local, partially general, and non-mathematical legitimations.

The organisation of the lesson also meant that there was not a strong 
distinction between examples and tasks. The learners first worked with 
exploration tasks, but when these were presented on the board and utilised 
in generalisations, they functioned as examples. The construction of new 
endorsable narratives went hand in hand with the substantiation that led 
to endorsement.

Table 4. Episodes in lesson N.

Episode Activity Agents

1 Stating content and goal of lesson. Teacher.

2 Seatwork on tasks on the distance 
formula in two dimensions.

Learner group work. Degree 
of collaboration voluntary.

3 Presentation of solutions with 
explanations at the board.

Learners present. Teacher 
asks follow-up questions and 
provides confirmations.

4 Discussing what characterises a 
circle.

Teacher-led whole class 
discussion.

5 Seatwork on tasks on the equa-
tion of the circle.

Learners and teacher.

6 Learners present solutions to the 
two first tasks from (4a) on the 
board, with explanations.

Two learners present. Teacher 
asks follow-up questions and 
provides clarifications.

7 Using the learners’ responses, the 
general equation of the circle is 
generated, and an overview of 
ellipses, parabolas and hyperbolas 
is given.

Teacher.



376 Studier om matematiklärarutbildning i Skandinavien

The tasks progressed from adapting already learned skills to engaging in 
problem solving, explaining reasoning and deriving a general solution for 
first the distance formula and then the equation for the circle. Thus, deeds 
were generally engaged mainly for the purpose of conducting explorations. 
This is in line with how Sfard puts it: “… it seems that the safest way to 
new explorations is to introduce them as (prospective) enhancements of 
familiar deeds” (2008, p. 254). It was a gradual progression that guided the 
learners to the generalised endorsed narrative. The variance of the exam-
ples was from similarities (S) and contrast (C) to fusion (F).

During the interactions with the teacher, the learners mostly answered 
what and how questions with whole sentences (P/S), but there were discus-
sions both in the group work and in the class, where the teacher confirmed 
arguments and asked follow-up questions. Different ways of solving the 
tasks were also engaged. The smooth progression of the lesson suggests 
that the teacher and learners agreed on the mathematical discourse learn-
ers were expected to acquire and the roles that follow from the relative 
mastery of the teacher compared to the learners (see Sfard 2008, p. 283).

The coding for the entire lesson has been captured in Table 5. All learn-
ing happened on an object level, and while no new mathematical objects 
were introduced, the derivation of the formula for a circle meant that a 
familiar object gained a new realisation, which implies saming. No com-
mognitive conflicts were apparent in the lesson. As already mentioned, this 
is something that would not be captured by the MDI framework. Another 
aspect previously mentioned as missing from MDI was the role of visual 
mediators. In this lesson, the teacher included figures that proved useful in 

Table 5. Overview of MDI for lesson N.

Episode Examples Tasks Naming Legitimation Learner 
Participation

The distance 
formula

S, C, F A, C/PS NM, 
Ms, Ma

P, V, L, GP, 
GF

Y/N, P/S, D

The circle - - NM, 
Ms, Ma

P, GP, GF D

Equation of 
the circle

S, C, F A, C/PS NM, 
Ms, Ma

P, V, L, GP, 
GF

P/S, D

Level for 
each category

L3 L3 L3 L3 L3
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facilitating argumentation, and which therefore functioned as mediating 
artefacts, and this is not captured by the MDI-coding of the lesson.

During the lesson, the teacher went around the classroom, he engaged 
learner challenges and answered questions, he guided learners towards the 
desired processes and inquired about learners’ thinking. Later, he utilised 
this in his interactions with the class. This form of engagement can be 
viewed as the teacher making sure the learners are engaged in the zone of 
proximal development, and that the lessons build from the existing dis-
course. The guided discovery nature of the lesson is not captured by the 
MDI framework.

What can the framework say about the lessons?
From the short descriptions and analyses of the lessons presented above, it 
should be evident that the lessons utilised rather different approaches. In 
lesson N, learners had the opportunity to engage in a wider range of math-
ematical activities and discursive elements than learners in lesson H. This 
is summarised in Table 6 using both the MDI categories and other aspects 
that stood out during the above analyses. However, as also discussed below, 
there may be connections between the content of a specific lesson and its 
organisation, which means that it is not the teaching approach alone that 
determines which mathematical discourses are mediated.

Simply comparing lessons according to the level within each category 
of MDI seems too crude to be reasonable, and for the purpose of utilising 
lesson analysis in teacher education not particularly meaningful. Rather, it 
appears that the five categories of the MDI framework, together with iden-
tifying the object of learning, capture sufficient aspects of mathematics les-
sons to be able to distinguish lessons, but it also leaves important features 
untold – such as the coherence and connections across parts of the lesson; 
the nature of the routines in which learners engage, whether objectifica-
tion takes place, the use of visual mediators, and whether commognitive 
conflicts exist. The issue of coherence and connections is something which 
Adler and Ronda themselves have discussed:

In our earlier work on MDI we investigated coherence between an  
example and its accompanying explanation …, and then across an ex-
ample sequence in a lesson …. More recently, our focus has been on the 
development of indicators for exemplification and explanatory talk as 
well as movement through these over a lesson towards scientific con-
cepts. … Of course … MDI is only a part of a set of practices and  
conditions … (Adler & Ronda 2016, p. 65) 
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Table 6. Comparison of the two lessons.

Aspect Lesson H Lesson N

Learning object Clear but not explicitly 
stated.

Stated explicitly at onset of 
lesson.

Overall lesson 
structure

Deductive, with introduc-
tion of method through 
examples, followed by 
practice tasks. Two parts 
of the lesson not clearly 
building on one another.

Inductive/guided discov-
ery/“prospective enhance-
ment of familiar deeds”, 
with clear indication of 
planned progression, and 
linking of tasks, examples 
and endorsed narratives.

Exemplification Teacher presented exam-
ples preceding learner work 
on tasks.

Tasks became examples.

Type of tasks Learners engaged in tasks 
of categories K and A.

This included carrying out 
deeds and some mathemat-
ical communication.

Learners engaged in tasks 
of categories A and C/PS.

This included explorations, 
reasoning and mathemati-
cal communication.

Explanatory 
talk

Dialogical at times, mono-
logical at times.

Monological in introduc-
tion, dialogical during body 
of lesson.

Naming Movement between collo-
quial and some specialised 
language.

Movement between collo-
quial and specialised lan-
guage, both by learners and 
teacher. Teacher ensures 
that clear definitions are 
stated during the lessons. 
The lesson engages reifica-
tion in the formulation of 
the formula for any circle.

Visual  
mediators and 
artefacts

(Symbolic and numerical) Visual illustrations were 
used to further discourse, 
in particular substantiation.

Routines Mostly deeds, potentially 
also rituals.

Explorations and deeds.

(Continued)
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Table 6. Continued.

Aspect Lesson H Lesson N

Legitimating 
criteria

Justifications were most-
ly everyday, referring to 
special cases, or pointing to 
established routines. Some 
use of positional criteria by 
the teacher.

General mathematical.

Learner 
participation

Learners interacted with 
the teacher about correct 
answers, deeds and some 
elements of explorations.

Learners interacted with 
the teacher about cor-
rect answers, deeds and 
explorations.

Learner 
involvement

Teacher hurried lesson at 
the end, avoiding learner 
participation. The moving 
between types of naming 
may have served as mediat-
ing inclusion.

Teacher circulated and 
checked learners’ work 
during seatwork. This 
informed some adjustments 
of interactions in the class 
and of pacing.

The results of coding using the MDI framework must hence always be 
seen in the context of the lesson as a whole. Further, as these two cases 
illustrate, the organisation of the classroom cannot be disconnected from 
the object of learning. In lesson N, the object of learning is about gen-
erating an endorsed narrative, while in lesson H it appears to be about 
learning ways to apply mathematical objects such as pro mille and ppm to 
contextual tasks, hence learning a series of deeds. The legitimating criteria 
that are reasonable to use may vary with the object of learning and the 
mathematical topic to which it belongs, as may the nature of the routines 
in which learners engage, the tasks they are given and the extent to which 
the teacher needs to “speak pure mathematics”. The coding of a lesson 
in the categories of MDI must therefore take the object of learning into 
account. In lesson N, the tasks were designed to promote specific activities 
that then could serve as examples leading to the desired generalisation 
(see also Sollervall & Stadler, 2015), and MDI could not capture this in 
satisfactory ways. To be applied to lessons with explorations, the MDI 
framework would need to be adjusted or supplemented, and I turn to this 
point in the last section.
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Conclusion and Discussion
I have argued for the relevance to teacher education of accessible analyti-
cal frameworks that can be used in the decomposition (Grossman, 2021; 
Grossman et al., 2009) of representations of practice and student teach-
ers’ own practice. I further argued for frameworks, with clear theoretical 
grounding and explicitly operationalised criteria, that should be accessi-
ble to student teachers without requiring familiarity with theory. It would 
likely be difficult for novices to use a commognitive perspective to analyse 
the learning and teaching of mathematics, and the existing frameworks  
for this purpose are either not widely applicable or not well developed. 
As the theoretical bases of commognition and MDI overlap substan-
tially, I set out to interrogate the extent to which MDI is compatible with 
commognition. This gave rise to the first research question for this study. 
Furthermore, knowing the particular context in which MDI was devel-
oped, and for what purposes, made it pertinent to consider the extent to 
which MDI would be applicable to a wide range of lessons. This gave rise 
to the second research question.

The first part of my analysis in this paper suggested that MDI is rel-
atively compatible with commognition but that some central notions in 
commognition are not captured by MDI. As Adler and Ronda (2017) have 
pointed out, MDI should not be seen as the only lens through which to 
consider mathematics teaching, and using the framework to analyse les-
sons without considering the extent to which the choices of legitimation, 
explanatory talk, examples and tasks fit the object(s) of learning would be 
counter to the idea of using frameworks to get a better understanding of 
the mechanisms of teaching mathematics. With this in mind, MDI is suffi-
ciently coherent and accessible to serve as a relevant framework to use in 
teacher education, to draw student teachers’ attention to the mathematics 
being made available to learn through teaching.

As mentioned, there are things the framework misses. The theoretical 
analysis showed that while commognition draws on the notion of sam-
ing and encapsulating that MDI captures through concepts from variation 
theory of similarity, contrast and fusion, MDI cannot distinguish these 
two processes of objectification from the third, reification. This, however, 
did not show up as a shortcoming in the analysis of the two lessons. As 
Sfard has previously shown (1991), reification is such a central aspect of 
mathematics and mathematics learning, that teacher education would 
probably do the student teachers a great disservice by not addressing  
this at some stage. The same could be said for commognitive conflict, 
though again there was nothing in the two analysed lessons that seemed 
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reasonable to characterise as such. To capture these aspects, MDI would 
need to be expanded with a category possibly focusing on objectification 
and expansion of objects in particular, and the question remains whether 
this would be a useful adjustment, or whether objectification should be 
treated as a separate focus in teacher education.

The generation of new narratives by learners (at least in part) versus 
ritual-enabling OTLs is not sufficiently captured by the task distinctions 
of MDI, as the theoretical analysis showed. This became clear in the anal-
ysis of lesson N as well. As problem solving, problem posing, proving and 
explorations in general are not that widespread in classrooms, one could 
ask whether it is necessary to expand the task category or to separate the 
last code into further codes. However, as was seen in lesson N, it was not 
only the nature of the tasks that matter, but also how they are used in the 
lesson; in lesson N, tasks served as guided activity to produce and substan-
tiate the narrative that was the learning object for the lesson. It takes more 
than an episode-by-episode analysis to capture this, and the level 2 anal-
ysis of MDI would need to be adjusted if it were to take this further into 
account. It will never be possible to formulate a framework that is both 
easy to learn and use and able to capture all that matters across all types of  
lessons, so any analysis of lessons should be accompanied by discussion  
of what was not captured. The framework does not ensure a perfect under-
standing of a teaching-learning situation, it aids insight.

Additional aspects that I have not engaged in detail above are the extent 
to which the lesson is inclusive – how the lesson is adjusted to take into 
account learners, pacing, promotion or suppression of elements of tasks to 
engage learners differently, feedback, etc., and coherence and connections 
across the lesson. It is not a given that these aspects would need consider-
ation on the same level of coding.

In conclusion, MDI has many strengths compared to conducting an anal-
ysis using commognition directly, because of its accessibility. This makes it 
a useful framework to introduce to teacher education. Furthermore, the 
framework meets several of the criteria for good observation frameworks 
discussed by Praetorious and Charalambous (2018), with its clear theoret-
ical underpinnings, its varying parsing, its qualitative generation of lesson 
characterisations and its attempt to reduce the need for inferences in cod-
ing. Any attempts to adjust the framework may strengthen the practical 
applications, but would be debateable additions if they did not have a 
theoretical base that aligns with the socio-cultural perspective. And should 
the adjustments increase the need for inference, they may even reduce the 
strengths of the framework.
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A particular strength of MDI is the use of two levels of coding, with 
relatively clear guidelines for how to go from the more detailed coding to 
the overarching analysis. This, however, also makes it deceptively simple, 
and the analysis I have done here, approaching MDI both theoretically and 
empirically, suggests that it would be useful to add a few additional codes 
within the five existing categories but more importantly, to add to the level 
2 analysis. The latter would benefit from considering (a) coherence and 
connections between object and learning and the tasks and examples, (b) 
the opportunities for creating new or expanding known objects through 
saming, reification and meta-cognitive conflict, (c) the processes of derit-
ualisation, generating narratives and substantiation in which learners are 
encouraged to take part.

To capture lesson coherence and progression, it is important that vari-
ous parts of the framework are brought into play with each other, to form 
a coherent analysis of the lesson. Used thus, the framework is a worth-
while tool for capturing the extent to which the lesson mediates learners’ 
opportunities to engage in mathematical discourse – or should I simply say, 
“in mathematics”? It provides both a (perhaps deceptively simple) way to 
unpack a lesson, and an introduction to a relevant pedagogical discourse 
about mathematics teaching and learning. And mathematics teacher edu-
cation needs to do both.
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