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Abstract

The moduli of principally polarized abelian varieties of dimension g ≤ 5 can be
studied using Prym varieties and their deformations. This thesis studies the `-adic
cohomology of the Prym moduli space R2, which parametrizes smooth curves of
genus two equipped with a nonzero two-torsion point on their Jacobian. Our ap-
proach uses the geometry of singular plane quartics to give a combinatorial descrip-
tion of this moduli space. This perspective also suggests possible generalizations of
the combinatorial construction to Prym varieties of higher dimension.

Specifically, our description identifies R2 with configurations of points and
lines in P2, considered up to projective equivalence. We then identify this space
with the quotient of M0,6 by S2 × S4. We use the Grothendieck–Lefschetz trace
formula, together with purity and the symmetric-group action on the cohomology
ofM0,6, to obtain information about the `-adic cohomology ofR2. This provides
an explicit approach to studying the cohomology of the moduli space through the
geometry of nodal plane quartics.

Along the way, we investigate geometric properties of the bitangents and theta
lines of singular plane quartics. These extend aspects of the classical geometry of
the 28 bitangents to a smooth plane quartic.
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Sammanfattning på svenska

Moduliproblemet för principalt polariserade abelska varieteter av dimension
g ≤ 5 kan studeras med hjälp av Prymvarieteter och deras deformationer. I denna
licentiatavhandling studeras den `-adiska kohomologin hos modulirummetR2 för
Prymkurvor, som parametriserar släta kurvor av genus två med en vald nollskild
2-torsionspunkt på respektive jacobivarietet. Vår metod använder geometrin hos
singulära plana kvartiska kurvor för att ge en kombinatorisk beskrivning av detta
modulirum. Detta perspektiv pekar även mot möjliga generaliseringar av den kom-
binatoriska konstruktionen till Prymvarieteter av högre dimension.

Mer konkret identifierar vår beskrivning R2 med konfigurationer av punkter
och linjer iP2, betraktade upp till projektiv ekvivalens. Därefter identifierar vi detta
rum med kvoten av M0,6 under S2 × S4. Vi använder Grothendieck–Lefschetz
spårformel tillsammans med renhet och den symmetriska gruppens verkan på ko-
homologin hos M0,6 för att erhålla information om den `-adiska kohomologin
hos R2. Detta ger en explicit metod för att studera modulirummets kohomologi
genom geometrin hos nodala plana kvartiska kurvor.

I konstruktionen undersöker vi även geometriska egenskaper hos bitangenter
och thetalinjer till singulära plana kvartiska kurvor. Dessa generaliserar delar av
den klassiska geometrin hos de 28 bitangenterna till en slät plan kvartisk kurva.
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Chapter 1

Introduction

The aim of this thesis is to present a new way of computing étale cohomo-
logical information related to moduli of Prym varieties of dimension 1 via point
count over fields of positive characteristic using geometric behaviour of uninodal
quartics. The purpose of this project is to pave way for similar computations in
higher dimensional Prym varieties. In particular, we studied bitangent behaviour
of irreducible planar quartics with a single node around the node. It turns out
these bitangents contains a lot of interesting and surprising geometry, we explain
these in section 5.3. Such geometry, see Theorem 5.4.4, allows for us to determine
elements of the moduli space R2 we care about. We present the cohomological
information we obtained from the calculation, e.g. the Poincaré polynomial, the
`-adic étale cohomology etc. of R2 at the end.

A Prym variety is a type of abelian variety. Abelian varieties are projective
varieties that can be equipped with a group structure. The name abelian is due
to the fact that the group law is commutative. The theory of algebraic curves and
related abelian varieties has been a central theme in algebraic geometry. There is a
classical map that associates to each smooth projective curve an abelian variety, the
Torelli map that maps a curve to its Jacobian [ACG11]:

C 7→ Jac(C).

We give a more detailed formulation of abelian varieties and Jacobians in Chapter
2.

It can be shown that isomorphic curves define isomorphic Jacobian varieties.
Thus in modern language, the Torelli map defines a map between the moduli space
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CHAPTER 1

of genus g curves to the moduli space of dimension g abelian varieties:

Tg : Mg → Ag.

The notion of moduli spaces are spaces classifying geometric objects. On a
rough yet correct level, the moduli space of some geometric shape is a spaceM , such
that all the points of M are in bijection to isomorphism classes of the considered
shapes. A class of familiar examples come from projective spaces. Points of P1 are
lines through the origin of in A2, points of Pn are lines through the origin of An+1

etc.
Since the 19-th century, mathematicians have wanted to construct spaces clas-

sifying smooth connected projective genus g curves, Mg. Riemann computed the
dimension was 3g − 3 [ACG11], but it wasn’t until modern days, through work
on Geomtric Invariant Theory [Mum65], did Deligne and Mumford in [DM69]
show that Mg is a variety of dimension 3g− 3. A number of mathematicians like
Grothendieck [Gro61] and Weil [Wei58] contributed to the study and construction
of these moduli spaces. In particular, Grothendieck constructed moduli space of
Mg[n], which are moduli spaces of genus g curves equipped with a level n struc-
ture (the notion will be explained later in chapter 4). The reason to add additional
structure to these spaces is to rigidify curves (kill off automorphisms). Another
way of rigidification is to add points to curves (pointed curves), the moduli space
of these are denoted Mg,n. There is a complete algebraic approach to the moduli
problem, known as the theory of algebraic stacks. One of the more famous results
is that the moduli space Mg of stable curves of genus g ≥ 2 is a smooth proper
and irreducible Deligne–Mumford stack of dimension 3g− 3 which admits a pro-
jective coarse moduli space, this was again due to Deligne and Mumford [DM69],
and a more modern formulation in the language of stacks can be found in [Ols16].
In this thesis, we shall not consider moduli spaces as stacks, but rather as coarse
moduli spaces (shape up to isomorphism).

As a variety, it is of interest to compute the cohomological information of
Mg[n]. A central tool is the technique of point count via the Grothendieck–
Lefschetz (GL) trace formula. A more detailed description is given in Chapter 3.
We note that the notion of equivariant point count is especially relevant. Suppose
we have a finite group Γ acting on varietyX defined over Fq. The Frobenius action
picks out, as fixed points, the Fq points of the algebraic closureX := X×Fq Fq. In
this case each étale cohomology group is a representation of Γ, and the Frobenius
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commutes with the Γ-action. Thus one can count the fixed points of g ◦Frobq for
each conjugacy class g. Together with the GL formula, we get the following count
(we explain what all of these are in Chapter 3):

#Fix (g ◦ Frobq) =
∑
i

(−1)iTr
(
g ◦ Frobq,H i

c (X,Qℓ)
)

This computes the character of the virtual Γ-representation:∑
i

(−1)iH i
c (X,Qℓ)

Equivariant point counts forM3[2] [Ber20] has been done by Bergvall. Bergström’
s [Ber09] work on equivariant point counts of moduli spaces of pointed hyperel-
liptic curves is another example: the aim there is explicitly to obtain cohomological
information by making Sn-equivariant counts over finite fields.

Notably, some spaces, e.g. M2[2],M3[2] has polynomial point count. This
means the number ofFq points of these spaces is a polynomial in q. Note that this is
not a trivial property: Fq points over isomorphism classes of elliptic curves does not
have polynomial point count. It is worth mentioning that there are many recent
results related to whether Mg,Mg,n etc. has polynomial point count and what
their cohomologies are like. In [BFP24], Bergström, Faber and Payne showed that
M4,M4,1,M4,2,M4,3 has polynomial point count. In general, lower genera
have been studied relatively extensively, see [Ber24]. Canning, Larson, Payne and
Willwacher later showed an arithmetic condition 3g + 2n ≤ 25 for when Mg,n

always has polynomial point count [Can+26]. A general condition forMg[n] does
not exist so far.

On the other side of the Torelli map, the moduli spaceAg of (principally polar-
ized) abelian varieties of dimension g is also constructed and much studied. Mum-
ford in a series of three papers [Mum66b][Mum67a][Mum67b] gave a thorough
treatment. With this language, the Torelli map should be thought of as mapping
an isomorphism class of curves to an isomorphism class of abelian varieties, which
is called the Jacobian variety of the curve, we explain these in chapter 2.

Much like curves, abelian varieties has been an active research topic for over a
hundred years: despite they were called different names at times. Since Abel, it has
been wondered how the space of Jacobian varieties sits inside the space of all princi-
pally polarized abelian varieties, Ag; this is more well known as the Schottky–Jung

3
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CHAPTER 1

problem. Analytic approaches were done by Riemann, Prym, Wirtinger, Schottky,
and Jung using the theory of theta functions. Mumford described the algebraic
side of the story [Mum74], and defined Prym varieties. We note that the theory
of Pryms is natural in the following dimension sense. The moduli space Ag has
dimension g(g + 1)/2, while Mg has dimension 3g − 3 for g ≥ 2. These agree
when g ≤ 3, thus Jacobians fulfills Ag up to g = 3. However when g = 4 already,
a direct dimension argument shows the Jacobian locus in Ag has codimension 1.
In this particular genus/dimension, one first found examples of Prym varieties that
are not Jacobian varieties. This is a partial result in [CG72] in a study of cubic
threefolds through intermediate Jacobians.

In a sense, the construction of Prym varieties generalizes the construction of
Jacobian varieties: Jacobian varieties are attached directly to a curve C, whereas a
Prym variety is attached to the additional data of a double cover of a curve:

f : C̃
2:1−−→ C,

Equivalently, in the étale double cover case, this data of f may be described by a
pair

(C, η),

where C is a smooth curve and η ∈ Pic0(C)[2] is a non-trivial two-torsion line
bundle, thus equivalently, a 2-torsion point on the Jacobian variety. Via the Torelli
map, f induces an involution to Jac(C̃). The associated Prym is obtained by tak-
ing the kernel of this involution [Mum74]. In modern language, the construction
gives a Prym map from the moduli space of étale double covers of genus g curves
Rg to the moduli space of principally polarized abelian varieties of dimension g−1:

Prg : Rg → Ag−1.

To continue our dimension discussion, we note that dim(Mg) = dim(Rg) =
3g − 3 > dim(Jg−1), where Jg−1 ⊂ Ag−1 denotes the Jacobian locus of di-
mension g abelian varieties. Further, in small genera, Pryms exhibit interesting
geometry. E.g., when g ≤ 6, the Prym map is dominant [DS81], which means
the Prym map has dense image, so the geometry of Rg can be used to understand
the geometry of Ag. In particular, this means in dimension 5 and below, generi-
cally, an abelian variety is a Prym variety. Thus our approach in this thesis serves
as a first step to construct combinatorial models for calculating the cohomological
information of not only Rg, but also Ag up to dimension 5.
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It is also desirable to understand what the moduli spaces Rg look like them-
selves. We give a summary of what is known. Rg is birational to some projective
space for g = 2, 3, 4 due to Dolgachev, Katsylo, and Catanese respectively[Dol08;
Cat83; Kat94], in other words, Rg is rational for g ≤ 4. Rg is unirational for
g = 5, 6, 7, due to Izadi–Lo Giudice–Sankaran, Donagi, and Farkas–Verra[ILS09;
Don84; FV16]. In the same paper [FV16], Farkas and Verra showedR8 is uniruled.
They recently showed that R9 is uniruled [FV24]. R14 and Rg for g ≥ 17 were
shown to be of general type by Farkas and Ludwig in [FL10]. R15 was later shown
to be of general type by Bruns [Bru16]. Farkas, Jensen and Payne showed Rg is of
general type in [FJP24]. It is worth noting that, in [FL10], the original result was
Rg is of general type for g ≥ 16. However due to the expected failure of the Prym-
Green Conjecture in genus 16, Chiodo, Eisenbud, Farkas, and Schreyer ruled out
g = 16 [Chi+13]. The rest of the genera remain unknown. We note that in the
many of the above results, especially the ones more recently due to Farkas etal., are
stated more generally in terms of Rg, the Deligne-Mumford compactification of
Rg.

We in this thesis compute cohomological information in the sense of [Ber20]
of R2.

To conduct the point count in the GR formula over finite characteristic, it is
sometimes easy to associate the structure with a finite set of data. An example is
M2[2], where a combinatorial model in terms of point configuration is identified.
Through a classical identification in [DO88] chapter III, one is able to identify this
space with the moduli space of 6 ordered points, M2[2] ' M0,6. We explain the
identification in more generality for hyperelliptic curves and perform the equivari-
ant point count with the action by S6 in Chapter 4.

To study the moduli space R2 in this manner, it is desirable to also obtain a
collection of finite data. We do so by exploiting the construction in [Dol08] in
showing R2 is rational where one associates to a pair (C, η) a uninodal quartic
curveQ. Detailed construction is provided in Chapter 5. In this construction, the
node is formed by gluing two Weierstrass points p, q. The normalization of Q is
the original genus two curve C, and the node records the chosen two-torsion class
η. This is the projective-geometric realization of the Prym data. In other words,
the data (C, η) can be encoded by a plane quartic with specified nodal behavior.

Since the Q is a quartic curve, it is natural to wonder the connection with
the famous ’smooth quartic has 28 bitangents’ statement. It turns out Q has a
specific tangency condition at the node: through the node, there are only 6 lines
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CHAPTER 1

that are tangent to Q, of which, 2 are tangent at the node O and 4 are tangent at
the image of the remaining Weierstrass points, see Lemma 5.3.1 and Lemma 5.3.2.
In particular, the image of the remaining 4 Weierstrass points are collinear. Up
to automorphism, we also show that such a tangent configuration determines a
unique element (C, η) ∈ R2, see theorem 5.4.4.

By identifying with such configuration, we are able to identify the moduli space
R2 with the moduli space M0,6/S2 × S4, the moduli space of 6 ordered points
quotiented by group S2 × S4. Together with calculations we did for cohomology
for the moduli spaces M2[2] 'M0,6, we can compute the cohomology for R2.

On the other hand, by blowing up the node of an arbitrary uninodal planar
quartic, one sees that in fact all uninodal quartics can be obtained by a line bundle
L′ = KC + a + b, where C is now the normalization of uninodal quartic in the
Hizebruch surface BlO P2 while a, b are the two points corresponding to the inter-
section of the normalization with the exceptional divisor. It is of course natural to
wonder to whether the above interesting geometry holds only for when the singu-
larity is formed by gluing two Weierstrass points, i.e. a = p, b = q. We thus also
study the tangency conditions at the node for when the node is formed by an or-
dinary point and a Weierstrass point, or when the node is formed by two ordinary
points. In both cases there are some interesting geometry. See sections 5.3 and 5.4.
We note that implicitly, a special case of two ordinary points being identified was
studied in [Emc37], which contains a beautiful illustration of a uninodal quartic.

Finally we provide an overall road map to readers: the hope is for it to be
understandable to students who have taken a first course in algebraic geometry.
Chapter 2 contains an introduction to abelian varieties and Prym varieties, we take
the structure from a complex analytic definition and extend to fields of all char-
acteristic. Chapter 3 introduces and proves the Grothendieck–Lefschetz trace for-
mula. Chapter 4 uses the GL formula to compute the equivariant cohomology
of M2[2]. Chapter 5 studies the association of dimension 1 Prym varieties and
uninodal quartics and computes the cohomology of R2.
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Chapter 2

Abelian varieties and Prym
varieties

In this thesis, by a moduli space we always mean a coarse moduli space, which
is a scheme M, and that S points of M parametrizes objects of a given kind over
S ∈ Schk up to isomorphism. Here Schk is the category of schemes over a field k.
We do not ask for the moduli functor to carry a universal family. In other words,
we do not require M to be the object such that the Yoneda embedding hM is
isomorphic to the functor F : Schk → Set which associates to a scheme S the set
of isomorphism classes of objects over S. The main moduli spaces we work with
are Ag: moduli space of abelian varieties of dimension g; Mg: moduli space of
curves of genus g; and Rg: moduli space of double covers of curves of genus g.

Abelian varieties and their moduli are key objects studied in algebraic geometry.
Abelian varieties can be thought of as an algebraic version of a topological group. In
this chapter we introduce the relevant prerequisites on abelian varieties and Prym
varieties and their moduli needed in this thesis. Many examples in the first two
sections are over C, but we also explain when we are in a more general situation.
We also include a brief discussion on moduli of curves.

2.1 Abelian varieties

The notion of abelian variety is well studied, and in the literature there are a
few different definitions. We use the following.
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CHAPTER 2

Definition 2.1.1 ([Mil08]). An abelian variety is a complete connected group vari-
ety.

The name abelian comes from the following fact.

Lemma 2.1.2 ([Mil08]). The group law of an abelian variety is abelian.

Clearly this definition makes sense for any field. Over the complex numbers
C, one can show that the analytification of a complex abelian variety is a complex
torus. However not all complex tori are abelian varieties.

Lemma 2.1.3 ([BL04]). A complex abelian variety is a complex torus that is projective,
and vice versa.

A complex torus is nothing more than a complex vector space quotient out by
a lattice. Thus it makes sense to talk about dual torus of a complex torus. In fact
relationships between a complex torus and its dual characterizes an abelian variety.

Lemma 2.1.4 ([BL04]). A complex abelian variety A is a complex torus that admits
an isogeny ϕ : A → Ǎ to its dual torus Ǎ, and vice versa. By an isogeny we mean a
surjective homomorphism with finite kernel.

Note that in the literature, e.g. [BL04], the above two lemmas are sometimes
taken as definitions. A closely related notion is that of a polarization.

Definition 2.1.5. The isogeny ϕ in Lemma 2.1.4 is called a polarization. If the
kernel of the isogeny is trivial, we call the polarization principal. In that case, we
call the abelian variety a principally polarized abelian variety (PPAV)

Of course the above analytic setting can be generalized to an algebraic setting
(not only over C), so that one can define the notions of dual abelian variety, po-
larization, principal polarization for abelian varieties over any field. We define the
following:

Definition 2.1.6. Denote by Pic(A) the group of line bundles of the abelian va-
riety A. We define the dual abelian variety of A to be Ǎ := Pic0(A) = {L ∈
Pic(A)|L algebraically equivalent to 0}.

Remark 2.1.7. By definition a variety is integral, hence for abelian varieties one can
freely interchange between the Picard group and the Weil divisor class group, i.e.
between line bundles and divisors.
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2.1 ABELIAN VARIETIES

A divisor D on A defines a morphism between A and the dual Ǎ as follows:

ϕD : A→ Ǎ

x 7→ [Dx −D] ∈ Pic0(A) = Ǎ.

One can show that this map is an isogeny when D is effective if and only if LD is
an ample line bundle [Mil08]. In literature, the symmetric isogeny ϕD or equiva-
lently the equivalence class of the ample line bundle |LD| ∈ Pic(A)/Pic0(A) =
NS(A) is called the polarization. Under the above equivlance, ϕL can be written
as x 7→ t∗xL⊗L−1 where tx is translation by x. Here NS(A) is the Néron-Severi
group of A. Again, as complex abelian varieties, a polarization is principal if ϕD is
an isomorphism. It should be warned that not all isogenies are induced by ample
line bundles, and only those induced by ample line bundles are polarizations.

We will mean PPAV when we speak of abelian varieties later. A basic result
in terms of moduli spaces of abelian variety is the following result that says there
exists a coarse moduli space.

Proposition 2.1.8 ([Mum65]). For a fixed g ∈ Z, there exists a scheme that is the
coarse moduli space Ag → SpecZ of PPAV’s of dimension g.

One of the motivating examples of abelian varieties are that of Jacobian varieties
of smooth projective curves. Via the Torelli map, for each curve C of genus g,
one can associate a principally polarized abelian variety called the Jacobian variety.
Over C, we can define the following: Jac(C) = H0(C,KC)∨

H1(C,Z) . The embedding of
the 1-cycles are determined by:

H1(C,Z) ↪−−−−→ H0(C,KC)
∨

γ 7−→

{
H0(C,KC) −→ C
ω 7→

∫
γ ω.

This is clearly a g-dimensional torus. Further, it has a more algebraic interpretation.
The Torelli map defines a canonical isomorphism [BL04] between Pic0(C) '
Jac(C) as follows (here we used Jac(C) ' Pic0(C) ' Cl0(C), where Cl(C) is
the divisor class group):

D =
n∑
i=1

(pi − qi) 7→ {ω 7→
n∑
i=1

∫ pi

qi

ω}, pi, qi ∈ C
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CHAPTER 2

Using this identification, we can construct the divisor that induces the principal
polarization. Let x ∈ C be a point, we define:

ϕx : C(g−1) → Pic0(C) = Jac(C)

(x1, . . . , xg−1) 7→ OC(x1 + · · ·+ xg−a − (g − 1)x)

Here C(g−1) is the g − 1-th symmetric product of C. Since C is smooth and
irreducible, the image of ϕx is an irreducible divisor, which we call the theta divisor
Θx of Pic0(C) = Jac(C). One can further show that Θx is ample for all x ∈ C
and defines a principal polarization Jac(C) → ˇJac(C). For details, see [Mil08].
One can see that this construction is canonical, and the choices of x makes no
difference in the principal polarization, so in literature sometimes one omits x and
simply write Θ for the theta divisor.

The definition of Jacobian varieties of curves over arbitrary fields uses the ideas
of the above construction: we define the Jacobian to be Jack(C) := Pic0k(C), the
continuous (identity) component of the Picard scheme as in [Mum66a]. Analogous
constructions of theta divisors and principal polarization exist and are completely
algebraic due to our definition of the Jacobian, however we will not mention these
here, one can find these in [Mum70]. As the complex construction, the dimension
of Jacobians of genus g curves is g.

This above construction defines also a morphism of moduli spaces:

Mg → Ag,

from the moduli space of genus g curves to the moduli space of dimension g abelian
varieties. We discuss this further in 2.3.

2.2 Prym varieties

Prym varieties are subvarieties of Jacobian varieties of a special kind, we intro-
duce the construction and some relevant properties.

Let C̃ be a smooth curve a genus g̃. Let ι be an involution on C̃. Let C :=
C̃/ < ι >. Suppose C is a curve of genus g. The quotient defines a 2 : 1
cover f : C̃ → C. The above notation will be fixed in this section. By Hur-
witz formula[Har77], one have that g̃ = 2g − 1 + |Dram|/2 where Dram is the
ramification divisor, and thus |Dram| is the number of fixed points of ι.
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from the moduli space of genus g curves to the moduli space of dimension g abelian
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2.2 Prym varieties

Prym varieties are subvarieties of Jacobian varieties of a special kind, we intro-
duce the construction and some relevant properties.

Let C̃ be a smooth curve a genus g̃. Let ι be an involution on C̃. Let C :=
C̃/ < ι >. Suppose C is a curve of genus g. The quotient defines a 2 : 1
cover f : C̃ → C. The above notation will be fixed in this section. By Hur-
witz formula[Har77], one have that g̃ = 2g − 1 + |Dram|/2 where Dram is the
ramification divisor, and thus |Dram| is the number of fixed points of ι.
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2.2 PRYM VARIETIES

f induces two morphisms on the Jacobians of C̃ and C as follows (this again
uses Jac(C) ' Pic0(C) ' Cl0(C)):

The norm map: Nf : Jac(C̃) −→ Jac(C)

OC̃

(∑
i

xi − yi

)
7→ OC

(∑
i

f(xi)− f(yi)

)

The pullback: f∗ : Jac(C) −→ Jac(C̃)

OC

(∑
i

xi − yi

)
7→ OC̃

(∑
i

f−1(xi)− f−1(yi)

)
One can verify that f∗ is indeed the pullback of line bundles along f , hence the

coincidental notation. Identifying the Jacobian as its dual by the above notation,
we get these two maps are dual to each other:

f̂∗ = Nf , and N̂f = f∗.

These two maps further satisfy the following lemma regarding the involution
on the double cover.

Lemma 2.2.1 ([Mum74]). Let ι̃ : Jac(C̃) → Jac(C̃) be induced by ι : C̃ → C̃,
we have:

f∗ ◦Nf = 1 + ι̃ and Nf ◦ f∗ = 2|Jac(C)

Proof. We prove the above via calculation at an arbitrary point of either curves.
For x ∈ C̃, f−1 ◦ f(x) = x+ ι(x). Thus f∗ ◦Nf = 1+ ι̃. And for f(x) = y ∈
C, f ◦ f−1(y) = f(y + ι(y)) = 2y. Thus Nf ◦ f∗ = 2|Jac(C).

The induced map 1 + ι̃ defines two subvarieties of Jac(C̃) via the image and
kernel of 1 + ι̃.

Lemma 2.2.2 ([Mum74]). Let A := Im(1 + ι̃) = ker(1− ι̃)0 and P := Im(1−
ι̃) = ker(1 + ι̃)0. Then dim(A) = g, and dim(P ) = g̃ − g.

Proof. Firstly, we notice that

(1− ι̃)(1 + ι̃) = 1− ι̃2 = 0
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CHAPTER 2

Therefore for the map 1 + ι̃, the image lies in the kernel: A = Im(1 + ι̃) ⊂
ker(1− ι̃). Similarly for 1− ι̃ and P . Thus the subvariety structure is well defined.
Nf ◦ f∗ = 2|Jac(C) is an isogeny. This implies f∗ is an isogeny onto its image.
Thus the Im(f∗) is the same as the source Jac(C). Thus:

dimA = dim(Im(1 + ι̃)) = dim(Im(Nf )) = dimJac(C) = g

To show: A = Im(1 + ι̃) = ker(1 − ι̃)0, write Jac(C̃) = Ṽ /Λ̃ and consider
ι̃ : Ṽ → Ṽ .
Since ι̃ is an involution, its eigenvalues are ±1. And in particular,

number of 1 as eigenvalues = dim(Im(1 + ι̃)) = dim(ker(1− ι̃)).

Indeed, the directions corresponding to eigenvalues 1 will have eigenvalue 2 in
1 + ι̃, while the directions corresponding to −1 will be canceled by the 1 in the
front and hence lie in the kernel of 1 + ι̃. Having the same dimension proves the
assertion. Similarly for the map 1− ι̃, and we have that:

number of −1 as eigenvalues = dim(Im(1− ι̃)) = dim(ker(1 + ι̃)).

Denote by V ± the eigenspace of ±1, we have in particular: A = Ṽ +/Λ̃+ and
P = Ṽ −/Λ̃−. Clearly the spaces V ± are complementary in dimension, this shows
the assertion about the dimension: that dimension of P is g̃ − g.

In the above construction, due to the subvariety structure, we know that P is
a polarized abelian variety, which is known as the Prym variety.

Definition 2.2.3. The Prym variety of the pair: (C̃, ι) is P = Im(1− ι̃) = ker(1+
ι̃)0 = ker(Nf )

0.

We comment on the latter equality: this is due to the fact that we are taking
the connected component of 0 as P , due to f∗ being an isogeny onto the image,
we have that the connected preimage of P along f∗ is just the point 0. Hence the
latter equality.

We mention another way of defining the Prym variety: instead of defining it
as the abelian variety associated to the curve C̃ and involution ι, one may define a
Prym variety as the abelian variety associated to a curveC and a 2-torsion line bun-
dle L. Indeed, C̃ may be constructed as the inverse image of the unit section in L2

12

CHAPTER 2

Therefore for the map 1 + ι̃, the image lies in the kernel: A = Im(1 + ι̃) ⊂
ker(1− ι̃). Similarly for 1− ι̃ and P . Thus the subvariety structure is well defined.
Nf ◦ f∗ = 2|Jac(C) is an isogeny. This implies f∗ is an isogeny onto its image.
Thus the Im(f∗) is the same as the source Jac(C). Thus:

dimA = dim(Im(1 + ι̃)) = dim(Im(Nf )) = dimJac(C) = g

To show: A = Im(1 + ι̃) = ker(1 − ι̃)0, write Jac(C̃) = Ṽ /Λ̃ and consider
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2.2 PRYM VARIETIES

under the square mapL→ L2 = C×C. Equivalently, C̃ = Spec(OC⊕L). The
involution is defined by the inverse map: (a, l) → (a,−l) where a ∈ C, l ∈ C.
All the rest of the process follows directly from our original construction. We note
that in this case f is étale since L is a 2-torsion. In this case, there is a moduli
space of étale double covers on genus g curves: Rg = {(C,L)|C is genus g, L ∈
Pic0(C), L⊗2 = OC} [Far12]. Note that in this case, since f is étale, the ram-
ification divisor is 0. By Hurwitz formula, we have that g̃ = 2g − 1, which in
particular suggests that dimP = g − 1.

So far we only constructed P as a polarized abelian variety, one can further
show that it is principally polarized.

Lemma 2.2.4. f is étale if and only if to Ker(f∗) ' Z/2Z.

Proof. We only prove the étale part, since this is the part that is relevant to us.
Suppose f is étale, f is then given by L ∈ Pic0(C) such that L2 = OC . Let C̃ be
defined as above. Then the pullback of L along f is a trivial line bundle over C̃.
Indeed, since C̃ = Spec(OC ⊕ L), the pullback f∗(L) equals (OC ⊕ L)⊗ L =
OC ⊕ L. Since this algebra is also 2-torsion, it has a canonical section τ which is
the pullback of 1 ∈ OC along the square map. Multiplying by τ defines an OC̃
linear isomorphism between OC̃ and the pullback as τ is its own inverse. Another
way to see this is:

p∗L L

L C

p

p

Here p is the canonical map from the line bundle L. By definition p∗(L) is trivial
by definition, hence is the restriction of p∗(L) to C̃, which is f∗(L). Thus L,OC

are two elements in the kernel of f∗, thus Z/2Z ⊂ ker(f∗).
Conversely, let 0 6= L′ ∈ ker(f∗). Consider Nf ◦ f∗(L′). By Lemma 2.2.1,

this gives L′⊗2 = OC̃ . Let f ′ : C ′ → C be the étale double cover associated to
L′. We have the following diagram:
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CHAPTER 2

C̃ ×C C
′ C ′

◦

C̃ C

q

p f ′s

f

Since étale is preserved under base change, we in particular have p is induced
by f∗L which is OC̃ . Which means C̃×CC

′ is just the trivial double cover, which
means it is just the disjoint union of two copies of C̃. The same argument along q
shows C̃ ×C C

′ is the disjoint union of two copies of C ′. Thus C̃ ' C ′ and thus
L = L′.

In particular, the above construction shows that there exists a section s : C̃ →
C̃ ×C C

′. And f = f ′ ◦ q ◦ s. Since q is 2 : 1 but s is only a section, q ◦ s is
unramified and thus étale. And since f ′ is étale, we have f is étale.

Lemma 2.2.5. LetΘC̃ (resp. ΘC ) denote the theta divisor of Jac(C̃) (resp. Jac(C)).
Then (f∗)∗(ΘC̃) ∼ 2ΘC . Here (f∗)∗ is the pullback of the line bundle along f∗.

Proof. One easily shows via computation that for a homomorphism u : A → B
between PPAVs, the following is true:

ϕu∗L = u∨ ◦ ϕL ◦ u.

Now applying this and the following composition shows the lemma.

Jac(C̃) Jac(C̃)
∨

JacC Jac(C)∨

φΘ
C̃

f̂∗=Nff∗

φ2ΘC

The final theorem shows that P is a PPAV when f is étale.
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2.3 MODULI SPACES

Theorem 2.2.6 ([Mum74]). Let jP : P → Jac C̃ be the canonical embedding. Then
if f is étale, Ξ := 1

2j
∗
P (ΘC̃) is an integral class. In particular, this line bundle defines

the principal polarization on P .

Sketch. We only give a sketch of an argument. The proof is involves arguments
using the type of a polarization. Since types are not used anywhere else, we only
give the brief idea here.

P is defined to be the kernel of Nf . Using Lemma 2.2.5, one can show that
kernel of ΘC̃ agrees when localized to A and P . One can look at the type of the
kernel of j∗P (ΘC̃) and one see that this is twice of that of a principal polariza-
tion. This allows us to define Ξ. One then shows that Ξ is an integral class, not
just a rational class. Now an integral line bundle that has the type of a principal
polarization is a principal polarization.

We conclude that we use the algebraic construction as it is more general and
works for all fields k, char(k) 6= 2. Indeed despite we started the Prym construc-
tion complex analytically, we replace the complex torus with Pic0 early on. The
dimension count ofA andP using eigen-spaces can also be replaced by the fact that
f∗ is an isogeny onto the image and that Nf is surjective. Thus one sees that our
construction is essentially algebraic. We recall the important takeaway below. Spec-
ify a curve C of genus g, a two torsion element L ∈ Pic0(C), (C,L) ∈ Rg. This
induces an étale double cover f : C̃ → C. f induces Nf : Jac(C̃) → Jac(C).
The Prym variety is ker(Nf )

0, the connected component of 0 of the kernel ofNf .
In particular it is a PPAV, with the principal polarization given by Ξ = 1

2ΘC̃ |P .

2.3 Moduli spaces

Finally we comment on the three moduli spaces Mg, Rg and Ag and how our
construction links them.

The Jacobian construction defines a way of mapping a genus g curve to a di-
mension g principally polarized abelian variety. In general, this is one of the best
tools one have to understand Ag or PPAVs. Indeed, curves can be understood by
local equations while the same can hardly be said for abelian varieties: a PPAV A
such that dim(A) = g cannot be embedded into P2g for g ≥ 2, see [Van75]. Thus
despite they can be embedded into projective spaces, the dimensions required are
much bigger and equations are much more complicated. The famous Torelli theo-
rem says the Jacobian construction indeed defines a map between moduli space.
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Theorem 2.3.1 (see e.g. [Gee99]). Let k be algebraically closed. C,C ′ are smooth
projective curves. ThenC andC ′ are isomorphic if and only if their Jacobians Jac (C)
and Jac (C ′) are isomorphic as PPAVs:

C ' C ′ ⇐⇒ Jac (C) ' Jac(C ′).

Here the principal polarization is determined by the theta divisors ΘC and ΘC′

Thus the Torelli map from Mg → Ag is well-defined. Comparing the dimen-
sions of the two moduli spaces (these has been known since Riemann[Rie57]):

dim(Mg) = 3g − 3, dim(Ag) = g(g + 1)/2,

one sees that dim(Mg) = dim(Ag) if and only if g ≤ 3. We thus expect that in
these cases all PPAV’s are of Jacobian type (i.e. they are Jacobians of some curve).
This is indeed true for g = 2, 3 [OU73]. For g = 4, the image of M4 has
codimension 1. The remainder are Prym varieites coming from étale double covers
of C of genus 5. These are also one of the first examples of PPAVs that are not
Jacobian.

The construction of Prym varieties defines a way of associating the moduli space
of double covers of curves of genus g to the moduli space of PPAVs of dimension
g − 1. Through forgetting the double cover, one can also define a map to the
moduli space of curves of genus g. We have the following diagram:

Rg

Mg Ag−1

π Pg

Here π is the forgetful map that forgets the two torsion L and Pg is the Prym map:

Rg 3 [C,L] → (P,Ξ) ∈ Ag−1.

Thus Rg, and similarly Prym varieties, are the second bridge between the moduli
space of curves and the moduli space of abelian varieties. The Prym locus inside
Ag−1 is also a field of active study. Finally we note that unlike the Torelli map,
the Prym map is never injective. Indeed, there are no isomorphism restrictions for
Rg. Fibres of the Prym map has also been studied, see [Don92].
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Chapter 3

The Grothendieck–Lefschetz trace
formula

We introduce the tool we use to perform the point count. The classical state-
ment originated in a 1926 paper [Lef26] of Lefschetz. In its modern form, it can
be summarized into the following formula:

Theorem 3.0.1 (Lefschetz fixed point theorem / Lefschetz trace formula). Let M
be a compact, oriented manifold. If f : M → M is a continuous map with isolated
fixed points, then we have the following:

#Fix(f) =
∑
i

(−1)iTr(f∗,H i(M,R)).

Where#Fix(f) is counted with multiplicities.

We explain the notations. Here f∗ is the pullback: for all morphisms f : X →
Y , f∗ pulls back cohomology: H i(Y,R) → H i(X,R). In our case, since f is
an endomorphism, the pullback f∗ is also an endomorphism of R−vector spaces
H i(M,R). By Tr, we just mean the trace of the linear map f∗. By counting with
multiplicity, we mean the following. For each endomorphism f over any manifold
M , we can consider two submanifolds in M ×M , the diagonal ∆ and the graph
Γf , which denotes the diagonal and the graph. We can then try to take:

#Fix(f) := ∆ · Γf = intersection number of ∆ and Γf .
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When∆ andΓf intersect transversally, this intersection number coincides with
the naive point count, but it can be defined more generally. The correct version of
the theorem is then

∆ · Γf =
∑
i

(−1)iTr
(
f∗,H i(M,R)

)
.

Weil saw that this trace formula has an algebraic analogue. In particular,
this would yield an interesting trace formula for algebraic varieties over a finite
field. If X0 is a variety over Fq, where q = pm for some integer m, and X =
X0 ×Fq Fq, then we could take ψ : X → X to be the Frobenius morphism
ψ = (FrobX0 × Id). Then geometrically, #Fix(ψ) should count the Fq-points
ofX whose coordinates are fixed by the Frobenius. Now since all elements of Fqn
are solutions of polynomial equation xqn −x, points inX fixed by the n-th Frobe-
nius is equivalent to they lie in Fqn . The theory of étale cohomology[Mil13] tells
us cohomology of schemes over finite characteristic can only be interesting if we
take coefficients in l-adic numbers, where l 6= q. The algebraic analogue is the
following:

Theorem 3.0.2. Let X be a complete nonsingular variety over an algebraically closed
field k, and let ψ be a regular endomorphism of X . Then we have:

∆ · Γψ =
∑
i

(−1)iTr(ψ∗,H i(X,Qℓ))

Here and in this chapter, unless otherwise stated, H i(X,Qℓ) denotes the `-
adic étale cohomology (an exception is 3.2, where H∗ stands for a complex and
the notation H i

et is used to avoid confusion.). In the specific case where ψ is the
Frobenius endomorphism, we have the following identification:

#X (Fq) =
∑
i

(−1)iTr
(
Fr∗q ,H

i (X,Qℓ)
)

In general situations, one may see the notation H i
c(X,Qℓ) in place for where co-

homology is on the right hand side of the formula. This is the compactly supported
cohomology. It is used when X is not proper. Since we work with complete vari-
eties, H i

c = H i.
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3.1 THE FROBENIUS’S

The formula above is called the Grothendieck–Lefschetz trace formula and it
works both ways: for a given variety, we can either understand what the coho-
mology groups are, and calculate the number of fixed points using the formula or
through some algebraic combinatorial manipulation to count the number of Fq
points and obtain some cohomological information of the variety. To give a brief
proof of this statement, we need four pieces of information: how the Frobenius acts
on cohomology, the Künneth formula, the cycle class map, and Poincaré duality.
We start with the Frobenius.

3.1 The Frobenius’s

We recall the Frobenius action on sheaves, which factors into the statement
of the Lefschetz trace formula. In particular, we want to show what the induced
morphism on the cohomology spaces are, hence properly define what the trace
means.

In literature by Frobenius there are a few different ones: the absolute Frobenius,
which is x 7→ xp for all scheme X0 and x ∈ X0 in characteristic p; the arithmetic
Frobenius, which is the action on X0 ×Fq Fq induce by the Galois element σq :

a → aq in the absolute Galois group Gal(Fq/Fq). On X = X0, this action
corresponds toFX0×IdwhereX0 is a scheme over Fq, andFX0 is its q-th absolute
Frobenius, inducing f 7→ f q on rings. The geometric Frobenius, which is the inverse
of the arithmetic Frobenius.

For any schemeX0/Fq, and for any étale sheaf F0 onX0, we have an isomor-
phism

FrF0 : F ∗
X0

F0 → F0.

Letting X = X0 ×Fq Fq and F be the pullback of F0 to X , we have an
endomorphism on cohomology:

F : H i(X,F)
(FX0

×Id)
∗

−−−−−−−→ H i (X, (FX0 × Id)∗F)
FrF0−−−→ H i(X,F).

Note that F coincides with the action of geometric Frobenius on H i(X,F)

induced by
(
IdX0 ×Frob−1

Fq

)
. Thus in the Grothedieck–Lefschetz trace formula,

Fr*q is nothing more than the geometric Frobenius, F . In practice of the formula,
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CHAPTER 3

we usually take the sheafF0 to be the constant sheaf associated toQℓ. Now geomet-
ric Frobenius acts linearly on the finite-dimensional Qℓ vector spacesH i(X0,Qℓ)
or H i

c(X0,Qℓ). Thus the trace is the usual trace one would find in linear algebra.

3.2 Künneth formula

The general Künneth formula studies whether the cup product induces iso-
morphisms / quasi-isomorphism on products. We fix the notations as above, let
X and Y be algebraic varieties defined over some algebraically closed fields. Much
of the computation side of this section can be done using Čech cohomology, we
only give statements and explanation for why Künneth formula holds for étale co-
homology with Qℓ coefficients. In particular we focus on small Zariski sites and
small étale sites where the Čech cohomology behaves nicely. For details of algebraic
formulation of Čech cohomology we point interested reader to [Mil13] chapter 10.

Definition 3.2.1 (Cup products). Let F and G be sheaves onX as before. We have
for cohomologies the following cup-product map:

Hr(X,F)×Hs(X,G) → Hr+s(X,F ⊗ G),

via the Čech cohomology groups, where

(f ^ g)i0,...,ir+s = fi0,...,ir ⊗ gir,...,ir+s .

We recall the notion of quasi-isomorphism. A map of complexes: A• → B•

is a quasi-isomorphism if it induces isomorphisms on the cohomology groups. Let
X and Y be as above, let F and G be sheaves on X and Y respectively. Let p and
q denote the projection from X × Y to X and Y respectively.

X × Y

X Y

p q

These projections induce the following morphisms on cohomologies coming
from the natural adjunction morphism: F → p∗p

∗F :

Hr(X,F) → Hr(X × Y, p∗F),
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3.2 KÜNNETH FORMULA

Hs(Y,G) → Hs(X × Y, q∗G).

Composing with the above defined cup product, which in this case looks like:

Hr(X × Y, p∗F)×Hs(X × Y, q∗G) → Hr+s(X × Y, p∗F ⊗ q∗G),

we have the following composition:

Hr(X,F)×Hs(Y,G) → Hr(X×Y, p∗F)×Hs(X×Y, q∗G) → Hr+s(X×Y, p∗F⊗q∗G).

Allowing all partitions of n = r + s and factoring this bilinear map through the
tensor product, we have the following map:⊕

r+s=n

Hr(X,F)⊗Hs(Y,G) → Hn(X × Y, p∗F ⊗ q∗G),

In terms of complexes, we have:

H•(X,F)⊗H•(Y,G) → H•(X × Y, p∗F ⊗ q∗G)

The Künneth formula studies whether this map is an isomorphism. We specialize
to the case of étale cohomology, which says the following.

Theorem 3.2.2. [Mil13] LetX and Y be complete varieties and let R be a finite ring
(set-wise). One can find complexes ofR modulesH(X,R),H(Y,R),H(X×Y,R)
with the following property:

1. The complexes compute the étale cohomology of respective varieties, i.e.,
Hr(H(X,R)) ' Hr

et(X,R), and similarly for Y and X × Y .

2. H(X,R) is flat as a complex of R-modules.

And there is a quasi-isomorphism:

H(X,R)⊗R H(Y,R) → H(X × Y,R)

If further one ofH∗(H(X,R)) orH∗(H(Y,R)) is flat, then we obtain isomor-
phism. Otherwise, we get a spectral sequence:⊕

i+j=s

TorR−r(H
i
et(X,R),H

j
et(Y,R)) =⇒ Hr+s(X × Y,R).
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Remark 3.2.3. The theorem should be seen as an attempt to avoid the language of
derived category. Allowing for one minor exception, the statement says one can
find complexes such that the cohomology of these complexes computes the étale
cohomology of each variety with the constant sheaf associated to the finite ring R.
And further such complexes computes the following isomorphism of cohomology:

RΓ (Xet, R)
L
⊗R RΓ (Yet, R) ' RΓ ((X × Y )et, R) . The spectral sequence is

just a standard result in homological algebra.

For proof, we point the reader to [Mil25] where the construction is more gen-
eral for X and Y compatifiable schemes defined over some quasi-compact base
scheme S. On [Mil13] a similar statement is mentioned and proved for con-
structible sheaves of R-modules, with the additional condition that one of the
two sheaves on either X or Y is flat using proper base change theorem. We
remark that the spectral sequence comes from the fact that we are comparing
H∗(H(X) ⊗ H(Y )) with H∗(H(X)) ⊗ H∗(H(Y )), where the difference is
evaluated by the Tor.

As a special case of R, we consider: X,Y defined over k, Z/`nZ for ` a prime
not dividing char(k). The above quasi-isomorphism is defined for each n, and for
some complexes H ,

H(X,Z/`nZ)⊗R H(Y,Z/`nZ) → H(X × Y,Z/`nZ),

By passing to the inverse limit asn gets larger, we get the following quasi-isomorphism:

H(X,Zℓ)⊗R H(Y,Zℓ) → H(X × Y,Zℓ).

Note that nowZℓ is already not a finite ring, so we are beyond the scope of Theorem
3.2.2. Due to the fact that Zℓ is a PID, we have the following exact sequence:

0 −→
⊕

r+s=m

Hr(X,Zℓ)⊗Zℓ
Hs(Y,Zℓ) −→Hm(X × Y,Zℓ)

−→
⊕

r+s=m+1

TorZℓ
1

(
Hr(X,Zℓ), Hs(Y,Zℓ)

)
−→ 0.

We note that for Qℓ = Zℓ⊗ZQ, all modules are flat, we thus get the Künneth
isomorphism for free for `-adic cohomology.
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3.3 CYCLE CLASS MAP

3.3 Cycle class map

The notion of cycles generalizes that of divisors. Intuitively, we wish to associate
a cohomology class to an algebraic cycle and employ some properties of cycles. For
the sake of this section, we work with varieties over an algebraically closed k and
fix R = Z/`nZ, for ` 6= char(k) a prime. For the similar reasons (taking inverse
limit and then tensor with Q) as the construction from the last section, we can pass
to Zℓ and Qℓ. We first give the definitions.

Definition 3.3.1. Let X be a nonsingular variety over k. A prime cycle on X is an
irreducible closed subvariety. Let Cr(X) be the free abelian group generated by
the prime cycles of codimension r. Elements of Cr(X) are called algebraic cycles
of codimension r on X . Let C∗(X) =

⊕
r≥0C

r. One see that since the label is
through codimension, one can give C∗(X) a graded structure where the product
is defined by intersecting two cycles. This product is called intersection product.

Similar to the notion of linear equivalence on Weil divisors, we extend such
an equivalence to the notion of rational equivalence. For each subvariety V of X ,
we can consider the normalization f : Ṽ → V . On Ṽ we can talk about linearly
equivalent Weil divisors, D ⊂ Ṽ and D′ ⊂ Ṽ . We call their pushforward cycles
f∗D, f∗D

′ in X rationally equivalent.

Definition 3.3.2. [Har77] Two algebraic cycles C1 and C2 of codimension i of X
are called rationally equivalent if there exists a closed subscheme V of codimension
i+1, such that Ci’s are pushforward of two linearly equivalent Weil divisors along
the normalization of V . The quotient of C∗(X) by rational equivalence is a ring
CH∗(X), called the Chow ring of X .

Remark 3.3.3. There is a more computational definition. One would first define
rationally equivalent to 0 as the pushforward along the immersion of some rational
function on some closed integral subscheme. Then rational equivalence is defined
as two cycles have difference rationally equivalent to 0. But we think the above
definition is more conceptually consistent with linear equivalence. Further, one
immediately sees that on codimension 1 cycles (divisors), the notion of rational
equivalence is equivalent to that of linear equivalence.

We describe the following motivating example for associating a cycle class to a
cohomology class. Recall the Kummer exact sequence:

1 → µn → Gm
tn−→ Gm → 1.
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Where µn is the n-th root of unity and Gm is the multiplicative group. Since
CH1(X) = Pic(X) = H1(X,Gm), the Kummer sequence induces a map:

CH1(X) = H1(X,Gm) → H2(X,µn) = H2(X,R(1)),

whereR(r) is the small étale sheaf onX defined byΓ(U,R(r)) := µn(Γ(U,O(U)))⊗r

for all U → X affine étale.
The hope is to extend this construction and define a canonical morphism of

graded rings:
cl∗X : CH∗(X) → H∗(X),

where,

H∗(X) :=
⊕
r≥0

H2r(X,R(r)), with multiplication defined by cup product,

such that cl1X is defined as above.
A useful notion to mention here is that cohomology with support on a closed

subvariety.

Definition 3.3.4. Let Z be a closed subvariety ofX , let U = X \Z. For any sheaf
on X , define

ΓZ(X,F ) = Ker(Γ(X,F)
restriction−−−−−−−→ Γ(U,F)).

Geometrically, ΓZ(X,F ) is the group of sections of F with support on Z. Since
kernels are left exact, we can define the r-th right derived functor of ΓZ(X,F ) by
Hr
Z(X,F), called cohomology of F with support on Z.

We can now define the cycle class map for all prime cycles and extend linearly
to all algebraic cycles:

Definition 3.3.5. LetZ be any prime cycle of codimension r, and letY = Sing(Z).
Define clr(Z) to be the image of 1 under the chain of equivalences:

R(r) ∼= H0(Z \ Y,R(r)) ∼= H2r
Z\Y (X \ Y,R(r))

∼= H2r
Z (X,R(r)) → H2r(X,R(r)).

Extending by linearity, we obtain

clr : Cr(X) −→ H2r(X,R(r)).
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3.4 POINCARÉ DUALITY

We give brief explaination of where all these equivalences are from:
Λ(r) ∼= H0(Z \ Y,R(r)) is trivial; H0(Z \ Y,R(r)) ∼= H2r

Z\Y (X \ Y,R(r))
is Theorem 16.1 of [Mil13]; H2r

Z\Y (X \ Y,R(r)) ∼= H2r
Z (X,R(r)) is a direct

consequence of Lemma 23.1 of [Mil13]; and the arrow is just the definition of locally
supported cohomology.

Remark 3.3.6. One easily verifies that cl1 is indeed the morphism induced by the
Kümmer sequence. In particular the H∗ can be extended to Qℓ coefficients.

To extend to to the Chow ring:

cl∗X : CH∗(X) → H∗(X),

is more complicated (it involves construction of Chern classes which we would be
too long and won’t bring much more light into our discussion). We point inter-
ested reader to Chapter 23 of [Mil13]. We mention that the cycle class map (quo-
tiented by rational equivalence) cl∗X : CH∗(X) → H∗(X) has the following nice
functorial property: it is functorial inX , further, it is a homomorphism of graded
rings (sending intersection products to cup products). As the naive construction
in Definition 3.3.5, the degree doubles in cohomology.

3.4 Poincaré duality

A bit like Weil used notions in étale cohomology to describe properties of
curves, Poincaré stated the duality statement before the notions of homology and
cohomology in terms of the Betti numbers. We give a brief recollection of the
classic statement on orientable manifolds and provide the relavent algebraic gener-
alization for our purposes.[Mil13]

Theorem 3.4.1 (See e.g. [Hat02]). IfM is a closed oriented manifold of dimension n,
then there is a canonical isomorphism between its singular cohomology and homology:

Hk(M,Z) ' Hn−k(M,Z),

for any integer k.

Using the compactified cohomology with finite coefficients removing the closed
conditions, one can further prove:
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Hk
c (X,Z/mZ) ' Hn−k(X,Z/mZ).

Using the duality between homology and cohomology, one can write the du-
ality in terms of a pairing between finite groups:

Hk
c (X,Z/mZ)×Hn−k(X,Z/mZ) → Hn

c (X,Z/mZ) ' Z/mZ.

In particular, the pairing is perfect due to Poincaré duality. Here perfect means
treating either one of the input as its dual space results in isomorphism. For X
a complex manifold of complex dimension n, the Poincaré duality predicts the
following is a perfect pairing:

Hk
c (X,Z/mZ)×H2n−k(X,Z/mZ) → H2n

c (X,Z/mZ) ' Z/mZ

This is the closest form to the algebraic version we will be needing, intuitively, this
is because C is the algebraic closure of R.

We give the algebraic Poincaré duality as [Mil13].

Theorem 3.4.2 (Poincaré duality and trace map). Let k be algebraically closed, letX
be a smooth k-variety of pure dimension d, and let Λ = Z/`nZ (or Qℓ).
(1) There exists a unique trace map

TrX : H2d
c (X,Λ(d)) −→ Λ

such that for every closed point P ∈ X ,

TrX
(
cl(P )

)
= 1,

where cl(P ) ∈ H2d
c (X,Λ(d)) is the cohomology class with compact support of the

d-cycle P .
(2) For every locally constant constructible sheafF ofΛ-modules onX there is a canon-
ical pairing

Hr
c (X,F)×H2d−r(X,F∨(d)) −→ H2d

c (X,Λ(d))
TrX−−−→ Λ,

and this pairing is perfect.
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3.5 PROOF OF THE GROTHENDIECK–LEFSCHETZ FORMULA

Remark 3.4.3. We note that this above defined trace map is unfortunately not the
same trace map induced by an endomorphism on a variety. It is an incident of bad
notations in mathematics.
Remark 3.4.4. In the case of our interest, the locally constant constructible sheaves
are usually just Λ(d). In particular, for F = Λ this gives

Hr(X,Λ)×H2d−r(X,Λ(d)) −→ Λ.

3.5 Proof of the Grothendieck–Lefschetz formula

We are now ready to prove the Grothendieck–Lefschetz formula. There are
two lemmas we need, after which it is simple linear algebra. Note that we work in
the Qℓ case, thus automatically have the Künneth isomorphism. In this section we
fix the notations as above, and let X and Y be algebraic varieties defined over Fq,
assume X has dimension d. Under the Künneth isomorphism,

H2d(X ×X,Qℓ(d)) ∼=
⊕
r

Hr(X,Qℓ)⊗H2d−r(X,Qℓ(d)).

Poincaré duality gives a nondegenerate pairing

H∗(X)×H∗(X) → H2d (X,Qℓ) ' Qℓ

Write e2d for the canonical generator of H2d(X) (the class of any point P ).

Lemma 3.5.1. Let p : X × Y → X , q : X × Y → Y be the projections as
defined at the start of the previous section. For any regular map ϕ : X → Y and any
y ∈ H∗(Y ),

p∗ (clX×Y (Γφ) ∪ q∗y) = ϕ∗(y).

Proof. This is by the functoriality of the cycle class map and compatibility with cup
product and pushforward. For a more detailed computation we point the reader
to [Mil13].

Lemma 3.5.2. Let (ei) be a basis forH∗(X), and let (fi) be the dual basis ofH∗(X)
relative to the cup-product, i.e. ei ^ fj = δije

2d ( δij=Kronecker delta). Then for
any regular map ϕ : X → X ,

clX×X (Γφ) =
∑

ϕ∗ (ei)⊗ fi
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Proof. As the fi form a basis for H∗(X) as a Qℓ-vector space, they also form a
basis for H∗(X ×X) = H∗(X)⊗Qℓ

H∗(X) as an H∗(X)-module. Therefore,

clX×X (Γφ) =
∑

ai ⊗ fi

for some elements ai ∈ H∗(X). According to the previous lemma,

ϕ∗ (ej) = p∗

((∑
i

ai ⊗ fi

)
^ (1⊗ ej)

)
= p∗

(
aj ⊗ e2d

)
= aj .

Now we are ready to prove the Grothendieck–Lefschetz trace formula, all we do
is to substitute in forX×Y ,X×X , and the regular map for any endomorphism.
The previous two lemmas allow us to calculate the cycle classes of the graph and
the diagonal respectively, in particular their product is a well-defined object in the
Chow ring which we can again take the cycle class of, combining we have the
following proof.

Proof of the GL formula. Let eri be a basis for Hr, and let f2d−ri be the dual basis
for H2d−r. Then by Lemma 3.5.2,

cl (Γφ) =
∑
r,i

ϕ∗ (eri )⊗ f2d−ri , and by considering the identity map on X ,

cl(∆) =
∑
r,i

eri ⊗ f2d−ri =
∑
r,i

(−1)r(2d−r)f2d−ri ⊗ eri =
∑
r,i

(−1)rf2d−ri ⊗ eri .

Taking products of these two expressions in respective graded rings we find that

clX×X (Γφ ·∆) =
∑
r,i

(−1)rϕ∗ (eri ) f
2d−r
i ⊗ e2d

=
∑
r

(−1)r Tr (ϕ∗ | Hr)
(
e2d ⊗ e2d

)
.

Since H4d(X ×X) is one-dimensional, generated by e2d ⊗ e2d due to Künneth
formula, and the cycle class of a 0-cycle Z is deg(Z)

(
e2d ⊗ e2d

)
, comparison of

coefficients gives the result.
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Chapter 4

The point count ofM2[2]

We demonstrate the power of the Grothendieck–Lefschetz trace formula via
the following classical fact, that the moduli space of genus 2 curves with level two
structures can be identified with six ordered points on P1. We start by introducing
some of the basic objects. We point out that this construction is more general in
nature at the end of the chapter.

4.1 Level structures

Intuitively, a level structure is an additional piece of information of a basis
for the n−torsion points, hence rigidifying the space in a way. Working over the
complex numbers, the abelian variety of dimension g has as its underlying space
that of a complex torus. The number of its n-torsion points are naturally of size
n2g: as there are n n torsions on each real direction. We first define the Weil
pairing on n torsion points.

Definition 4.1.1 ([Mil08]). Let A be an abelian variety of dimension g over a field
k. We denote by A[n] its n-torsion subgroup. The Weil pairing is a canonical
nondegenerate pairing:

A[n]×A∨[n] → µn,

for all n coprime to char(k).
Explicitly, let a ∈ A[n] and α ∈ A∨[n](k), and choose a divisor D on A

representing α ∈ Pic0(A). Since [n]∗D ∼ nD ∼ 0 by construction, there exists
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a rational function g ∈ k(A)× such that div(g) = [n]∗D. Writing ta : A −→ A
for translation by a, define

en(a, α) =
g

g ◦ ta
.

Remark 4.1.2. Note that by construction the quotient is a constant function: the
divisor of g ◦ ta is the same as that of g (div(g ◦ ta) = t∗a[n]

∗D = [n]∗D due to
a is n-torsion). Thus g

g◦ta is constant and in particular n-th root of unity.

Note that in the case where A admits a polarization: A → A∨, one gets a
(potentially degenerate) pairing: A[n] × A[n] → µn, If further the polarization
is principal, which in particular includes the case of the Jacobian of a projective,
non-singular curve, we have a perfect pairing:

A[n]×A[n] → µn.

If n is prime, such a pairing identifies the n-torsion points with a Fn-vector space
F2g
n .

Definition 4.1.3. Let A be an abelian variety of dimension g, a symplectic level 2
structure is an ordered basis ofA[2] such that the Weil pairing in its matrix form is:(

0 Ig
Ig 0

)
,

where Ig is the dimension g identity matrix.

The definition of a level n-structure is analogous, except the Weil pairing takes
the matrix shape: (

0 Ig
−Ig 0

)
.

In F2 we omit the −1.

Remark 4.1.4. We note that to give a level two structure on an abelian variety A of
dimension g is the same as giving a map of vector spaces: ϕ : F2g

2 → A[2] such
that the Weil pairing condition is satisfied.

We sometimes abuse the notion of a level 2 structure when discussion the Jaco-
bian of a curve: we call a curveC with a level 2 structure to mean a level 2 structure
on the Jacobian Jac(C) of the curve.
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4.2 LEVEL 2 STRUCTURES AND MODULI SPACES

4.2 Level 2 structures and moduli spaces

Since we want to endow the subgroup of 2-torsions elements of hyperelliptic
Jacobian with a basis, we first study the two torsion elements of Jac(H), for H
hyperelliptic. From now on in this chapter, fix C to mean a smooth hyperelliptic
curve of genus g > 1.

Classically, a smooth hyperelliptic curve of genus g has a unique degree 2 mor-
phism π to P1 defined by fraction of its canonical bundle 1/(g − 1) · KC , i.e.
π = ϕD, with (g − 1)D = KC . This morphism is ramified at 2g + 2 points
c1, . . . , c2g+2 by Hurwitz formula, called Weierstrass points. Call the image of the
ramification points on P1, x1, . . . , x2g+2. For every subset T ⊂ {1, . . . , 2g+2},
we define a degree 0 divisor class associated to this subset by:

eT =
∑
i∈T

ci − |T |c2g+2.

We observe this is precisely half the pullback of the following degree 0 divisor on
P1:

2eT = π∗(
∑
i∈T

xi − |T |x2g+2).

Note that all degree 0 divisors on P1 are linearly equivalent to 0, and that pullback
respects this property, this shows eT is a 2-torsion point on Jac(C). Taking T =
{1, . . . , g + 1} and {g + 2, . . . , 2g + 2} respectively, we see that

2

g+1∑
1

ci ∼ (2g + 2)c2g+2 and 2

2g+2∑
g+2

ci ∼ (2g + 2)c2g+2,

combining we get that:

2

2g+2∑
1

ci ∼ 2(2g + 2)c2g+2,

giving:
2g+2∑
1

ci ∼ (2g + 2)c2g+2
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xi − |T |x2g+2).

Note that all degree 0 divisors on P1 are linearly equivalent to 0, and that pullback
respects this property, this shows eT is a 2-torsion point on Jac(C). Taking T =
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2

g+1∑
1

ci ∼ (2g + 2)c2g+2 and 2

2g+2∑
g+2

ci ∼ (2g + 2)c2g+2,

combining we get that:

2

2g+2∑
1

ci ∼ 2(2g + 2)c2g+2,

giving:
2g+2∑
1

ci ∼ (2g + 2)c2g+2

31

43



CHAPTER 4

where ∼ denotes linearly equivalence of divisors. Since the eT ’s are two torsion,
eT = −eT , and the above identity shows that eT ∼ eTC , where TC is the com-
plement of T ⊂ {1, . . . , 2g + 2}. For every integer m, we have:∑

i∈T
ci +mc2g+2 − (|T |+m)c2g+2 =

∑
i∈T

ci − |T |c2g+2.

Taking m = 0 or 1, we see that for all T , there is a T ′, such that eT ∼ eT ′ with
|T ′| being even.

Definition 4.2.1. Let 2{1,...,2g+2} be the set of subsets of {1, . . . , 2g+2}. Denote
by Eg the subsets with even cardinality quotiented the equivalence relations T ∼
TC for all T ∈ 2{1,...,2g+2}.

All the above is saying the following:

Lemma 4.2.2 (Chapter VIII.3[DO88]). Eg under the addition law:

T + T ′ = T ∪ T ′ \ (T ∩ T ′),

is an F2 vector space. Further, the expression:

〈T, T ′〉 = |T ∩ T ′| mod 2,

defines a symplectic bilinear form on Eg. �

It is natural to ask whether this vector space is isomorphic to the F2 space of 2
torsions.

Lemma 4.2.3. The association:

e : Eg → Jac(C)[2]

T 7→ eT

is an isomorphism of F2 vector spaces.

Proof. The quotient in Eg by a naive count yields Eg has 22g element, agreeing
with Jac(C)[2]. Thus it suffices to show injectivity. Without loss of generality, we
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4.2 LEVEL 2 STRUCTURES AND MODULI SPACES

assume we have two setsH andH ′ that have the same cardinality and are disjoint.
We show that the difference of their image

eH − eH′ =
∑
i∈H

ci −
∑
j∈H′

cj ,

is not the trivial class. For the subset H ′, we have that:

2
∑
j∈H′

cj ∼ 2|H ′|c2g+2.

Adding this to eH − eH′ , and using the fact that |H| = |H ′|, we have,

eH − eH′ ∼
∑
i∈H

ci −
∑
j∈H′

cj + 2
∑
j∈H′

cj − 2|H ′|c2g+2 = eH∪H′ � 0

The same argument of counting different subsets of the set of ramification
points gives the following identification in the special case of genus 2 curves.

Corollary 4.2.4. A non-trivial 2-torsion element of a genus 2 curve can be expressed
uniquely as ci−cj for distinct ramification points ci and cj , i 6= j, i, j ∈ {1, . . . , 6}.

Proof. It is easy to see that in the situation when g = 2, the only even number that
is relevant for the size of T is 2. Using the fact that |T |c6 = 2c6 = KC = 2ci,
one easily transform each eT into the desired form:

ci + cj − 2c6 = ci + cj − 2cj = ci − cj .

In particular, given a symplectic level 2 structure on Jac(C)[2], the above map
associates the two symplectic F2 spaces.

Lemma 4.2.5. Let
ϕ : F2g

2 → Jac(C)[2]

be a level 2 structure on Jac(C). There exists an isomorphism of symplectic spaces

ψ : Eg → F2g
2
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such that the composition

ϕ◦ψ : Eg → Jac(C)[2]

is the map e defined in Lemma 4.2.3. In particular e is an isomorphism of symplectic
spaces. Treating F2g

2 = Fg2 ⊕ Fg2 with basis elements {hi}i=1,...,g for Fg2, the map ψ
is uniquely determined by the property:

ψ ({c2i−1, c2i}) = (hi, 0) , i = 1, . . . , g

ψ ({c2i, . . . , c2g+1}) = (0, hi) , i = 1, . . . , g

Proof. The Weil pairing takes a specific shape in terms of Eg as follows:

〈eT , eT ′〉 = |T ∩ T ′| (mod 2). (4.2.1)

Notice that the right-hand side is unchanged if either T or T ′ is replaced by its
complement, since both subsets have even cardinality. Hence the formula is well
defined on Eg.

Set Ai = {2i − 1, 2i}, Bi = {2i, 2i + 1, . . . , 2g + 1}, 1 ≤ i ≤ g. We first
show that Ai’s and Bi’s form a symplectic basis of Eg. Clearly,

|Ai ∩Aj | ≡ 0 (mod 2)

for all i and j. Moreover, if i ≤ j, then Bi ∩ Bj = Bj . Since all Bi’s are of even
cardinality, we have:

|Bi ∩Bj | ≡ 0 (mod 2).

Finally,

Ai ∩Bj =


∅, i < j,

{2i}, i = j,

Ai, i > j.

Thus
〈Ai, Aj〉 = 0, 〈Bi, Bj〉 = 0, 〈Ai, Bj〉 = δij .

These relations also show that the Ai’s and Bi’s are linearly independent. In-
deed, suppose that

∑g
i=1 aiAi +

∑g
i=1 biBi = 0. Apply the Weil pairing to Bj

gives aj = 0, and toAj gives bj = 0. By (4.2.1), the map e preserves the symplectic
pairings:

〈eT , eT ′〉W = 〈T, T ′〉.
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4.3 S6-EQUIVARIANT COHOMOLOGY OF M2[2]

Lemma 4.2.3 showed that e is an isomorphism of F2-vector spaces. Therefore
e is an isomorphism of symplectic spaces. Since ϕ is a level-2 structure, it is also an
isomorphism of symplectic spaces. Defineψ := ϕ−1◦e. Thenψ is an isomorphism
of symplectic spaces and

ϕ ◦ ψ = e.

It is the unique map with this property becauseϕ is an isomorphism. Decomposing
F2g
2 into Fg2 ⊕ Fg2 and taking images of Ai’s and Bi’s under ψ to respectively lie in

the first and second summand gives the asserted formulae:

ψ(Ai) = (hi, 0), ψ(Bi) = (0, hi).

We are now in a position to state the following statement:

Theorem 4.2.6 ([Mum84]). Denote by P̂2g+2
1 the moduli space of ordered 2g + 2

distinct points on P1 up to projective equivalence, and denote by Hypg ⊂ Ag the
locus of the Torelli map of hyperellitpic curves of genus g ofMg. Then there is a natural
isomorphism:

P̂2g+2
1 ' Hypg[2]o,

whereHypg[2]o is an irreducible component ofHypg equipped with a level 2 structure.
We give a few comments to the above statement. It is crucial to note that we

need to quotient out the action of automorphism of P1 which is PGL2. Thus

P̂2g+2
1 is the GIT quotient: (P1)6 \∆/PGL2. We also have a natural action of
S2g+2 on this space by permuting the 2g+2 points. In the special scenario where
g = 2, since Sp(4,F2) = S6, we have isomorphism for g = 2. Since all genus 2
curves are hyperelliptic, and 6 distinct points on P1 can be identified with a genus 0
curve together with 6 distinct marked points, this isomorphism can be established
explicitly asM0,6 = P̂6

1 ' Hyp2[2] = M2[2]. We wish to utilize the GL formula
by calculating the number of fixed points.

4.3 S6-equivariant cohomology ofM2[2]

We know from the previous chapter that one can count the number of Fq
points using the Grothendieck–Lefschetz trace formula. Here we do one step fur-
ther. Given a scheme X defined over Fq, and let Γ be a finite group acting on X
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by Fq rational automorphisms. Then each cohomology group Hk
et(XFq

,Qℓ) is a
finite dimensional Qℓ representation of Γ. Explicitly, given an element g ∈ Γ, we
have an automorphism

g : X → X

over Fq. After base change to Fq, g induces

gFq
: XFq

→ XFq
;

by functoriality of étale cohomology, this gives a linear map

g∗ : Hk
et

(
X̄Fq

,Qℓ

)
→ Hk

et

(
X̄Fq

,Qℓ

)
.

Thus the association for each g 7→ g∗ defines a representation of Γ. Since
each rational automorphism g is defined over Fq, the Γ-action commutes with the
geometric Frobenius. In particular, we see that the dimension of the cohomology
space is the dimension of that representation. It is desirable to know more about
such representations, for example their characters.

The Grothendieck–Lefschetz formula only provides a character theory for what
is known as the virtual representation:∑

k

(−1)kHk
et,

in the ring of representations of Γ. More precisely, because Frobenius commutes
with Γ, each Hk

et is a Γ-representation with a commuting endomorphism Frob q.
Thus for each n, the function

g 7→
∑
k

(−1)k Tr
(
g ◦ Frobnq | Hk

c

)
is the character of that virtualΓ-representation twisted by Frobenius. By Grothendieck–
Lefschetz, such a trace is given by the following point count over Fqn .

#Fix
(
g ◦ Frobnq

)
=
∑
k

(−1)k Tr
(
g ◦ Frobnq | Hk

et

(
XFq

,Qℓ

))
.

In particular, #Fix
(
g ◦ Frobnq

)
is only dependent on the conjugacy class of g in

Γ, this is also consistent with character theory of finite group representations. This
motivates the following definition:
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4.3 S6-EQUIVARIANT COHOMOLOGY OF M2[2]

Definition 4.3.1. Let X be a separated scheme of finite type over Fq. Let Γ be a
finite group acting on X̄Fq

by Fq-automorphisms. By a Γ-equivariant point count,
we mean the calculation of #Fix

(
g ◦ Frobnq

)
for all g ∈ Γ.

In the previous section, we established that moduli space M2[2] is isomorphic
to the moduli space of 6 distinct marked points on a genus 0 curve, M0,6. Clearly
S6 acts on M0,6 by permuting the 6 points, which are Fq-automorphisms: as long
as we have the Fq points, the permutations don’t change the fact that they are Fq
points. We now perform the S6-equivariant point count for M2[2]. By the above
argument, it suffices to do so for each conjugacy class. For clarity, we repeat our
goal here: for each conjugacy class σ ∈ S6, we want to count the points of M2[2]
over Fq that are fixed by σ ◦Frob. In other words, we want #Fix (σ ◦ Frob) for
each conjugacy class σ of S6.

4.3.1 Conjugacy classes with 3 points in P1(Fq)

Here we consider the following 3 conjugacy classes σ = id, σ = (123), σ =
(12). We are only counting #Fix (Frob) the number of Fq points. Since we only
have 6 general points up to projective equivalence, we first fix 3 of these 6 points
to account for the action of PGL2(Fq) on P1:

P4 = 0, P5 = 1, P6 = ∞.

Now:

|P1(Fq)| = |
F2
q \ 0
F∗
q

| = q + 1.

Thus for the three points we have the following number of choices:

P1 : (q + 1)− 3 = q − 2, P2 : q − 3, P3 : q − 4.

Thus:
#Fix (σ ◦ Frob) = (q − 2)(q − 3)(q − 4).

Next we calculate the class of 3-cycles, take a representative σ = (123). As
above we fix P4 = 0, P5 = 1, P6 = ∞. Now the fixed-point condition is

σ (Frob (P1, . . . ,∞)) = (P1, . . . ,∞) .
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Now
Frob (P1, . . . ,∞) = (Frob (P1) , . . . ,Frob (∞)) ,

and then applying (123) to the above gives:

(Frob (P3) ,Frob (P1) ,Frob (P2) ,Frob (0) ,Frob (1) ,Frob (∞)) ,

which is:
(Frob (P3) ,Frob (P1) ,Frob (P2) , 0, 1,∞).

Setting this equal to (P1, . . . ,∞) gives:

Frob (P3) = P1, Frob (P1) = P2, Frob (P2) = P3,

In particular, the condition on P1.P2, P3 is that the Frobenius applied three times
gives back the same point:

P1
Frob−−−→ P2

Frob−−−→ P3
Frob−−−→ P1.

This is the same as saying P1, P2, P3 are Fq3 points of P1. Now:

|P1(Fq3)| = q3 + 1

Note thatP1, P2, P3 cannot be Fq points of P1(Fq), otherwise they would be fixed
by the Frobenius, thus the point count yields:

#Fix (σ ◦ Frob) = |P1(Fq3)| − |P1(Fq)| = q3 + 1− (q + 1) = q3 − q.

For the class σ = (12). As the previous case we fix P4 = 0, P5 = 1, P6 = ∞.
Similar to the above case, the action of σ applied to the Frobenius gives:

Frob(P1) = P2,Frob(P2) = P1,

and thus:
Frob2(P1) = P1,Frob

2(P2) = P2,

indicating that P1, P2 are Fq2 points. On the other hand there is a free choice of
P3 on the q − 2 remaining Fq points, thus we have the following point count:

#Fix (σ ◦ Frob) = (|P1(Fq2)| − |P1(Fq)|)(q − 2) = (q2 − q)(q − 2).
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by the Frobenius, thus the point count yields:

#Fix (σ ◦ Frob) = |P1(Fq3)| − |P1(Fq)| = q3 + 1− (q + 1) = q3 − q.

For the class σ = (12). As the previous case we fix P4 = 0, P5 = 1, P6 = ∞.
Similar to the above case, the action of σ applied to the Frobenius gives:

Frob(P1) = P2,Frob(P2) = P1,

and thus:
Frob2(P1) = P1,Frob

2(P2) = P2,

indicating that P1, P2 are Fq2 points. On the other hand there is a free choice of
P3 on the q − 2 remaining Fq points, thus we have the following point count:

#Fix (σ ◦ Frob) = (|P1(Fq2)| − |P1(Fq)|)(q − 2) = (q2 − q)(q − 2).
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4.3.2 The remaining classes

In fact there is a unifying way of calculating the fixed points, we listed the above
calculation differently as they serve as a motivating way of seeing how the general
methods might work. We start looking at the size ri of the Frobinius orbits, with
ri’s being the different cycle lengths. The points permuted by each cycle class are
the Fqri points. If there are fixed points by σ, they are simply the Fq points. We
multiply all the different choices of points together, and quotient by the actions of
PGL2(Fq) as we are doing the Fq equivariant calculations. We use the cycle class
(12)(34) as an example.

The class σ = (12)(34): the fixed-point condition for σ ◦ Frobq is:

Frob (P2) = P1, Frob (P1) = P2, Frob (P4) = P3, Frob (P3) = P4,

Thus we have (P1, P2) is a Frobenius orbit of size 2, (P3, P4) is a Frobenius orbit of
size 2, while P5, P6 are Fq-points. By the case σ = (12), there are q2 − q choices
for the first 2-cycle. For the second 2-cycle, we avoid the two points already chosen,
so there are

q2 − q − 2

choices. Then choose two distinct Fq-points for P5, P6, giving

(q + 1) · q

choices. Thus the naive point count yields:(
q2 − q

) (
q2 − q − 2

)
(q + 1)q.

Now divide by

|PGL2 (Fq)| = q
(
q2 − 1

)
= q(q − 1)(q + 1).

Hence

#Fix (σ ◦ Frobq,M0,6) =

(
q2 − q

) (
q2 − q − 2

)
(q + 1)q

q (q2 − 1)
.

Simplifying we get:

#Fix(σ ◦ Frobq) = q(q2 − q − 2).
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Now we calculate all the other cases similar to the above method.

The class σ = (12)(34)(56): In this case we have three Frobenius orbits of size
2, corresponding to the 3 different 2-cycles. Similar to the above calculations, for
the first 2-cycle (12) we have q2−q choices, the second 2-cycle we have q2−q−2
choices, for the third 2-cycle we have q2−q−4. Thus on the ordered configuration
space, we have: (

q2 − q
) (
q2 − q − 2

) (
q2 − q − 4

)
,

quotienting by |PGL2(Fq) |, we get:

#Fix (σ ◦ Frobq) =
(
q2 − q

) (
q2 − q − 2

) (
q2 − q − 4

)
q (q2 − 1)

.

After simplification and factorization:

#Fix (σ ◦ Frobq) = (q − 2)
(
q2 − q − 4

)
.

The class σ = (123)(45): Here we have a Frobenius orbit of size 3 and a
Frobenius orbit of size 2 and a Fq point. By the calculation of the case σ = (123),
we have q3 − q choices for the 3-cycle. By the calculation of the case σ = (12),
there are q2 − q choices for the two cycle, finally there are q+1 choices for the Fq
point. Thus on the naive configuration space we have:(

q3 − q
) (
q2 − q

)
(q + 1).

Now quotient by |PGL2(Fq) |, we get:

#Fix (σ ◦ Frobq) =
(
q3 − q

) (
q2 − q

)
(q + 1)

q (q2 − 1)
= q3 − q.

The class σ = (123)(456): Here we have two Frobenius orbits of length 3.
We have q3−q choices for the three points in the first orbit and q3−q−3 choices
for the points in the second orbit. Now since |PGL2(Fq)| = q3 − q, we have
that:

#Fix (σ ◦ Frobq) = q3 − q − 3.

The class σ = (1234): We have a length 4 Frobenius orbit coming from
the cycle length of 4 and two Fq rational points. By the same logic as above, a
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4.3 S6-EQUIVARIANT COHOMOLOGY OF M2[2]

length 4 Frobenius orbit means that we have Fq4 points. Specifically, the fixed-
point condition imposed by σ is:

Frob (P1) = P2, Frob (P2) = P3, Frob (P3) = P4, Frob (P4) = P1,

The thing to note here is that since we need strictly degree 4 orbit, we must exclude
the points fixed by 2-cycles. Thus the four points P1, . . . , P4 have:

|P1(Fq4)| − |P1(Fq)| = (q4 + 1)− (q2 + 1) = q4 − q2,

choices. While for the remainingFq points there are: (q+1)q choices. Multiplying
and quotienting out PGL2(Fq), we get:

#Fix (σ ◦ Frobq) =
(q4 − q2)(q + 1)q

q(q + 1)(q − 1)
= q2(q + 1).

The class σ = (1234)(56): We have a length 4 Frobenius orbit and a lenght 2
Frobenius orbit. Now by the above the length 4 orbit has q4 − q2 choices and the
length 2 orbit has q2 − q choices. Multiplying and quotienting yields:

#Fix (σ ◦ Frobq) =
(q4 − q2)(q2 − q)

q(q + 1)(q − 1)
= q2(q − 1).

The class σ = (12345): In this case we have a length 5 Frobenius orbit and
an Fq point. Since 5 is prime, we only need to exclude the Fq points that are fixed
by the Frobenius. Thus there are:

q5 − q,

choices for the first 5 points and q + 1 choices for the last point. Multiplying and
quotienting we have that:

#Fix (σ ◦ Frobq) =
(q5 − q)(q + 1)

q(q + 1)(q − 1)
= (q2 + 1)(q + 1).

The class: σ = (123456): Here we just have an orbit of length 6. We need
to find the Fq6 points that are precisely degree 6. This means we need to exclude
the order 3 points coming from Fq3 and the order 2 points coming from Fq2 .
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Since both exclusions contain a piece of Fq points we need to add them back in.
Subtracting the double counting, we get that the naive point count is:

|P1(Fq6)| − |P1(Fq3)| − |P1(Fq2)|+ |P1(Fq)| = q6 − q3 − q2 + q.

Quotienting out the action by PGL2(Fq), we get:

#Fix (σ ◦ Frobq) =
(q6 − q3 − q2 + q)

q(q + 1)(q − 1)
= q3 + q − 1.

We have chosen a permutation for all the 11 conjugacy classes, and thus finishes
the S6 equivariant point count.

4.3.3 The cohomology ofM2[2]

We now use the above equivariant point counts to determine theS6-representations
appearing in the cohomology of M2[2]. Recall that we have an isomorphism

M2[2] 'M0,6.

After fixing the last three points to be 0, 1,∞, we may write M0,6 explicitly as

M0,6 '
{
(x1, x2, x3) ∈ A3 : xi 6= 0, 1 and xi 6= xj for i 6= j

}
.

In particular, M0,6 is the complement of the hyperplanes

xi = 0, xi = 1, xi = xj

in A3. The cohomology of the complement of a hyperplane arrangement is pure
of weight 2i by Theorem 1 of [Kim94], and the geometric Frobenius acts on coho-
mology group Hk

et(M0,6,Fq
,Zℓ) via multiplication by qk. Therefore, for each k,

there is an S6-representation Wk such that:

Hk
et

(
M0,6,Fq

,Qℓ

)
'Wk ⊗Qℓ(−k).

Poincaré duality gives H6−k
c

(
M0,6,Fq

,Qℓ

)
' Hk

et

(
M0,6,Fq

,Qℓ

)∨
(−3). Thus,

H6−k
c

(
M0,6,Fq

,Qℓ

)
' W∨

k ⊗Qℓ(−(3− k)). The geometric Frobenius acts on
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Qℓ(−(3− k)) by multiplication by q3−k. Thus the Grothendieck–Lefschetz trace
formula becomes

#Fix(σ ◦ Frobq) =
3∑

k=0

(−1)kq3−kχWk
(σ),

where χWk
denotes the character of the representation Wk. Since M0,6 is con-

nected, W0 is the trivial representation (indeed the locally constant maps are con-
stant if connected). And hence

#Fix(σ ◦ Frobq) = q3 − χW1(σ)q
2 + χW2(σ)q − χW3(σ).

Comparing the coefficients of the point-count polynomials from the previous
subsection, we have the following character table.

Cycle type of σ #Fix(σ ◦ Frobq) χW1(σ) χW2(σ) χW3(σ)

16 q3 − 9q2 + 26q − 24 9 26 24

2 14 q3 − 3q2 + 2q 3 2 0

22 12 q3 − q2 − 2q 1 −2 0

23 q3 − 3q2 − 2q + 8 3 −2 −8

3 13 q3 − q 0 −1 0

3 2 1 q3 − q 0 −1 0

32 q3 − q − 3 0 −1 3

4 12 q3 + q2 −1 0 0

4 2 q3 − q2 1 0 0

5 1 q3 + q2 + q + 1 −1 1 −1

6 q3 + q − 1 0 1 1

Table 4.1: The characters obtained from the equivariant point counts.
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For a partition λ of 6, let Vλ denote the irreducible representation of S6 asso-
ciated to λ. Using the character table of S6, we have

W0 ' V(6),

W1 ' V(4,2),

W2 ' V(4,1,1) ⊕ V(3,2,1),

W3 ' V(4,1,1) ⊕ V(3,3) ⊕ V(2,2,1,1).

We have thus proved the following.

Theorem 4.3.2. Let ` be a prime different from the characteristic of Fq. As represen-
tations of S6, the étale cohomology groups ofM2[2] are

H0
et

(
M2[2]Fq

,Qℓ

)
' V(6),

H1
et

(
M2[2]Fq

,Qℓ

)
' V(4,2) ⊗Qℓ(−1),

H2
et

(
M2[2]Fq

,Qℓ

)
'
(
V(4,1,1) ⊕ V(3,2,1)

)
⊗Qℓ(−2),

H3
et

(
M2[2]Fq

,Qℓ

)
'
(
V(4,1,1) ⊕ V(3,3) ⊕ V(2,2,1,1)

)
⊗Qℓ(−3).

All the higher cohomology groups vanish.

Proof. The purity of the cohomology (Theorem 1 [Kim94]) shows that

Hk
et

(
M2[2]Fq

,Qℓ

)
'Wk ⊗Qℓ(−k).

The equivariant Grothendieck–Lefschetz trace formula determines the character of
eachWk from the coefficients of the point-count polynomials. The decompositions
above then follow from the character table of S6.

For completeness, the corresponding compactly supported cohomology is

H3
c

(
M2[2]Fq

,Qℓ

)
' V(4,1,1) ⊕ V(3,3) ⊕ V(2,2,1,1),

H4
c

(
M2[2]Fq

,Qℓ

)
'
(
V(4,1,1) ⊕ V(3,2,1)

)
⊗Qℓ(−1),

H5
c

(
M2[2]Fq

,Qℓ

)
' V(4,2) ⊗Qℓ(−2),

H6
c

(
M2[2]Fq

,Qℓ

)
' V(6) ⊗Qℓ(−3).
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All other compactly supported cohomology groups vanish.
Takingσ to be the identity also gives the dimensions of the cohomology groups:

dimH0 = 1, dimH1 = 9, dimH2 = 26, dimH3 = 24.

Therefore the Poincaré polynomial of M2[2] is

PM2[2](t) =
∑
k≥0

dimHk
et

(
M2[2]Fq

,Qℓ

)
tk

= 1 + 9t+ 26t2 + 24t3

= (1 + 2t)(1 + 3t)(1 + 4t).

This completes the S6-equivariant cohomology calculation ofM2[2]. The im-
portant point is that the equivariant point count contains more information than
the ordinary point count: it recovers not only the dimensions of the cohomology
groups, but also their decomposition as representations of the group acting on the
moduli space.
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Chapter 5

Prym varieties and the space of
quartics

In a well-know result by Dolgachev showing that R2 is rational[Dol08], he
constructed for each double cover of curves, a uninodal singular quartic curveQ in
P2. We will give a brief description of this construction below. Such a construction
links an element of R2 to a uninodal quartic Q. By analyzing the structure of
uninodal quartics, we find that a finite collection of data - a finite set of set of points
thatQ is tangent at, together with the tangent direction at the points - determines
a unique uninodal quarticQ. This will allow us to compute the cohomology ofR2

over Fq as Chapter 4 once we find the correct isomorphism groups. Throughout
the analysis, the usage of adjunction formula is a vital tool. We introduce in the
first section.

5.1 Adjunction formula

Adjunction formula is based on a natural idea: if Y is a subvariety (subscheme)
ofX , how much does the geometry ofX determine that of Y . We introduce two
versions of said formula, one works more generally for smooth schemes, and one
uses the language of divisors on smooth varieties.

Proposition 5.1.1 (Adjunction formula, see e.g. [GH78]). Let X be a smooth al-
gebraic scheme and Y be a smooth subscheme of X of codimension r. Denote by i :
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CHAPTER 5

Y ↪→ X the inclusion, and I the ideal sheaf of Y on X . We have: KY = i∗KX ⊗
∧r
(
I/I2

)∨.
Proof. We have the following sequence [Sta26, Tag 06BB]:

0 −→ IY /I2
Y −→ i∗Ω1

X −→ Ω1
Y −→ 0,

where Ω denotes the cotangent bundles. Taking dual we have the desired formula.

The Adjunction formula for subvarieties of Pn is stated in terms of dualizing
sheaves, which is the same as canonical sheaf for smooth objects as follows:

Proposition 5.1.2 (III 7.11[Har77]). Let X be a closed subscheme of Pn which is a
local complete intersection of codimension r. Let I be the ideal sheaf of X . Then
ω◦
X

∼= ωPn ⊗ ∧r
(
I/I2

)r. In particular, ω◦
X is an invertible sheaf on X .

In terms of divisors, we have the following:

Proposition 5.1.3 (Adjunction formula on divisors [GH78]). Let X be a smooth
algebraic variety and D be a smooth divisor on X . Denote by KX the canonical
bundle of X , we have:

KD = (KX +D)|D

Proof. For a smooth divisorD onX , we can associate an ivertible sheaf/ line bundle
O(D) on X . The ideal sheaf corresponding to the divisor D is O(−D), which
shows the conormal bundle ID/I2

D is i∗O(−D). Now combining this with the
exact sequence in Lemma 5.1.1, we have that the canonical divisor on D is the
quotient of the pullback of the canonical bundle by the conormal bundle:

ΩD = i∗ΩX/i
∗O(−D) = i∗(ΩX ⊗O(D))

Translating this to the notation of divisors, we have the KD = (KX + D)|D as
desired.

On curves, the adjunction formula takes the following shape:

Proposition 5.1.4. If C is a nonsingular curve of genus g on the surface X , and ifK
is the canonical divisor on X , then

2g − 2 = C · (C +KX).
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5.2 ASSOCIATING A DOUBLE COVER TO A UNINODAL QUARTIC

Where C · (C + KX) is the number of intersection points between divisors C and
(C +KX) like in Chapter 3.

We use the adjunction formula to make the following observation on the degree
of the canonical class on a smooth quartic Q ∈ P2.

Lemma 5.1.5. The canonical bundle of Q a smooth quartic in P2 is OQ(1) which is
obtained from restricting the hyperplane class on P2.

Proof. On projective spaces, we have Pic(Pn) ' Z, meaning divisors/line bundles
are simply classified by their degree. In particular the canonical bundle on P2 is
given by O(−3) and the divisor defined by C is degree 4 (C is quartic). Thus by
the adjunction formula, we just need to calculate the following:

(KP2 + C)|C = (−3H + 4H)|C = H|C = OC(1),

whereH is the hyperplane class, which is any line. Thus the above localizing to C
is simply taking intersections. By Bezout’s theorem, O(1) is thus of degree 4.

5.2 Associating a double cover to a uninodal quartic

The construction of Dolgachev can be summarized as follows. Fix an element
[C, η] ∈ R2. We know that C has 6 ramification/Weierstrass points: p1, . . . , p6.
The canonical divisor of C has a representative 2pi in its linear equivalence class.
Similarly, η ∼ pi − pj , for some i 6= j. This is Lemma 4.2.4. Now consider the
divisorKC + η, which can be uniquely written as p+ q for some p = pi, q = pj
as above. One then considers the morphism associated to the line bundle L =
2KC + η, ϕL, which is of degree 4 and dimension 3, one can show that the image
is a singular quarticQ in P2 with the singularity a nodeO (ordinary double point)
by Riemann–Roch. In particular, this double point is formed by identifying p and
q, i.e. ϕL(p) = ϕL(q). We give a more detailed description of this construction
in terms of local computations as follows.

We first recall some general equivalences of categories related to curves that we
use.

Theorem 5.2.1 ([Vak25]). Fixing k = k̄, the following categories are equivalent.

1. Irreducible nonsingular projective curves over k, where morphisms are dominant
rational maps over k.
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CHAPTER 5

2. Irreducible reduced k curves, where morphisms are dominant rational maps over
k.

3. The opposite category of fields of transcendence degree 1 over k, where morphisms
are k-homomorphisms.

We take the following to be the definition of hyperelliptic curves.

Definition 5.2.2. LetC be a curve of genus 2 or higher. Then we callC hyperelliptic
if C admits a degree 2 morphism to P1

Further one can show that this degree 2 map is unique.

Proposition 5.2.3 ([Har77]). Let C be a hyperelliptic curve of genus g ≥ 2. Then C
has a unique degree 2 morphism to P1.

Fix a smooth hyperelliptic curve C of genus 2 over k, with char(k) 6= 2.
Consider the hyperelliptic cover:

π : C → P1.

Lemma 5.2.4. C as above has an affine model of the form:

Caff := V(y2 − f(x)),

where f is a polynomial of degree 5 or 6.

Proof. Pick an affine coordinate x for the function field of P1, π induces a degree
2 extension on the function field k(x) = k(P1) ↪→ k(C) by Theorem 5.2.1. Since
char(k) 6= 2, by multiplying the denominators and completing the square, we may
assume k(C) = k(x)[y]/(y2−f(x))where f(x) is a square-free polynomial. The
morphism: πa : Caff := V(y2 − f(x)) → A1 via (x, y) 7→ x induces the same
field extension by construction (we chose the x): k(A1) ' k(P1) ↪→ k(Caff ) '
k(C). This implies after compactification πa is π.

Hurwitz formula [Har77] applied to the hyperelliptic double cover map from
C to P1:

2 · g(C)− 2 = deg(π)(2 · g(P1)− 2) + Σp∈C(ep − 1).

Since g(P1) = 0, this is:
6 = Σp∈C(ep − 1).
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5.2 ASSOCIATING A DOUBLE COVER TO A UNINODAL QUARTIC

In a double cover, every ramification point has ep = 2 and this predicts 6 ramifi-
cation points. Via πa, a ramification point is just a zero of the function f . Thus
f is either of degree 5 or 6 depending on whether ∞ is a ramification point over
π.

According to the adjunction formula, we can study the geometry of π through
studying πa. The above calculation also shows that C has 6 Weierstrass points.

Caff C

A1 P1

πa π

Lemma 5.2.5. There is a unique representative of the divisor KC + η in terms of
Weierstrass points.

Proof. By Riemann–Roch[Har77], the canonical divisor KC has degree 2, since
the hyperelliptic involution ι is induced by the non-trivial automorphism of the
quadratic extension, it induces a degree 2 map over P1. By the uniqueness of the
hyperelliptic involution we have that:

ϕKC
= C/〈ι〉.

Since a divisor in the linear equivalence class of the canonical bundle are fibres of
the points,

|KC | = |π∗OP1(1)|,

which we saw are orbits of the quotient, we thus see that representatives of KC

are of the form P + ι(P ). Looking at the affine model, the involution is simply
y 7→ −y, thus the ramification points are fixed points of this involution thus
KC ∼ 2P for P a zero of f . Now two-torsion points η are formed precisely by
p− q where p and q are ramification points. Thus we have a unique representation
p+ q for the divisor class KC + η = 2q + p− q.

To compute the morphism ϕL associated to the divisor class L = 2KC + η,
we assume without loss of generality that the affine model for the curve is defined
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CHAPTER 5

by a degree 5 polynomial, i.e. Caff = V(y2 = f(x)) where f = a5x
5 + · · ·+ a0

is degree 5; further, assume p = ∞ and q = (a, 0).
By Riemann–Roch, we see that:

l(D) = l(K −D) + deg(D) + 1− g = 0 + 4 + 1− 2 = 3,

Thus to find a basis is equivalent to find a 3 non-vanishing global sections that are
linearly independent that satisfies:

L+ (f) ≥ 0.

Lemma 5.2.6. A possible basis for L is {f0 = 1, f1 =
1

x−a , f2 =
y

(x−a)2 }.

Proof. First note that they indeed are linearly independent in k(Caff). Next we
compute L + (f1) and L + (f2). f1 = 1

x−a clearly has a zero at ∞ and a pole
at (a, 0) while f2 = y

(x−a)2 has 6 zeros at the 6 Weierstrass points: p, q, q1, ..., q4.
We use local parameters to compute the degree of vanishing. Since a is a zero of f ,
write f = (x− a)g(x). At around q = (a, 0), use local parameters y = t. Thus,

t2 = (x− a)g(x)

Which means:

(x− a) =
t2

unit
around q. This shows:

ordq(y) = 1, ordq(x− a) = 2.

A similar argument shows that the order of 0 of y at other Weierstrass points is
also 1. To compute the degree of vanishing at q = ∞ we take a weighted com-
pactification to obtain a smooth projective model. Consider the weighted com-
pactification X

Z = x, Y
Z3 = y. The resulting curve is a weighted projective curve

in P2[1, 3, 1] defined by the weighted projective curve Y 2 = ZF (X,Z). In this
setting q = ∞ = [1 : 0 : 0]. One can verify this is smooth. Now consider the local
coordinates Z

X = u, Y
X3 = v in chart X = 1. Now rewriting Y 2 = ZF (X,Z)

in terms of u, v, we get Y = v, Z = u, F (1, Z) = a5+ a4u+ · · ·+ a0u
5. Note

that this identification yields:

x =
1

u
; y =

v

u3
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5.2 ASSOCIATING A DOUBLE COVER TO A UNINODAL QUARTIC

Now the equation of the curve in this chart locally becomes:

v2 = u(a5 + a4u+ · · ·+ a0u
5),

Note that around u = 0(x = 1
u = ∞), a5 + a4u + · · · + a0u

5 is a unit. Thus
locally,

v2 = u · unit.
This shows at infinity, the function x has a pole of order 2. A change of coordinates
shows that x−a also has a pole of order 2, this also in particular yields y has a pole
of order 5. Now choose a representation for L = p+ 3q. We calculate that

L+ (f1) = p+ 3q + 2p− 2q = 3p+ q,

L+ (f2) = p+ 3q + q1 + · · ·+ q4 + q − 5p+ 4p− 4q = q1 + · · ·+ q4

Now we are ready to show that the morphism ϕL defines a nodal quartic in
P2.

Theorem 5.2.7. For the morphism defined:

ϕL : C → P2

p 7→ [f0(p) : f1(p) : f2(p)]

The image of ϕL, Im(ϕL) = Q, is a singular plane quartic, where the singularity is
formed by identifying P and Q.

Proof. It is obvious that this morphism is has a unique point as its fibre for a gen-
eral point. L is degree 4, and by construction the map ϕL is degree 1. Thus the
image curve as a plane curve is a quartic. To show the singularity exists, we do the
following local computation.

In particular, locally at p = ∞, [f0 : f1 : f2] looks like:

[1 :
1

v−2 − a
:

v−5

(v−2 − a)2
] = [1 :

v2

1− av2
:

v−1

(1− av2)2
] = [v :

v3

1− av2
:

1

(1− av2)2
].

At v = 0, this has image [0 : 0 : 1]. A similar calculation can be done for q,
where locally ϕL looks like: [1 : 1

t2
: t
t4
] = [t3 : t : 1] and has image [0 : 0 : 1].

We further note that these two local representations of ϕL also show the tangent
direction at ϕL(p) is different from that of ϕL(q) by taking first derivatives. This
shows we have a nodal singularity.
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CHAPTER 5

5.3 Geometry of uninodal quartics

In the above construction, we were able to associate to an element in R2 a
planar uninodal quartic curve. It is natural to ask the question: do all uninodal
quartics come from the above construction? To answer this question, we study
the geometry of uninodal quartics in general and note that the uninodal quartics
formed by the above construction are special.

One first note that blowing up a uninodal planar quartic always result in a
smooth hyperelliptic curve. This is to say that one can naturally divide the uninodal
planar quartics into three classes: the node being formed by gluing 2 Weierstrass
points (the construction above), the node being formed by gluing 1 Weierstrass
point and 1 ordinary point, and the node being formed by gluing 2 ordinary points.
Here by ordinary points we just mean non-Weierstrass points.

One first interesting fact about the type that is formed by the above construc-
tion is that the tangent line at the node does not intersect Q again.
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` = aX + bY + cZ,

Its intersection with X ⊆ P2 can be computed by substituting X,Y, Z with
f0, f1, f2 as in Lemma 5.2.6. In particular, it is zeros of the following function:

f = af1 + bf2 + cf3 = 0.

The intersection multiplicity at any point p on X – thus in particular at the inter-
section points – can be computed by pulling back to the original genus 2 curve:

Ip(ϕL(C), f) = ordp(ϕ
∗
L(f)).

By construction, fi’s are bases for vector space of the global sections of rational
functions, we have that f itself is a global section, the order at a point is simply the
order of vanishing at that point. Thus:

Ip(ϕL(C), f) = ordp(f).
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In particular, for a given point p on X , the local tangent direction is determined
by the highest order of vanishing of the fi’s: the tangent direction has a higher
vanishing than 1. At the node O, in Theorem 5.2.7, we computed that f0 has
order 1 at P , order 3 at Q, similarly the f1 has order 3 at P , order 1 at Q, and
f2 has order 0 at both points. Thus the order of the tangent lines along a branch
at P (resp. Q) is given by the local direction of f1 (resp. f0) with order 3. Plus
the addition intersection formed by the order 1 component at the other point. Q
(resp. P ), the intersection multiplicity is 4. This finishes the proof.

We further notice that, interestingly, the remaining four Weierstrass points are
collinear.

Lemma 5.3.2. Let Q be a uninodal quartic curve such that the node is formed by
identifying two Weierstrass points, then the remaining 4 Weierstrass points lie a line
outside of the node.

Proof. Similar to the above, we note that Without loss of generality such uninodal
quartics are formed by the complete linear system associated to the divisor class
KC + p1 + p2. Now since:

3KC ∼ p1 + · · ·+ p6,

we have:
KC + p1 + p2 ∼ 3KC − p1 − p2 ∼ p3 + · · ·+ p6.

Thus there is a hyperplane of P2, which is a line, such that the pullback is p3+· · ·+
p6. This means the image of the remaining Weierstrass points are collinear.

It is thus natural to ask whether such interesting geometry occurs in the other
2 types of uninodal quartics, and they indeed do.

Lemma 5.3.3. Let Q be a uninodal quartic curve such that the node is formed by
identifying two ordinary points, at the nodeO, the two tangent lines for the two branches
intersect the quartic again at an additional point.

Proof. Let a, b be the two ordinary points of C that are identified in the uninodal
quartic. KC takes the representations in the form a+ a′ (resp b+ b′) where a and
a′ (resp. b and b′) are preimages of some point in P1 of the hyperelliptic map. One
can realize the normalization C → Q as the complete linear system associated to
KC + a + b. Now KC + a + b ∼ 2a + a′ + b ∼ 2b + a + b′. This shows the
tangents at the node will intersect Q at another point, namely a′ (resp b′).
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Lemma 5.3.4. Let Q be a uninodal quartic curve such that the node is formed by two
ordinary points. Then the 6 Weierstrass points lie on a conic.

Proof. This can be partly found as Theorem 4 in [Emc37] (see remark). A modern
argument is that Q can be determined by the complete linear series associated to
the divisor class L = KC + a+ b where a and b are two points on C that are not
related byKC as before. One note that the divisor class of p1+ · · ·+p6 is linearly
equivalent to that of 3KC :

∑6
i=1 2pi = 6KC . Now 2KC + 2a + 2b − 3KC is

degree 2. Every degree 2 divisor has an effective representation since C is genus 2,
call it E. Thus E +

∑6
i=1 pi ∼ 2L.

Take a section σ ∈ H0(C, 2L) with vanishing divisorE+
∑6

i=1. Since a and
b are distinct points and ι(a) 6= b, choose a coordinate x so that the hyperelliptic
involutionπ : C → P1 sends a to 0, and b to∞. Now the divisor of zero associated
to x is div(x) = a+ ι(a)− b− ι(b). Further div(dx) =

∑6
i=1 pi− 2b− 2ι(b).

Thus div(dx/x) =
∑6

i=1 pi − a − b − ι(a + b). Take τ to be the canonical
section of OC(2a + 2b), so that the vanishing of τ is 2a + 2b. Define q := σ

τ .
Treat q as a meromorphic form. Since q is degree 4 with at most double poles,
by construction, locally at a and b, one can write q = f(t)(dtt )

2 near a for local
parameter t = x and q = g(u)(duu )2 near b for local parameter u = 1/x. Here f
and g are regular functions. Take η = q

dx/x . Since η locally only has poles at a, b,
the algebraic residue theorem (in the sense of Tate [Tat68]) state that:

0 = Resa(η) + Resb(η) = f(0)− g(0).

This shows that q can be extended to a section q̄ of the dualizing sheafωQ onQ (the
coefficients glue). Using Adjunction formula for complete intersection (Proposi-
tion 5.1.2):

ωQ ' (ωP2 ⊗OP2(4))|Q ' OQ(1).

The ideal sheaf of Q defines the following short exact sequence:

0 −→ IQ −→ OP2 −→ OQ −→ 0.

Denote byG the homogeneous polynomial definingQ, multiplication byG iden-
tifies its ideal sheaf with OP2(−4). Now tensor with OP2(2) gives:

0 −→ OP2(−2)
.G−→ OP2(2)

restriction−−−−−−→ OQ(2) −→ 0.
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Taking cohomology, since H1(P2,O(−2)) = 0, we know the restriction map
H0(P2,O(2)) � H0(Q,OQ(2)) is a surjection. The space on the left consists of
homogeneous quadratic polynomials. Thus q̄ comes from a quadratic polynomial
F . In particular all Weierstrass points vanishes on F .

Remark 5.3.5. We note that this conic need not be smooth. Indeed, geometrically,
E is obtained as follows: take the two tangents at the node in two branches, as
argued above, they will intersect Q at two different points, namely a′ and b′. The
line joining a′, b′ intersects Q at E. If E consists of a single point, i.e. E = 2R,
then the conic is degenerate: the two lines of the conic intersect the curve respec-
tively at p1, p2, p3, R and p4, p5, p6, R. Otherwise, E = c + d, then the conic
is smooth. Emch in [Emc37] implicitly assumed E = c + d and thus concluded
smoothness.

Corollary 5.3.6. Let Q be a uninodal quartic curve such that the node is formed by
two ordinary points, through the node O. Then there are 6 tangent lines tangent to X
at q1, . . . , q6 outside of O.

Proof. InBlO P2, the tangents outside of the node simply correspond to the Weier-
strass points, thus 6 by the above assumption. One should think of these 6 tangent
line as 12 ordinary bitangents coming together as the double point is forming in a
smooth family.

Remark 5.3.7. This is Theorem 2 of [Emc37], as there are 6 Weierstrass points on a
genus 2 curve.

Lemma 5.3.8. Let Q be a uninodal quartic curve such that the node is formed by
a Weierstrass point and an ordinary point, then one tangent line at the node O has
intersection multiplicity 4 at O and the other 3.

Proof. We follow the proof of Lemma 5.3.3. Note that nowL = KC+p+a where
p is a Weierstrass point and a is an ordinary point. Now 3p+a ∼ p+2a+a′ ∼ L.
This shows the above assertion.

Lemma 5.3.9. Let Q be a uninodal quartic curve such that the node is formed by
identifying a Weierstrass point and an ordinary point, then the remaining 5Weierstrass
points lie on a smooth conic through the node, such that the tangent direction of the
conic is the tangent direction of Q in the branch of the ordinary point.
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Proof. We follow the proof strategy in Lemma 5.3.4. LetL = KC+p+a, Without
loss of generality, assume p = p1. Now we have:

2L− p2 − ...− p6 = 2KC + 3p1 + 2a− 3KC = p1 + 2a,

which is a effective. The fact that the remaining 5 Weierstrass points and the node
are co-conic follows from a local computation similar to Lemma 5.3.4. In particular,
the conic meets the node at multiplicity 3: it meets the p1 branch simply and the
a branch with multiplicity 2.

Further, the conic C is smooth. Suppose for contradiction that C = l1 ∪ l2.
Without loss of generality, O ∈ l1. Then l1 intersects Q at O and a′, see Lemma
5.3.8. Now l2 intersects Q at p2, ..., p5. This is impossible.

We may represent the three above situations in the following three pictures:

Figure 5.1: Case ww Figure 5.2: Case ow

Figure 5.3: Case oo

Hereww, ow, oo respectively mean the singularity identifies Weierstrass points
or ordinary point and Weierstrass points or ordinary points. The image of the
Weierstrass points are labeled θi, the reason for doing so is explained in the section
to come.
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5.4 Point and line configurations determining uninodal quar-
tics

We showed in the last section that there is a lot of interesting geometry around
Weierstrass points and their tangent directions of a uninodal quartic. It is now
of interest to understand how much the above geometry determine the uninodal
quartics. We show that the above geometric information is sufficient to determine
a unique uninodal quartic curve. But first, we fix some notations.

Definition 5.4.1. Let C be a curve in P2. We call a line L a bitangent to C if the
0-dimensional scheme L ∩ C is nowhere reduced. We call the intersection points
of the bitangents on the curve theta points.

Remark 5.4.2. We mention some of the situations that we wish to exclude of being
bitangents so as to show that this definition makes sense: obviously any line with
more than two intersection points with the curve should not be classified as a bi-
tangent. Further if a line intersects the line at two points with one a hyperflex at
one point and at the other point is simple normal crossing, then it should not be
classified as a bitangent due to the point where it is simple normal crossing.

We wish to recover the uninodal quartics from the bitangents at the node and
their theta points information. In this case, as discussed above, there are 6 bitan-
gents at the node. In general, with more singularities, one should expect worse
behaviour from the bitangents at singularities, for examples, a line joining two
nodes or one node and one cusp etc. is also a bitangent. Call a bitangent of type bi
with i the number of singularities it passes through. Caporaso and Sernesi (table
3.2) [CS03] have the following table:

(δ, κ, τ) b0 b1 b2
(0, 0, 0) 28 0 0
(1, 0, 0) 16 6 0
(2, 0, 0) 8 8 1
(3, 0, 0) 4 6 3
(0, 1, 0) 10 6 0
(0, 2, 0) 1 6 1
(0, 3, 0) 1 0 3
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(δ, κ, τ) b0 b1 b2
(1, 1, 0) 4 7 1
(2, 1, 0) 2 4 3
(1, 2, 0) 1 2 3
(0, 0, 1) 6 5 0
(1, 0, 1) 2 5 1
(0, 1, 1) 0 4 1

Here b0 stands for ordinary bitangents, the smooth case (0, 0, 0) agrees with
the classical result that there are 28 bitangents to a smooth quartic. b1 consists
of the tangents we discussed in Lemma 5.3.3 and 5.3.8. We see that the situa-
tions of singular quartics with at least one node and possesses greater than or equal
to 6 b1 typed bitangents have the following number of singularities: (δ, κ, τ) ∈
{(1, 0, 0), (2, 0, 0), (3, 0, 0), (1, 1, 0)} where δ is the number of nodes, κ is the
number of cusps, and τ is the number of tacnodes.

We wish to exclude all these cases and leave only the (1, 0, 0) case so that if we
have 6 b1 bitangents in our three situations described as in Lemmas 5.3.4,5.3.1,5.3.9,
we must have a uninodal quartic. We first note that in our three situations, there
are respectively 6, 4, 5 theta points associated to the node. The minimum number
of theta points associated to each node is 4, hence excluding the (3, 0, 0) situation.
By Hurwitz formula, there are 4 theta points associated to the node in the (1, 1, 0)
situation, but one of them is a cusp. Now in Lemma 5.3.1, the 4 theta points are
collinear. The cusp is a double point thus the four collinear theta points cannot
happen. This allows for us to exclude the situation (1, 1, 0). The last case requires
a bit of attention.

Lemma 5.4.3. Let X be a binodal quartic curve, let n1, n2 be the two nodes. Write
the normalization together with the closed embedding of X into P2 as follows:

E X P2v i

At each node, the four theta points associated with the node are not collinear.

Proof. Write Di = v−1(ni) = ai + bi, L = v∗(OX(1)) and v ◦ i = ϕ. We first
notice that the three dimensional subspace of |L| which is the pullback ofX,Y, Z
of P2, the three sections of OX(1), determines ϕ. To see this, call the pullback of
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At each node, the four theta points associated with the node are not collinear.

Proof. Write Di = v−1(ni) = ai + bi, L = v∗(OX(1)) and v ◦ i = ϕ. We first
notice that the three dimensional subspace of |L| which is the pullback ofX,Y, Z
of P2, the three sections of OX(1), determines ϕ. To see this, call the pullback of
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X,Y, Z along ϕ, x, y, z, then the map:

[x(p) : y(p) : z(p)] : E → P2,

can be verified as ϕ. Consider the line ln1n2 ⊂ P2, this line meetsX at 2 only two
points. Then L ∼ D1 +D2. Projecting from a node, Without loss of generality,
say n1, gives a degree 2 map: f1 : E → P1. f1 is defined by the line bundle
A1 = L − D1 ∼ D2. We notice that the ramification points are precisely the
theta points associated to n1 θ1, ..., θ4 by definition. We thus have the ramification
divisor R1 ∼ θ1 + ... + θ4 By Riemann-Hurwitz, KE ∼ f∗1 (KP1) + R1. We
have that KE = 0, KP1 ∼ −2OP1(1). Since f1 is a degree 2 map, the pull-back
of a point in P1 is just the preimage of a point, one of which is D2 ∼ A1. Thus
R1 ∼ 2A1 ∼ 2D2. Suppose the four theta points are collinear. Then the pullback
of this line to E is L. Thus R1 ∼ L. Substituting L ∼ D1 +D2 and R1 ∼ 2D2,
we have that D1 ∼ D2. Set A = OE(D1) = OE(D2). Due to D1 ∼ D2, we
have that L = A⊗2.

We notice A is base-point free. Suppose p was a base point, then h0(E,A −
p) = h0(E,A) = 2. However all degree one line bundles on an elliptic curve has
only one section. Call the basis of |A|, u, v. Then the map defined by A to P1 is
given by [u(p) : v(p)]. To work out the pullback of X,Y, Z of OP2(1) in terms
of u, v. Assume n1 = [1, 0, 0], n2 = [0, 1, 0]. Since z ∼ D1+D2 ∼ uv, we have
that z = uv up to a unit. Now y ⊂< uv, u2 >= uH0(E,A) as Y = 0 passes
through n1. Similarly x ⊂< uv, v2 >. Thus < x, y, z >⊂< u2, uv, v2 >.
Since they are both 3 dimensional subspaces of H0(E,L) they are equal. Up to
projective equavalence, one may assume {x, y, z} = {u2, v2, uv}. Now on this
subspace, one can factor ϕ through the projection from E to P1. Thus the image
is nothing more than a conic. Which is clearly not the original quartic. This is a
contradiction. And we have thus shown that θ1, ...θ4 are not collinear.

We thus can conclude the following:

Theorem 5.4.4. Let O ∈ P2 and letM ⊂ P2 be a line not containing O. Let

p1, . . . , p4 ∈M

be four distinct points. Further, let a, b be two distinct tangent directions at O, neither
of which is the direction of one of the lines Opi.

Consider the plane quartics satisfying the following conditions:
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1. O is an ordinary node of the quartic;

2. the two tangent directions at O are a and b;

3. the quartic passes through p1, . . . , p4;

4. the tangent line at pi is the line lOpi .

These quartics form a pencil. Moreover, all the irreducible members of this pencil
having no singularity other than the node at O are projectively equivalent by projec-
tive transformations fixing the given point-tangency configuration. In particular, the
configuration determines a unique projective-equivalence class of uninodal quartics.

Proof. Choose projective coordinates such that

O = [0 : 0 : 1], M = V (Z).

LetB4(X,Y ) be a binary quartic whose zeroes onM ' P1 are precisely p1, . . . , p4.
Let

A2(X,Y ) = `a(X,Y )`b(X,Y ),

where `a = 0 and `b = 0 are the two lines through O defining the directions a
and b.

Write the equation of an arbitrary plane quartic in the form

F (X,Y, Z) = F4(X,Y ) +ZF3(X,Y ) +Z2F2(X,Y ) +Z3F1(X,Y ) + cZ4,

where Fi is a binary form of degree i.
Since O is a singular point, we must have F1 = 0, c = 0. The condition

pi ∈ V (F ) gives F4(pi) = 0 for i = 1, . . . , 4. Since the pi’s are distinct, it
follows that F4 = λB4 for some scalar λ.

Since the tangent line at pi passes through O, its equation has no Z-term.
Consequently, F3(pi) = 0 for every i. But F3 is a binary cubic vanishing at four
distinct points, and therefore F3 = 0. The quadratic term F2 is the tangent cone
of the quartic at O.

Imposing its two tangent directions to be a and b gives F2 = µA2 for some
scalar µ. Thus every quartic satisfying the stated conditions has an equation of the
form

Q[λ:µ] : λB4(X,Y ) + µZ2A2(X,Y ) = 0.
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5.3 GEOMETRY OF UNINODAL QUARTICS

Conversely, we show that every member of this pencil satisfies the point and
tangency conditions. Suppose now that λµ 6= 0. Projection from the node gives a
rational map

Q[λ:µ] 99K P1, [X : Y : Z] 7−→ [X : Y ].

Thus locally, the equation of the quartic hasZ2 = −λ
µ
B4(X,Y )
A2(X,Y ) . Equivalently, after

setting W = ZA2(X,Y ), the normalization has equation

W 2 = −λ
µ
A2(X,Y )B4(X,Y ).

By assumption, the roots of A2 and B4 are all distinct. Hence this is a smooth
hyperelliptic curve branched over six distinct points (see local computations in
section 2), and therefore it has genus 2.

The two roots of A2 correspond to the two points of the normalization iden-
tified at O, while the four roots of B4 correspond to the four collinear Weierstrass
points p1, . . . , p4. Since the arithmetic genus of a plane quartic is 3 and the nor-
malization has genus 2, the node at O accounts for the whole genus drop. Thus
there can be no further singularities.

Finally, the projective transformation [X : Y : Z] 7→ [X : Y : tZ] fixes
O, the line M , all the points pi, and every line through O and sends the equation
λB4 + µZ2A2 = 0 to λB4 + µt2Z2A2 = 0. Since the base field is algebraically
closed, any two nonzero values of µ/λ are related by a suitable choice of t. There-
fore all members with λµ 6= 0 are projectively equivalent by transformations fixing
the point tangency configuration.

Remark 5.4.5. The above configuration does not determine a unique quartic equa-
tion in the fixed projective plane: it determines the pencil

λB4 + µZ2A2 = 0.

It does, however, determine a unique projective-equivalence class.
If one wishes to select a unique member of the pencil, one may prescribe an

additional point R = [XR : YR : ZR] that is different from the 6 point we chose.
The condition that the quartic passes through R then determines a pair of [λ : µ]
uniquely.
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We now treat the remaining two configurations separately. Unlike the two
Weierstrass point case, the configurations below do not leave a one-dimensional
projective stabilizer. The relevant linear conditions determine a unique quartic
equation, if possible.

Theorem 5.4.6. Let {p1, . . . , p5, c, O} ⊂ BlO P2 with pi ∈ P2 \O be 5 points on
a smooth conicC containingO 6= pi, and let c ∈ E ⊂ BlO P2 is a different direction
from those defined by pi and the tangent direction of C at O, TO(C). This configura-
tion determines a uninodal quartic Q with the following geometric identification:

1. O is the node.

2. Q passes through pi.

3. Tangent of Q at pi has direction lOpi .

4. Tangent direction of Q at the node O are c and TO(C).

Proof. We give a dimension argument. The coefficient space for plane quartics is a
14 dimensional projective space. Having a node atO provides 3 linear conditions.
Passing through p1, ..., p5’s give 5 linear conditions on the coefficient space. Tan-
gency condition at pi gives an additional 5 linear conditions. Thus pi, O gives a
total of 13 independent linear conditions.

By Lemmas 5.3.1,5.3.4, and 5.3.9, we see that there are three possible shapes the
Weierstrass points that are not pre-image of the node can take: 4 are collinear, 5
together with node are co-smooth-conic, and 6 are coconic. The first case has been
dealt with in Theorem 5.4.4. In the second case, the tangency direction TO(C)
can be deduced from the tangency of the smooth conic atO. Thus the tangency of
the other branch c determines a unique uninodal quartic. This gives a total of 14
independent conditions thus fixing a unique planar quartic. By construction this
is uninodal.

Theorem 5.4.7. Let {p1, . . . , p6, c, d,O} ⊂ BlO P2 with pi ∈ P2 \O be 6 points
on a conicC, and let c, d ∈ E ⊂ BlO P2 are different directions from those defined by
pi. This configuration determines at most one uninodal quartic Q with the following
geometric identification:

1. O is the node.
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2. Q passes through p1, ..., p6

3. Tangent of Q at pi has direction lOpi .

4. Tangent direction of Q at the node O are c, d.

Proof. Similar to the proof of the previous theorem, we use a dimension argument.
For a fixed set of 6 directions on the exceptional P1 onBlO(P2), the normalization
of all curves such that the singularity is obtained by gluing 2 ordinary points are
isomorphic. However depending on which 2 ordinary points are glued together,
one can have different planar uninodal quartic. Thus the directions c, d are neces-
sary in terms of determining the curve. Together with the node at O, we have 5
independent conditions. On the other hand, passing through p1, ..., p6 provides
an additional 6 conditions. As seen in Remark 5.3.5, the conic has 8 intersec-
tion points on with Q, thus tangency is required. One can omit passing through
the 6-th point, however these would still yield more than 14 independent linear
conditions. However, if these conditions are not contradictory, they indeed de-
fine a unique uninodal quartic such that the singularity is formed by 2 ordinary
points.

5.5 The point count and cohomology ofR2

We now use the above description of uninodal quartics to calculate the number
of points and the cohomology of R2. Throughout this section, assume that q is
odd.

5.5.1 The moduli space of uninodal quartics

For d ≥ 0, write
Vd = H0(P1,O(d))

for the space of binary forms of degree d. Consider the open subspace

U2,4 ⊂ P(V2)× P(V4)

consisting of pairs ([A2], [B4]) such that

disc(A2) 6= 0, disc(B4) 6= 0, Res(A2, B4) 6= 0.
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Where disc is the discriminant and Res is the resultant. Thus A2B4 is a binary
sextic with six distinct roots.

To a point ([A2], [B4]) ∈ U2,4, we associate the plane quartic

QA,B : Z2A2(X,Y ) +B4(X,Y ) = 0.

By Theorem 5.4.4, this is an irreducible uninodal quartic whose node is formed
by gluing the two Weierstrass points corresponding to the roots of A2. The roots
of B4 give the remaining four Weierstrass points, which are collinear on the line
Z = 0.

The group PGL2 acts simultaneously on A2 and B4 by changing the coordi-
nates [X : Y ]. We therefore obtain the following description of the moduli space
of these quartics:

Qww ' U2,4/PGL2 .

Here again subscript ww indicates that the two points identified at the node are
both Weierstrass points.

On the other hand, a pair (C, η) ∈ R2 consists of a genus 2 curve and a
nontrivial two-torsion class. The class η has a unique representation η = pi − pj
for an unordered pair of distinct Weierstrass points {pi, pj}. These two points
correspond to the roots of A2, and the other four Weierstrass points correspond to
the roots of B4. We therefore have a natural identification

R2 ' Qww.

Equivalently, if all six roots are ordered, the corresponding moduli space is
M0,6. Forgetting the order within the two roots of A2 and within the four roots
of B4 gives

R2 ' Qww 'M0,6/(S2 × S4).

The group S2 permutes the two roots of A2, while S4 permutes the four roots of
B4.

5.5.2 The equivariant point count

We now calculate the point count of R2 via the uninodal quartics. Recall that
R2 'M0,6/H . A point of this quotient defined over Fq need not be represented
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by six individually Fq-rational points. The Frobenius may permute the two roots
of A2 and the four roots of B4. We therefore have to calculate

#Fix
(
h ◦ Frobq;M0,6,Fq

)
for all cycle classes σ ∈ H .

For the identity class 16, all six points are individually Fq-rational. Thus

N16(q) =
(q + 1)q(q − 1)(q − 2)(q − 3)(q − 4)

q(q − 1)(q + 1)

= (q − 2)(q − 3)(q − 4).

For the class 2 14, there is one Frobenius orbit of length 2 and four rational
points. Therefore

N2 14(q) =
(q2 − q)(q + 1)q(q − 1)(q − 2)

q(q − 1)(q + 1)

= q(q − 1)(q − 2).

For the class 22 12, we choose two distinct Frobenius orbits of length 2 and
two rational points. Hence

N22 12(q) =
(q2 − q)(q2 − q − 2)(q + 1)q

q(q − 1)(q + 1)

= q(q2 − q − 2).

For the class 23, we choose three distinct Frobenius orbits of length 2. Thus

N23(q) =
(q2 − q)(q2 − q − 2)(q2 − q − 4)

q(q − 1)(q + 1)

= (q − 2)(q2 − q − 4).

For the class 3 13, we choose one Frobenius orbit of exact length 3 and three
rational points. Hence

N3 13(q) =
(q3 − q)(q + 1)q(q − 1)

q(q − 1)(q + 1)

= q3 − q.
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= q(q2 − q − 2).

For the class 23, we choose three distinct Frobenius orbits of length 2. Thus

N23(q) =
(q2 − q)(q2 − q − 2)(q2 − q − 4)

q(q − 1)(q + 1)

= (q − 2)(q2 − q − 4).

For the class 3 13, we choose one Frobenius orbit of exact length 3 and three
rational points. Hence

N3 13(q) =
(q3 − q)(q + 1)q(q − 1)

q(q − 1)(q + 1)

= q3 − q.
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For the class 3 2 1, there is one orbit of length 3, one orbit of length 2, and one
rational point. Therefore

N3 2 1(q) =
(q3 − q)(q2 − q)(q + 1)

q(q − 1)(q + 1)

= q3 − q.

For the class 4 12, there is one orbit of exact length 4 and two rational points.
Thus

N4 12(q) =
(q4 − q2)(q + 1)q

q(q2 − 1)

= q2(q + 1).

For the class 4 2, there is one orbit of exact length 4 and one orbit of exact
length 2. Hence

N4 2(q) =
(q4 − q2)(q2 − q)

q(q2 − 1)

= q2(q − 1).

Conjugacy classes of S2 × S4

The group S2 has two conjugacy classes:

12, 2,

both of size 1. The conjugacy classes of S4 and their sizes are

Cycle type 14 2 12 22 3 1 4

Size 1 6 3 8 6.

A conjugacy class of S2×S4 is obtained by choosing one class from each factor.
Its cycle type inS6 is obtained by taking the union of the two cycle decompositions.
For example,

(2, 2 12) 7−→ 22 12,

while
(2, 3 1) 7−→ 3 2 1.

We therefore obtain the following table.
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5.5 THE POINT COUNT AND COHOMOLOGY OF R2

S2-type and S4-type Size S6-type Nσ(q)

(12, 14) 1 16 (q − 2)(q − 3)(q − 4)

(12, 2 12) 6 2 14 q(q − 1)(q − 2)

(12, 22) 3 22 12 q(q2 − q − 2)

(12, 3 1) 8 3 13 q3 − q

(12, 4) 6 4 12 q2(q + 1)

(2, 14) 1 2 14 q(q − 1)(q − 2)

(2, 2 12) 6 22 12 q(q2 − q − 2)

(2, 22) 3 23 (q − 2)(q2 − q − 4)

(2, 3 1) 8 3 2 1 q3 − q

(2, 4) 6 4 2 q2(q − 1)

Table 5.2: The S2 × S4-equivariant point counts.

Notice that the sum of the sizes of the conjugacy classes is

1 + 6 + 3 + 8 + 6 + 1 + 6 + 3 + 8 + 6 = 48,

as expected.

The point count ofR2

By the Frobenius version of Burnside’s formula,

#R2(Fq) =
1

48

∑
h∈S2×S4

#Fix
(
h ◦ Frobq;M0,6,Fq

)
.

Some different conjugacy classes of S2 × S4 have the same cycle type in S6.
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Combining their multiplicities gives

16 : 1,

2 14 : 6 + 1 = 7,

22 12 : 3 + 6 = 9,

23 : 3,

3 13 : 8,

3 2 1 : 8,

4 12 : 6,

4 2 : 6.

Therefore

#R2(Fq) =
1

48

(
N16(q) + 7N2 14(q) + 9N22 12(q) + 3N23(q)

+ 8N3 13(q) + 8N3 2 1(q) + 6N4 12(q) + 6N4 2(q)
)
.

Substituting the above polynomials gives

#R2(Fq) =
1

48

(
(q3 − 9q2 + 26q − 24)

+ 7(q3 − 3q2 + 2q)

+ 9(q3 − q2 − 2q)

+ 3(q3 − 3q2 − 2q + 8)

+ 8(q3 − q) + 8(q3 − q)

+ 6(q3 + q2) + 6(q3 − q2)
)
.

We can now collect the coefficients. The coefficient of q3 is

1 + 7 + 9 + 3 + 8 + 8 + 6 + 6 = 48.

The coefficient of q2 is

−9− 21− 9− 9 + 6− 6 = −48.
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5.5 THE POINT COUNT AND COHOMOLOGY OF R2

The coefficient of q is

26 + 14− 18− 6− 8− 8 = 0,

and the constant term is
−24 + 3 · 8 = 0.

Consequently,

#R2(Fq) =
48q3 − 48q2

48
= q3 − q2.

Thus
#R2(Fq) = q3 − q2 = q2(q − 1).

In terms of quartics, the calculation counts the possible Frobenius splitting
types of the two roots of A2 and the four roots of B4 in the equation

Z2A2(X,Y ) +B4(X,Y ) = 0.

5.5.3 The cohomology ofR2

We now extract the cohomology from the above calculation. Recall from Chap-
ter 4 that

H i
et

(
M0,6,Fq

,Qℓ

)
'Wi ⊗Qℓ(−i),

where
W0 ' V(6),

W1 ' V(4,2),

W2 ' V(4,1,1) ⊕ V(3,2,1),

W3 ' V(4,1,1) ⊕ V(3,3) ⊕ V(2,2,1,1).

Here Vλ denotes the irreducible representation of S6 associated to the partition λ.
Since

R2 =M0,6/H

andH is finite, cohomology withQℓ-coefficients is obtained by takingH-invariants:

H i
et

(
R2,Fq

,Qℓ

)
' H i

et

(
M0,6,Fq

,Qℓ

)H
.
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For each i, the dimension of the invariant subspace is

dimWH
i =

1

48

∑
h∈H

χWi(h).

Using the character values calculated in Chapter 4, we obtain

dimWH
0 = 1, dimWH

1 = 1, dimWH
2 = 0, dimWH

3 = 0.

We have thus proved the following.

Theorem 5.5.1. Let ` be a prime different from the characteristic of Fq. The ordinary
étale cohomology of R2 is given by

H0
et

(
R2,Fq

,Qℓ

)
' Qℓ,

H1
et

(
R2,Fq

,Qℓ

)
' Qℓ(−1).

All higher ordinary cohomology groups vanish.

Taking invariants in the compactly supported cohomology of M0,6 similarly
gives

H5
c

(
R2,Fq

,Qℓ

)
' Qℓ(−2),

H6
c

(
R2,Fq

,Qℓ

)
' Qℓ(−3),

and all the other compactly supported cohomology groups vanish.
As a verification, the Grothendieck–Lefschetz trace formula gives

#R2(Fq) =
∑
i

(−1)iTr
(
Frobq | H i

c

(
R2,Fq

,Qℓ

))
= q3 − q2.

Finally, the Poincaré polynomial is

PR2(t) = 1 + t.

This completes the point count and cohomology calculation of R2 using the
moduli space of uninodal quartics.
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5.6 Future work

We finish with some brief comments on future directions. One of the key
ingredients of the construction we presented is the fact that we are working with
hyperelliptic curves. It is an easy calculation to show that for a hyperelliptic genus
3 curve C, the line bundle KC + p + q has degree 6 for p, q different Weier-
strass points. Further the image in the complete linear system is a uninodal sextic
curve in P3. One can study the geometry of such sextics and uses the same rea-
soning to study the hyperelliptic locus of R3. For the non-hyperelliptic locus in
genus 3, it is a classical statement that every smooth projective non-hyperelliptic
genus-three curve is isomorphic to a smooth plane quartic, see e.g. [Ber20]. The
two-torsion data can be studied through theta characteristics and configurations of
bitangents. Investigating these configurations may produce geometric parameter
spaces suitable for counting over finite fields as we did for R2. Together with the
hyperelliptic constructions, this could yield a stratification of R3 adapted to arith-
metic calculations. Recovering its cohomology could depend on previous work
such as [Ber20].

Beyond genus three, the same method of gluing Weierstrass points could still
be generalized for the hyperelliptic locus. It would also be useful to study how these
descriptions behave under degenerations, when marked points collide or additional
singularities appear.

In that sense, another further direction is to extend the geometric construc-
tions of this thesis to compactified moduli spaces. The point and line configuration
descriptions provide a starting point through the Deligne–Mumford compactifica-
tions M0,n, where degenerating configurations are represented by stable marked
rational curves. One objective would be to interpret their boundary strata in terms
of degenerations of the associated quartics and sextics. In particular one can ask
questions like which singular or reducible projective curves arise, how the distin-
guished geometric data/ configurations behave in the limit, and how the resulting
data correspond to Prym double covers.

Such an extension could connect the combinatorics of stable marked curves
with the geometry of the boundary of Prym moduli. In genus two, it would pro-
vide a geometric interpretation of the known compactification and its boundary
classes through degenerations of plane quartics. In genus three, one could investi-
gate the corresponding sextic degenerations and how the closures of the different
hyperelliptic Prym components meet along the boundary. Describing these strata
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over finite fields would also allow the point-counting approach to extend the study
from the cohomology of the open moduli spaces to that of their compactifications.
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