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1. Introduction

Rota—Baxter operators were introduced by Baxter [7] in 1960 in the study of
fluctuation theory in Probability. Such operators R : A — A are defined on
an algebra A by the identity

R(x)R(y) = R(R(z)y + 2R(y) + Azy), (1.1)

for all z,y € A, where X is a scalar called the weight of R. These opera-
tors were further investigated by Rota [46], Atkinson [5], Cartier [10] and
others. Since the late 1990s, the study of Rota—Baxter operators has made
great progress in many areas, both theoretically and in applications [2,17—
22]. Rota—Baxter algebras allow us to define dendriform dialgebra (A = 0,
see [1] ) and trialgebra structures (A # 0, see [16]) in associative algebras.

In this article, we deal with a specific type of algebraic structures, called
Hom-algebraic structures. The defining identities of such algebraic structures
are twisted using linear maps. These structures first appeared in the form of
Hom-Lie algebras and more general quasi Hom-Lie algebras [25], in the con-
text of the deformation of Witt and Virasoro algebras using general twisted
derivations called o-derivations. Hom-algebras have been studied extensively
by Hartwig, Larsson, Makhlouf, Silvestrov, Yau and other authors [4,25,31—
33,40,41,54]. Other types of algebras, such as associative, Leibniz, Poisson,
Hopf, Malcev, etc., twisted by homomorphisms have also been studied in
recent years.

Recently, there have been several interesting developments of Hom-Lie
algebras in mathematics and mathematical physics, including Hom-Lie bial-
gebras [11,13], quadratic Hom-Lie algebras [8], involutive Hom-semigroups
[56], deformed vector fields and differential calculus [30,33], representations
[48], cohomology and homology theory [4,54], Hom-Yang-Baxter equations
[12,48,52], Hom-Lie 2-algebras [49,50], (m,n)-Hom-Lie algebras [36], Hom-
left-symmetric algebras [40] and enveloping algebras [53].

The notion of dendriform algebras was introduced in 1995 by Loday [34]
in his study of algebraic K-theory. Dendriform algebras are algebras with
two operations that dichotomise the notion of associative algebras. Later
the notion of tridendriform algebra were introduced by Loday and Ronco
in their study of polytopes and Koszul duality (see [35]). To determine the
algebraic structures behind a pair of commuting Rota—Baxter operators (on
an associative algebra), Aguiar and Loday introduced the notion of quadri-
algebra in [3].

Another important class of nonassociative algebras is the Malcev alge-
bras which were introduced in 1955 by Malcev [42], generalizing Lie algebras.
They play an important role in the physics and geometry of smooth loops.
Just as the tangent algebra of a Lie group is a Lie algebra, the tangent algebra
of a locally analytic Moufang loop is a Malcev algebra [26,28,29,37,42,44,47],
see also [24,43,45] for discussions about connections with physics.

The Hom-type generalization of Malcev algebras, called Hom-Malcev
algebras, is defined in [55], where connections between Hom-alternative alge-
bras and Hom-Malcev algebras are given.
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Definition 1.1. [55] A Hom-Malcev algebra is a vector space A together with a
skew-symmetric bilinear map [—,—] : A® A — A and a linearmap o : A — A
such that, for all x,y,z € A,

Jo(a(@), a(y), [z, 2]) = [Ja(@,y, 2),a* ()], (1.2)

where Jo(,9,2) = [z}, a(2)] + Iy, 2, a(2)] + [[2,2], a(y)] is the Hom-
Jacobian of z,y, z (a-Jacobian). The Hom-Malcev identity (1.2) is equivalent
to

e[z, 21), ey, 1] = [[[z, y], a(2)], o> (B)] + [[[y, 2], ()], o ()] (1.3)
Hllz. 1. ale)], a2(y)] + [t 2], a(y)], a2(:)]. '

In [38], to find a dendriform algebra whose anti-commutator is a pre-
Malcev algebra, M-dendriform algebras were introduced, an O-operator
(specifically a Rota—Baxter operator of weight zero) on a pre-Malcev algebra
or two commuting Rota—Baxter operators on a Malcev algebra were shown to
give an M-dendriform algebra, and the relationships between M-dendriform
algebras and Loday algebras, especially quadri-algebras, were established.

Our main objective is to introduce the notion of Hom-M-dendriform
algebras which are the twisted analogue of M-dendriform algebras, where
the M-dendriform algebra identity is twisted by a self-linear map, called the
structure map, and study, through Rota-Baxter operators and O-operators,
the relationship between Hom-pre-Malcev algebras and Hom-M-dendriform
algebras.

Hom-M-dendriform algebra gives rise to a Hom-pre-Malcev algebra and
a Hom-Malcev algebra, in the same way as Hom-L-dendriform algebra gives
rise to a Hom-pre-Lie algebra and Hom-Lie algebra (see [14,15,39] for more
details).

We study in the Sect. 2 the representation of Hom-Malcev algebras and
recall the definitions and some properties of Hom-pre-Malcev algebras. The
notion of a representation of a Hom-pre-Malcev algebra was introduced in
[23]. However, some technical conditions must be added to obtain the dual
representation, which is not convenient for applications. In this paper, we
provide a natural formula for a dual representation which is nontrivial. This is
presented in Sect. 3. In Sect. 4, we introduce the notion of Hom-M-dendriform
algebra and then study some of their fundamental properties in terms of the
O-operators of Hom-pre-Malcev algebras. Then we define a Hessian structure
on a regular Hom-pre-Malcev algebra (A, -, «) to be a nondegenerate 2-cocycle
B € Sym2A*, and show that there is a relation between Hom-M-dendriform
algebras and Hessian structures on (A, -, «). Their relationship with Hom-
Malcev algebras and Hom-alternative quadri-algebras are also described in
Sect. 5.

2. Basics on Hom-Malcev and Hom-Pre-Malcev Algebras

In this section, we recall representations and dual representations of Hom-
Malcev algebras and the definitions of Hom-pre-Malcev algebras which are
useful throughout this paper.
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In this paper, all vector spaces are over a field K of characteristic 0.

A Hom-Malcev algebra (A, [—, —], ) is said to be a regular Hom-Malcev
algebra if « is invertible. We denote by End(A) the space of all linear maps
f:A— A

The notion of representation of Hom-Malcev algebra was introduced in
[23,28].

Definition 2.1. Let (A, [—, —], @) be a Hom-Malcev algebra. A representation
of (4,[—,—],«) on a vector space V with respect to 5 € End(V) is a linear
map p: A — End(V) satisfying, for any x,y,z € A,
pla(z))B = Bp(z), (2.1)
pllz, 9], a(2)))B? = pla®(@))p(aly))p(z) — p(a®(2))pla(z))p(y)
+o(a®(y)p([z,2])8 — plally, 2]))p(a(2)) 8. (2:2)
We denote the representation by (V, p, 3).

Example 2.1. Let (A, [—, —], a) be a Hom-Malcev algebra. For any integer s,
the a®-adjoint representation of (A, [—, —], &) on A, which we denote by ad®,
is defined for all 2,y € A by

ady (y) = [o* (), y].
In particular, we write ad for ad®.

Example 2.2. Let (V, p, 8) be a representation of a regular Hom-Malcev alge-
bra (A, [—, —], @) and let V* be the dual vector space of V' with g invertible.
Let us define p* : A — End(V*) by

p (@) (&) = p"(a(2))((B7)7(€)) = —(& pla™ ())(87%(a))), Vz € ALV,

(2.3)
where (—, —) denote the canonical pairing between the dual space V* and the
vector space V. Then p* : A — End(V™) is a representation of (4, [—, —], «)

on V* with respect to (871)*, which is called the dual representation of
(V,p, B).

Proposition 2.1. Let (A, [—, —],«) be a Hom-Malcev algebra, (V,[3) a vector
space, and p : A — End(V) a linear map. Then (V, p, B) is a representation
of A if and only if (A® V,[—,—],,a + () is a Hom-Malcev algebra, where

[—, =], and a+ [ are defined for all z,y € A, a,beV by
[z + a,y +bl, = [x,y] + p(x)a — p(y)b,
(a+B)(z + a) = a(x) + B(a).
This Hom-Malcev algebra is called the semi-direct product of (A,[—,—], «)
and (V,3), and denoted by A xg’ﬁ V or simply Ax V.

The notion of O-operator is useful tool for constructing solutions of the
classical Yang-Baxter equation. Let (4, [—, —], ) be a Hom-Malcev algebra
and (V,p,3) a representation. A linear map T : V — A is called an O-
operator associated to (V, p, ) if for all a,b €V,

aoT=ToB,  [T(a),T()] = T(p(T(a))b— p(T(B)a).  (2.4)
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Example 2.3. A Rota—Baxter operator of weight 0 on a Hom-Malcev algebra
A is just an OQ-operator associated to the adjoint representation (A, ad, «),
that is, R satisfies for all z,y € A,

Roa=aoR,  [R(x),R(y)]=R(R(x),y]+ [z, R(y)]).

Now, we recall the definition of Hom-pre-Malcev algebra and exhibit
construction results in terms of O-operators on Hom-Malcev algebras (for
more details, see [23]).

Definition 2.2. Let A be a vector space with a bilinear product “ . A x
A — Aand o : A — A is a linear map. The triple (A4,-,«) is called a
Hom-pre-Malcev algebra if for all x,y, z,t € A,

a(ly, 2]) - ez - t) + [z, y], a(2)] - @2 (2)

+a(y) - ([z,2] - a(t)) = a®(z) - (aly) - (z- 1) + ®(2) - (a(2) - (y - 1)) = O,
(2.5)
where [z,y]| =2z -y —y-x.

The identity (2.5) is equivalent to HPM (z,y, z,t) = 0, where for all
x,y,z,t € A,

—a®(z) - (aly) - (z-1) +a®(2) - (a(z) - (y - 1))
A Hom-pre-Malcev algebra is said to be a regular Hom-pre-Malcev algebra
if « is invertible.

Definition 2.3. Let (41,1, 1) and (As, -2, a2) be two Hom-pre-Malcev alge-
bras. A linear map f : Ay — A, is called a morphism of Hom-pre-Malcev
algebras if, for all z,y € A,

f@) 2 fly) = flz-1y), foar=azof.

Proposition 2.2. Let (A,-,«) be a Hom-pre-Malcev algebra. Then, the com-
mutator [x,y] = x-y—y-x defines a Hom-Malcev algebra on A. It is called the
sub-adjacent Hom-Malcev algebra of (A,-,«) and (A,-,«) is called the
compatible Hom-pre-Malcev algebra on (A,[—,—],«). The subadjacent
Hom-Malcev algebra (A, -, ) is denoted by AC.

Proposition 2.3. Let (A, [—,—],«) be a Hom-Malcev algebra and T : V — A
be an O-operator of A associated with a representation (V, p, 3). Then (V,-, 3)
is a Hom-pre-Malcev algebra with the product “7 defined for all a,b € V' by

a-b=p(T(a))b. (2.7)

An obvious consequence of Proposition 2.3 is the construction of a Hom-
pre-Malcev algebra in terms of a Rota—Baxter operator of weight zero of a
Hom-Malcev algebra.
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Corollary 2.1. Let R : A — A is a Rota—Baxter operator on a Hom-Malcev
algebra (A, [—,—],«). Then (A, -, «) is a Hom-pre-Malcev algebra, where for
all x,y € A,

z-y = [R(x),y].

3. Representation of Hom-Pre-Malcev Algebras

Now, we introduce the definition of the representation of Hom-pre-Malcev al-
gebras and provide some related results. We construct the dual representation
of a representation of a Hom-pre-Malcev algebra. In addition, we introduce
the notion of O-operators of a Hom-pre-Malcev algebra which is a generali-
sation of Rota—Baxter operators.

Definition 3.1. A representation of Hom-pre-Malcev algebra (A,-,a) on a
vector space V' consists of a triple (¢,7,(3), where £ : A — End(V) is a
representation of the sub-adjacent Hom-Malcev algebra A¢ on V' with respect
to € End(V) and r : A — End(V) is a linear map such that for all
T,Y,2 € Av

pr(z) = r(a(z))s, 3.1
r(e®(@))p(a(y)p(z) —r(a(z) - (y - 2)8% + e (Y)r(z - )3
+(a(ly, 2]))r(a(2))8 — £(a®(2))r(a(2))p(y) = 0, (3-2)
U(o*(y)l(o(2))r(x) = (0 (@) p(al(y))p(z) = Ua®(2))r(y - x)p
—r(a(z - 2)p(a(y)B + r(lz,y] - a(2)8* = 0, (3-3)
r(a(y) - (z- )8 +r(a®(@)p(ly, 2) 8 — Ue® ()l a(2))r(z)

+r(aly - x))p(a(2))B + £(a”(2))r(a(z))p(y) = 0, (3-4)
where p(z) = l(x) — r(z) and [z,y] =2 -y —y - x.

We denote the representation of a Hom-pre-Malcev algebra
(A,-,a) by (V,£,7,3). Now, define a linear operation -, : ®*(A® V) —
(A V) by

(x+a)x (y+b) =2y + L)) +r(y)(a), Yo,y € A,a,b €V,
and a linear map a+ 3: AV — APV by
(a+B)(xz+a)=alr)+B(a), Ve € A,a e V.

Proposition 3.1. [23] The triple (ADV, «,a+ () is a Hom-pre-Malcev alge-
bra.

The Hom-pre-Malcev algebra (A®V, -, a+ () is denoted by A 7 " V,
or simply A x V, and called the semi-direct product of the Hom-pre-Malcev
algebra (A4, -, @) and representation (V, £, r, [3).

Example 3.1. Let (A, -, «) be a Hom-pre-Malcev algebra. Define the left mul-
tiplication L : A — End(A) by L.(y) =« -y for all z,y € A. Then (A, L, «)
is a representation of the Hom-Malcev algebra A¢. Moreover, we define the
right multiplication R : A — End(A) is defined by R, (y) = y-x. It is obvious
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that (A, L, R, «) is a representation of a Hom-pre-Malcev algebra on itself,
which is called the regular representation.

Proposition 3.2. Let (A, -, @) be a multiplicative Hom-pre-Malcev algebra. For
any integer s, define L°, R® : A — End(A) for all z,y € A by

Li(y) =a’(z) -y, Ri(y)=y-a’(z).
Then, (A, L®, R®, «) is a representation of a Hom-pre-Malcev algebra (A, -, «).

Note that L° = L and R® = R, where (L, R) is the reqular representation with
respect o defined in Example 3.1.

Proof. For all z,y,z,t € A, we have
L} maly) = o™ (z) - aly) = a(a®(z) - y) = a(Ly).
This implies that L7, ) o a = a o Lj. Similarly, we have R} oo =ao Rj.
By the definition of a Hom-pre-Malcev algebra,
s s s 2
Lo la@ ) + Life y).azna” (0)

aly,z
= a" [y, 2]) - (@* () - a(t) + o ([, y], a(2)]) - @*(2)
a2 (y) - (@*([z,2]) - a(t)) + a* T2 (2) - ("1 (y) - (@*(2) - 1))
a*2(2) - (™ H(2) - (a®(y) - 1))
= Lo L. 2y (t) + Lz () L) LE(E) — L2 2y Lo () L2 (8) = 0.
Then (A, L*®, «) is a representation of the sub-adjacent Hom-Malcev algebra
A®. Furthermore,

Rpo (yads,yadZ(t) + Ly o)) Bowy@(t)
= [ (y), [0 (2), 8] - * T2 (2) + " ([y, 2]) - (a(t) - a®())
a*2(2) - ([0 (y), 1] - " (@) + &2(1) - (*F1(2) - @®(y - 2))

)
— a2 (y) - (alt) - o®(z - 1))
2 s s
= Loy Boa) 0y () + By ). (o) @ (1) + Loz REp ().

This implies that (3.2) holds. Similarly, (3.3) and (3.4) hold, too.
O

Proposition 3.3. Let (V,¢,r,3) be a representation of a Hom-pre-Malcev al-
gebra (A, -, a). Then, (V,£ —r,3) is a representation of (A, [—, —], @).

Let (V,£,r, B) be a representation of a Hom-pre-Malcev algebra (A4, -, a).
In the sequel, we always assume that [ is invertible. Forallz € A, a € V, £ €
V* define £*,7* : A — End(V*) as usual by

(" (2)(&),a) = =5, L(x)(a)), (r"(x)(§),a) = =(§ r(z)(a)).
Then define ¢*,r* : A — End(V*) by
()(€) = £ (a(2)) ((B72)7(6)), (3-5)
r*(2)(€) = r* (a(x)) ((B7)"(6)- 3.6
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Theorem 3.1. Let (V. {,r,3) be a representation of a Hom-pre-Malcev alge-
bra (A, -, «). The quadruple (V*,0* —r* —r* (371)*) is a representation of
(A, -, «). It is called the dual representation of (V {,r,[3).

Proof. Since (V,£,r,3) is a representation of a Hom-pre-Malcev algebra (A,

«), by Proposition 3.3, we deduce that (V, ¢ —r, () is a representation of the
sub-adjacent A®. Moreover, by Lemma 2.2, (V, (£ —7)* = * —r* (571)*) is
a representation of the Hom-Malcev algebra A®. By (3.1) and (3.6), for all
r €A eV

—r*(a(@))((B71)(§) = =" (a®(@))(B7%)"(€) = (87" (=" (a(@)(B7)"(£))
= (B (=" (@)(©),
which yields —r*(a(z)) o (871)*

(V*, 05 —r*, —r* (B71)*) verifies (
according to (2.1), (3

)

3.
1), (3.2) and (3
(r(a(2) - (- 2D(B™)7(©),a) = (1" (a*(2) - (a(y) - a(@)) (B~ (), a)
~(((B7H7(©),7(@*(2) - (aly) - a(@)))(a))
~(((B™97(©), 1(@® @) (p(a® @) (p(a(2)) (B (@) + £(a® W) (r(a(2) - a(@) (B~ (@)
+ 600 (ly, AN (r(e* (@)(87 (@) = £a®(2))(r(@ @) (p(a()) (B> (@) )
—(((B™9)" (), r(@® @) (p(a W) (p(a® (2))) + Lo’ W)(r(a® (=) - o (@) (B(a))
+ £’ (fy, AN (r(a” (@)(B(a)) = (a” () (r(a* (@) (p(e” 1))
= —( =P @ @) (@ W) (@ @)(B™)"(©)))
+r(@(2) - o (@) (7 (" W) (B77)7(€)))
+ 17 (@®(@)(¢ (@ ([, 2D)((B~")" (€)) + 0" (&* ) (" (" @) (€ (a* () (B~) " (€))); a)
= —( =P @ @) (@ W) (@* @) (B (©))
+17 (02 (2) - (@) (¢ (2 () (B~ (©))
+ 17 (@®(@)(€ (@ [y, 2D (B~ (€)) + " (&* ) (" (" @) (€ (" () (B~ (€))); a)
= —(= P (@) @ WNB™) (T @)(ON) + 7" (@3 (2) - @) (B (" (1) (€)))
+ 77 (@®@)((B7)" (¢ (I, 2DB™H () + p" (@2 W) (" (o @)(B~) " (¢ ()())). )
= —(=p"(@* (P @D (* @)(ON) + 7" (al=) - al@) (B (" W)(©)
+ 17 (@ @) ([9, 2D B™HT (O + p" (@ W) (@ @) (B (€ (2)(€))); a)
= —(=p"(@* (B (p" (@) @)())) + 7" (a(z) - al@) (€ (@) (B~ (€)))
+ 17 (02 (@) (€ (9, 2D(B™H)7(O)) + 2" (@ W)((B7) (* (@) (€ (2)(€)))), @)
= ~(=p" (@*()) (" (@) (7" (2)(©))) + r* (a(2) - a@))(¢* (@) (B~ ()
+ 1% (0 (@) (¢ [y 2D (BT (O)) + p* (@ W) (7 (a(@)) (£ (2)())), ),
which implies that
r*(a(z) - (y-2))(B7%)" = p*(@?(2))p* (a(y))r* (z) + r*(a(z) - a(@)) (" — ") (a(y)) (871"

+r5(@®(@) (€ =) [y, 2B + p" (@ (y)r* (a(e)) (€ —7%)(2) = 0.

The other identities can be verified in a similar manner. Therefore, (V*, £* —
r*, —r*, (871)*) represents (4, -, a).

= (B871)* o (—r*(x)). We check only that
2). Let z,y,2 € A, 6 € V*, a € V and
.6

), we have
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O

Theorem 3.1 yields the following result for the dual representation of
the regular representation of a regular Hom-pre-Malcev algebra.

Corollary 3.1. Let (A, -, «) be a reqular Hom-pre-Malcev algebra, and let A*
be the dual of the vector space A. Then (A*,ad* = L* — R*, —R*, (a™1)*) is
a representation of (4, -, a).

Proposition 3.4. Let (V,¢,r,3) be a representation of a Hom-pre-Malcev al-

gebra (A, -, «), where V' is finite-dimensional and (3 is invertible. Then, the
dual representation of (V*,0* —r*, —r* (871)*) is (V, p, 1, 3).

Proof. Clearly, (V*)* ~ V and (((87%)*)"1)* = 3. By [9, Lemma 3.7], we
obtain
@~y = () =0
Similarly, we have (—(—r*))* = r. Then, the dual representation of (V*, ¢* —
T*a _T*v (6_1)*) is (‘/v P, ﬂ)
0

As in [6,27], we rephrase the definition of O-operator in terms of Hom-
pre-Malcev algebras.

Definition 3.2. Let (A, -, @) be a Hom-pre-Malcev algebra and (V, ¢, r, 3) be

a representation. A linear map 7' : V' — A is called an O-operator associated
to (V,¢,r,3) if T satisfies

TofB=aoT, (3.7)

T(a)-T(b) =T ({(T(a))b+r(T(b))a), Va,beV. (3.8)

Example 3.2. Let T : V — A be an O-operator on a pre-Malcev algebra

(A, ) with respect to the representation (V,£,r). A pair (¢4, ¢y ) is an endo-
morphism of the O-operator T if

To ¢V = ¢A © T7
U(pa(x))(ov (b)) = ¢v (£(x)(b)) and
r(@a(x))(¢v (b)) = ¢v(r(z)(b), forallzeA beV.
Let us consider the Hom-pre-Malcev algebra (A,-4,,$4) obtained by
composition, where the Hom-pre-Malcev product is given by
Togpa Y= ¢A(x : y)
If we consider the compositions {4, := ¢y o £ and ry, := ¢y or, then the
triple (V, 44, ,74,,dv) is a representation of (4,-4,,¢4). Moreover, for all
a,bevV,
T(a) ¢, T(b) = ¢a(T(a) - T(b)) = (T (LT (a))b+r(T(b))a)),
T (L, (T(a))b+ g, (T(b))a) = T (pv (U(T(a)b+ r(T(b))a)).

It follows that the map T : V — A is an O-operator on the Hom-pre-Malcev
algebra (A, -4,,¢a) with respect to the representation (V, 4y, , 74, , dv).
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4. Hom-M-Dendriform Algebras

The goal of this section is to introduce the notion of Hom-M-dendriform
algebras which is the dendriform version of Hom-Malcev algebras, and study
the relationships with Hom-pre-Malcev algebras and Hom-Malcev algebras
in terms of the O-operators of Hom-pre-Malcev algebras.

4.1. Definitions and Some Basic Properties
Definition 4.1. A Hom-M-dendriform algebra is a vector space A endowed
with two bilinear products », €: A x A — A and a linear map  : A — A
such that for all x,y,z,t € A and
Ty=x4Yy+xry, (4.1)
roy=cr 4y —ymrzx,
[,y =z y—y-z=a0y—you, (4.3
the following identities are satisfied:

(a(z) o (yox)) » a®(t) —a®(@) » (a(y) - (2-1)) + a®(z) < (alz) » (y-1)) (4.4)
+a(ly, z]) <a(z > t) —a’(y) < (zo0z) > at)) =0, '
a?(z) < (a(z) 4 (y > 1) = (a(z) o (zoy)) B a?(t) — a®(z) < (a(y) » (- t))(4.5)
—a(zoy) b a(z-t) +a’(y) » ([z,2] - a(t)) =0,
a?(z) < (a(@) - (y - 1) + ([z, 9] 0 a(z)) B *(t) — o’ (z) < (aly) < (z > 1)) (4.6)
ta(yoz) »alz-t)+a’(y) < ((@o2) > alt) =0, '
[z, y], a(2)] 4 a®(t) — a?(z) € (a(y) € (z € t)) +a?(2) < (a(z) 4 (y < 1)) (4.7)
+a(ly, z]) < a(z <t) +a?(y) < ([z, 2] <a(t)) = 0. '
Otherwise, a Hom-M-dendriform algebra (A, », 4, «) is said to be reg-
ular if « is invertible, and multiplicative if a(z » y) = a(z) » ay) and
a(z 4y) = a(z) <a(y).

Let (A1,»1,41,1)) and (Ag, »o, €2, a2) be two Hom-M-dendriform
algebras. A weak morphism f: Ay — As is a linear map such that

foi=py [O2 [ 4=« [®2

A morphism f: Ay — As is a weak morphism such that fa; = asf.
Now, we provide a way to construct a Hom-M-dendriform algebras start-
ing from an M-dendriform algebra and weak self-morphism.

Proposition 4.1. Let (A,», <€) be an M-dendriform algebra and o : A — A
be a weak morphism. Then Ay = (A, o= a P>, 4,= a 4, «) is a Hom-M-
dendriform algebra.

Moreover, if « is a morphism, then A, is a multiplicative Hom-M-
dendriform algebra.

Proof. We only prove that (4, >, 4, «) satisfies the first Hom-M-dendriform
identity. The other identities for A, being a Hom-M-dendriform algebra can
be verified similarly. In fact, for any z,y, z,t € A, we know that

(zo(yoxz)) B t—z B (y-(z-t))+z € (z > (y-t)+]y,z] € (x> t)—y € ((z0z) » t) =0.
Now applying o to the previous identity, we obtain
(@*(2) 0 (@®(y) 0 a®(x))) » a®(t) — o’ (z) > (a®(y) - (a”(2) - @*(1)))
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+a’(2) 4 (@®(x) » (@*(y) - a(1)))
+a’([y, 2]) 4 (@®(x) » *(t)) — a®(y) 4 ((@*(z) 0 &®(x)) » *(t)) = 0.
Thus,
((2) 0a (y©a x)) Ba (1) — ®(z) Pa () o (2:a b)) + 0 (2) 4o (@) Pa (Yo t))
+a([y, 2]a) €a a(z Pat) —a?(y) 4o (294 ) Ba a(t)) =0.

Hence, A, is a Hom-M-dendriform algebra.
Moreover, using the multiplicativity of «, we obtain

((2) 00 (Y 00 7)) Ba @2 (t) — &2 (2) Bo (A(Y) o (2 1))
+0a%(2) 4 (a(z) »a (y-at))
+a([y; 2a) 40 a(z pat) —?(y) 4o (200 ) o alt))
:a3<(z<>(y<>x)) bt—am(y (z0)+za(@w (y 1)
Yy, 2] a(@wt) —ya((zoz)m t)) = 0.
This implies (4.4). Similarly, we obtain identities (4.5)—(4.7).
]

Remark 4.1. More generally, let (A, », €, «) be a Hom-M-dendriform alge-
bra and v : A — A a Hom-M-dendriform algebra morphism. Define new
multiplications on A, for all x,y € A, by

ey y=7(x)»y(y) and 2z 4yy=7(r) <y(y).
Then (A, »., €, a) is a multiplicative Hom-M-dendriform algebra.

Theorem 4.1. Let (A,», 4, ) be a Hom-M-dendriform algebra. Then, the
product given by (4.1) (resp. (4.2)) defines a Hom-pre-Malcev algebra (A, -, «)
(resp. (A,o,) ), called the associated horizontal (resp. vertical) Hom-pre-
Malcev algebras.

Proof. The identity (2.5) holds since, for any z,y, z,t € A,
ally, 2]) - a(z - t) + [z, 9], a(2)] - &2(t) + @*(y) - ([z, 2] - a(t)) — @*(2) - (aly) - (= 1))
+a®(z) - (alz) - (y- 1))
= o[y, 2]) <oz 4t) + oly, 2]) <oz > t) +oly, 2]) > oz € 2)
+a([y, z]) » a(z > t)

+ [z, 9], a(2)] €4 a?(t) + [[,9], a(2)] B a*(2)

+a?(y) 4 ([z,2] 4at) +a’(y) < ([z,2] > alt))
+a?(y) > ([z,2] <at) +a®(y) » ([z,2] > aft))
+a’(2) € (a(z) < (y < t))

+a?(z) < (az) 4 (y» 1))

+a?(z) < (afz) > (y 4t) +a’(z) < (a(z) > (y > 1)
+a?(z) > (a(z) < (y «t))

+a?(z) > (afz) 4 (y > 1))

+a?(z) > (@) > (y € t) +a*(2) B (a(z) > (y > 1))
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—a’(z) < (a(y) < (2 €4))
—a’(z) 4 (aly) 4 (2> 1)
—a’(z) 4 (aly) » (z 4t) —’(z) <4 (aly) » (2 > 1))
—a’(z) » (a(y) < (= 4 1)
—a’(z) » (a(y) 4 (2> 1)
—a®(z) » (aly) » (= 4 1))
—a?(z) > (a(y) » (z > 1))
= a([y, 2]) < a@ > t)+ (a(z) o (yox)) » a*(t)
—a®(y) 4 ((zoz) b at) + a*(z) < (alz) » (y-t))
—a®(z) » (aly) - (z-1) —alzoy) b a(z 1) — (a(z) o (z o y)) B (1)
+a?(y) » ([z,2] - a(t)
+a’(2) € (a(z) < (y» b)) —a’(z) <(a(y) » (z-1) +alyoz) » a(z-t)
+ ([z,y] 0 a(2)) » (1)
+a(y) €4 ((zo2) b at) +a?(z) » ((z) - (y- 1))
—a’(z) < (aly) € (z > 1)+ [[z,9],a(2)] €4 ?(t)
+a(ly, 2]) 4 alz 4t) +o?(y) < ([z,2] €alt)
+a’(2) € (a(z) < (y «t))
—a’(z) € (aly) < (z «t)) =0.

O

Remark 4.2. The associated horizontal Hom-pre-Malcev algebra and vertical
Hom-pre-Malcev algebra, (A, -, ) and (A, ¢, a), of a Hom-M-dendriform alge-
bra (A, », 4, «) have the same associated Hom-Malcev algebras (4, [—, —], @)
defined using (4.3), called the associated Hom-Malcev algebra of the Hom-
M-dendriform algebra (A, », <, «).

Hom-M-dendriform algebras are closely related to the representation of
Hom-pre-Malcev algebras.

Proposition 4.2. Let (A,», «4,«) be a Hom-M-dendriform algebra. Let L.
and Ry be the left and right multiplication operators corresponding respec-
tively to the two operations € and » . Then (A, L4, Ry, &) is a representation
of its associated horizontal Hom-pre-Malcev algebra (A, -, «).

Proof. If (A,», 4, ) is a Hom-M-dendriform algebra, then for all z,y € A,
we have
Le(a(z))a(y) = a(z) 4aly) = a(z 4y) = a(Lq(z)y).
This implies that Lq(a(x))a = aL4(z). Similarly, we have Ry (a(z))a =
aRy ().
For any z,y,2,t € A, by (4.7), we have
L[z, 9], a(2)]a(t) — La(a®(2))La(a(y)) L« (2)(t) + La(a?(2)) La(a(z) La(y)(1)
+ La(a([y, 2])) La(a(@)a(t) + La(a?(y)) La([z, 2])a(t)
= [[z,y], a(2)] 4 ?(t) — o*(z) < (aly) € (z 4 1)) +*(2) < (a(z) < (y <))
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+a(ly, 2]) <alz <t) +a*(y) < ([z,2] €a(t)) =0.
Moreover, by (4.4),
Ry (o (2)) Lo (aly)) Lo (2)(t) — R»(Oé(z) (y-))a®(t) + La(a®(y)) R (2 - 2)a(t)
+ La(e([y, ) Ra (a(z))ax(t) — La(a®(2)) Ra () Lo (y) (¢)
= (a(y) o (z01)) B a®(z) —a?(t) » (a(2) - (y - 7)) + *(y) < (alt) » (z-2))
+a(ly, 2]) <a(@pt) —a?(z) 4 ((yot) » az) = 0.
Similarly, we have
Ry (0(2)) Lo(a(y)) Lo (2)(t) — Re (a(z) - (y - x))a® ()
+ La(@?(y))Re (2 - 2)a(t) + La(a([y, 2])) Re (a())x(t)
— L4 2(2))R,(a(m)) o(y)(t) =0,
L4(a®(y))La(a(2)) Ry (2)(t) — R»( ( ) Lo(a(y))Lo(2)(t)
— Lq(a®(2)) Ry (y - 2)a(t) — Ry (a2 - 2)) Lo(a(y) ()
+ Ry ([2,y] - ax))a®(t) = 0.
a)

Thus, (A, Lq, Ry,
(A4, «a).

o

is a representation of the Hom-pre-Malcev algebra

O

Corollary 4.1. Let (A, », 4, @) be a reqular Hom-M-dendriform algebra and
A* the dual of A. Then (A*, L%y — Ry, —Ry,(a™1)*) is a representation
of the associated horizontal Hom-pre-Malcev algebra (4, -, «) and (A*, Ly +
LY, L, (a™1)*) is a representation of the associated vertical Hom-pre-Malcev
algebra (A, o, ).

Proof. This follows from Theorem 3.1 and Proposition 4.2.
O

Proposition 4.3. Let (A, », 4, «) be a Hom-M-dendriform algebra. With two
binary operations »!, 4': A® A — A defined for all z,y € A by

rely=—ypz, r4dy=1xay, (4.8)
(A, »t, <, ) is a Hom-M-dendriform algebra.

Its associated horizontal Hom-pre-Malcev algebra is the associated ver-
tical Hom-pre-Malcev algebra (A, o, ) of (A,», 4, ), and its associated ver-
tical Hom-pre-Malcev algebra is the associated horizontal Hom-pre-Malcev
algebra (A, -, ) of (A,», 4, «), that is,

rly=cdyt+tzr'y=cqy—yraz=xoy, (4.9)
roly=cdy—yrlr=cay+zry=2a-y, (4.10)
[y =z yt+tazp'y—ydr—yr'z
—r4y—yrr—ydxr+zr»y=|zy. (4.11)
Proof. By (4.9)—(4.11), for all z,y,z,t € A,
[[z,9]" a(2)]" €* a?(t) — a®(z) €' (a(y) «' (z 4" 1)) +a*(z) < (a(z) <" (y <" 1))
+a(ly,2]") <" a(z <" t) +a?(y) < ([z,2]" <" a())
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= H yl,a(2)] 4a®(t) — o®(z) < (aly) < (2 41) +0”(2) 4 (a(z) < (y €1))
a(ly, 2]) 4 a(z 4t) +a®(y) < ([z,2] <a(t)).
Similarly, (4.4)'=(4.4), (4.5)'=(4.5), and (4.6)'=(4.6). Thus, (A, »", ', a) is

a Hom-M-dendriform algebra.
O

Definition 4.2. Let (A, », 4, «) be a Hom-M-dendriform algebra. The Hom-
M-dendriform algebra (A4, »*, 4%, a) given by (4.8) is called the transpose of
(A, », €, ).

4.2. Hom-M-Dendriform Algebras and O-Operators of Hom-Pre-Malcev Al-
gebras

Examples of Hom-M-dendriform algebras can be constructed from Hom-pre-
Malcev algebras with O-operators. Briefly, we only give the study involving
the associated horizontal Hom-pre-Malcev algebras.

Proposition 4.4. Let (A, -, «) be a Hom-pre-Malcev algebra and (V,£,r,3) be
a representation of A. Let T be an O-operator of (A,-,«) associated with
(V,4,r,3). Then (V,», 4, 3) is a Hom-M-dendriform algebra, where for all
a,beV,

aw» b=r(T(b))a, a<4b=~LT(a))b. (4.12)
Therefore, there is a Hom-pre-Malcev algebra on V' given in Theorem 4.1 as
the associated horizontal Hom-pre-Malcev algebra of (V,», 4, 3), and T is a
morphism of Hom-pre-Malcev algebras. Moreover, T (V) ={T(v) | ve V} C
A is a Hom-pre-Malcev subalgebra of (A, -, ), and there is an induced Hom-
M-dendriform algebraic structure on (T'(V),>, <, «) given for all a,b € V by

T(a)>T(b)=T(awb), T(a)<T()=T(a4b).

Its corresponding associated horizontal Hom-pre-Malcev algebraic structure
on T(V) is just the subalgebra of the Hom-pre-Malcev (A,-, &), and T is a
homomorphism of Hom-M-dendriform algebras.

Proof. For any a,b € V, define -y, oy, [—, =]y : @V — V by
a-yvb=a4b+ar»b,
aoyb=a 4b—"b» a,
[a, by =a-vb—b-ya=aoy b—boy a.
Using identity (3.2), we have
T(a-vb)=T(a 4«b+awb)=TET(a)b+r(T(b)a)="T(a) T(b),
T([a,b]y) =T(a v b=b-yv a)=T(a) - T(b) =T(b) - T(a) = [T(a), T(b)].
Hence, for any a,b,c,d € V, we have
(B(c) ov (bov a)) » F2(d) — B%(a) » (B(D) v (c-v d))
+3%(c) < (B(a) » (b-v d))
+ B([b,clv) < B(aw d) - 5*(b) < ((cov a) » B(d))
=r(T(5%(d)))(B(c) ov (bov a)) = r(T(B(b) v (c-v d)))F*(a)
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)B(r(T(d))a) — (T (B*(b))r(T(B(d)))(cov a)
)p(a(T())p(T(b))a —r(a(T (b)) - (T(c) - T(d)))5(a)
)

)

a([T(b), T(c))r(a(T(d)))B(a) — £(a®(T(b)r(a(T(d)))p(T(c))a = 0.
This implies that (4.4) holds. Moreover, (4.5) holds. Indeed,

#(c) < (B(a) 4 (b» d)) — (B(c) ov (aoy b)) » 57(d)

— #(a) < (B(b) » (c-v d))

(cov b) » Ba-v d) + %) » ([a, v -v B(d))
= UT(B*()UT(B(@)r(T(d)b — r(T(B*(d)(B(c) ov (aov b))
(c-v d))B(b)

=2
S
<
=
=
>
o
<
=
+
=
=
S
o
<

v B(x)))3 (b)

)
To prove identity (4.6), we compute as follows

32(e) » (B(a) v (b-v d) + ([a,b]v ov B(c)) » F%(d)
— #*(a) < (B(b) < (c» d))
+B(boyc)» Bla-yv d) + 5%(b) € ((aoy c) » 5(d))
= r(a(T(a)) - (T(b) - T(d)))B*(c) + r(a®(T(d)))p([T(a), T(b)))B(c)
— U(a®(T(a))((T(b)))r(T(d))e
+r(a(T(a) - T(d)))p(a(T (b)) B(c) + L(a*(T(b)))r(a(T(d)))p(T(a))e = 0.

Similarly, we have

[[a, by, B(c)]v < 5*(d) — %(a) < (B(b) < (c @ d))
+5%(c) 4 (Ba) < (b))
+B(b,clv) 4 f(a < d) + 3 (b) < ([a,c]v «5(d))
= (([[T(a), T(b)], (T (c)))B*(d) — £(@*(T(a)))E(a(T'(b))U(T(c))
+£(@*(T(c))l(a(T(a)))UT (b))d
+ Ua([T(b), T())U(T(a)))B(d) + L(a*(T(b))U(T(a), T(c)])B(d) = 0.
O
Now, we introduce the following concept of the Rota—Baxter operator on

a Hom-pre-Malcev algebra which is a particular case of O-operator associated
with the regular representation.
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Definition 4.3. Let (A, -, @) be a Hom-pre-Malcev algebra. A linear map R :
A — A is called a Rota—Baxter operator of weight zero on A if for all
x,y € A,

Roa=aoR, R(z)-R(y) =R(R(z) -y +z-R(y)).
Corollary 4.2. Let (A, -, «) be a Hom-pre-Malcev algebra and R : A — A a
Rota—Bazter operator of weight 0 for A. Define new operations on A by

x> y=u-Ry), x4y ="R(z) y.
Then, (A,», 4, a) is a Hom-M-dendriform algebra.
Theorem 4.2. Let (A, -, ) be a Hom-pre-Malcev algebra. Then, there ezists a

compatible Hom-M-dendriform algebra if and only if there exists an invertible
O-operator on A associated with a representation (V,£,r, 3).

Proof. Let T be an invertible O-operator of A associated with (V,¢,r, 3).
Then, using (4.12), there is a Hom-M-dendriform algebra structure on 7'(V') =
A given for all a,b € V by

T(a)» T()=T(r(Tb))a), T(a) «T(b) =TT (a))).

If we put @ = T'(a) and y = T'(b), then we get

e y=T(ry) T (z), =4y=T{x)T '(y)).
This is a compatible Hom-M-dendriform algebra structure on A. Indeed,

zay+ary=T)T () +T(r(y)T" (z)),

TT Yx) - TT ' (y) =2 -y.

Conversely, let (A, », €, ) be a Hom-M-dendriform algebra and (A4, -, ) be
the associated horizontal Hom-pre-Malcev algebra. Then (A, Lq, Ry, ) is a
representation of (A, -, «) and the identity map id : A — A is an invertible

O-operator of (A, -, a) associated to (A, Lq, Ry, ).
O

Lemma 4.1. Let Ry and Ra be two commuting Rota—Baxter operators (of
weight zero) on a Hom-Malcev algebra (A,[—,—],«). Then Ry is a Rota—
Baxter operator (of weight zero) on the Hom-pre-Malcev algebra (A, -, a),
where for all x,y € A,

z-y=[Ri(z),yl.
Proof. For any x,y € A,
Ra(z) - Ra(y) = [R1(R2(2)), Ra2(y)] = R2([R1(R2(2)), y] + [R1(z), Ra2(y)])
=R2(Ra(z) -y + 2 - Ra(y)).
O

Corollary 4.3. Let Ry and Ro be two commuting Rota—Bazter operators (of
weight zero) on a Hom-Malcev algebra (A,[—,—],«). Then there exists a
Hom-M-dendriform algebra structure on A given for all x,y € A by

>y =[Ri(z),Ra(y)], = ay=][Ri(Ra(z)),yl. (4.13)
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Proof. By Lemma 4.1, Ry is a Rota-Baxter operator of weight zero on
(4, -, a), where

Tr-y= [Rl(x),y]

Then, applying Corollary 4.2, there exists a Hom-M-dendriform algebraic
structure on A given for all xz,y € A by x » y =2 Ra(y) = [R1(x), Ra(y)]
and z €4y = Ra(z) -y = [R1(Ra(z)), .

O

Example 4.1. Consider the 4-dimensional Hom-Malcev algebra and the Rota—
Baxter operators R given in [23, Example 3.2]. Then, there is a Hom-M-
dendriform algebraic structure on A given for all z,y € A by z », y =
a([R(z), R(y)]) and = <o y = a([R*(2),y]), that is

Po| €1 e ezeq | e er ez ey
€1 0 )\163 00 €1 %64 —05(62) €3 —€4
€9 7)\163 0 00 €9 0 0 0o 0 -
es 0 0 00 es| O 0 0 0
ey 0 0 00 eqs| O 0 0 0

Example 4.2. Consider the 5-dimensional Hom-Malcev algebra and Rota—
Baxter operators R given in [23, Example 3.3]. Then, there is a Hom-M-
dendriform algebraic structure on A given for all x,y € A by = », y =
a([R(z), R(y)]), v 4o y = a([R*(2),y]), that is

.| €1 e2e3 €4 €5 < € €2 e3e4 €5
er| 0 0 0 besz 0 e1 |—asez —asez 0 e 75;1463
ec| 0 00 O O es| O 0 00 O
es| 0 00 O O es| O 0 00 O
eq4|—bes3 0 0 0 O eq| O 0 00 O
es| 0 00 O O es| 0 0 00 O

In the sequel, we provide the relation between Hessian structures and
Hom-M-dendriform algebras.

Definition 4.4. A Hessian structure on a regular Hom-pre-Malcev algebra is
a symmetric nondegenerate bilinear form satisfying, for all x,y,z € A,

B(a(z),aly)) = B(z,y), (4.14)
B(z -y, a(2)) = Bla(z),y - z) = B(y - x,a(2)) — B(a(y),r-2).  (4.15)

Proposition 4.5. Let (A, -, «) be a reqular Hom-pre-Malcev algebra with a Hes-
sian structure B, and (A*,ad*, —R*,(a™1)*) be a representation of (A, -, a).
Then there exists a compatible Hom-M-dendriform algebra structure on
(A, -, «) given for all x,y,z € A by

B(z »y,a(z)) = Bla(z),z-y), Bz 4y,a(z)) = =Bla(y), [z, 2]).
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Proof. Define the linear map T : A* — A by (I'"Y(z),y) = B(z,y). Since
B is a-symmetric and using (4.15), we obtain that 7' is an invertible O-
operator on A associated to the representation (A*,ad*,—R*,(a"1)*). By
Corollary 4.2, there exists a compatible Hom-M-dendriform algebra structure
given by z »y = —T(R*(y)T~(z)), = 4y=T(ad*(z)T"*(y)). Hence,

Bz > y,a(2) = —(T 7 (z > y),0(2))
—(RX ()T~ (2),0(2)) = (T~ (2), a(2) - aly))
= B(z,a(2) - a(y)) = Bz, a(z - y)) = Bla(z),a’(z - y)) = Bla(x), 2 y),
Bz 4y,a(z)) = (T (= <), ()>
= (ad*(2)T~ ' (y), a(2)) = ~(T7'(y), [o(@), a(2)])
= —B(y, [(2), a(2)]) = =By, a([z, 2])) = —Ba(y), o ([, 2]))
= —B(a(y), [z, 2]).

5. Hom-M-Dendriform Algebras Starting from
Hom-Alternative Quadri-algebras

Hom-M-dendriform algebras are related to Hom-alternative quadri-algebras
in the same way as Hom-L-dendriform algebras are related to Hom-quadri-
algebras (see [15] for more details).

Definition 5.1. Let (A, *,a) be a Hom-alternative algebra and V a vector
space. Let [,t: A — End(V) and 5 € End(V) be linear maps. Then (V, [, ¢, 5)
is called a bimodule, or a representation, of (A, x, ), if for any z,y € A,

[(2%)8 = (a(x))l(@), t(2*)B = t(a(z))e(), (5.1)
t(a(y))H(z) — Wa(@))e(y) = (@ * y)B — e(aly))e(2), (5:2)
[(y + 2)5 = a(y)l(z) = (a(y))e(z) - t(a(z))(y). (5:3)

In the following, we recall the notion of representation of Hom-pre-
alternative algebras introduced in [51].

Definition 5.2. (/51]) Let (A, <, >, «) be a Hom-pre-alternative algebra and
(V,B) a vector space. Let Lo, R.,L.,,R; : A — End(V) be linear maps.
Then, (V,L,,R,,L,, R, () ia called a representation of (A <, >, «) if for
any x,y € A,and xxy=ax <y+y>=x, L=L,+ L, and R= R, + R.,

Ly (z*y+yx2)8 = Ly (a(x)) Ly (y) + L (a(y)) Ly (z), (5.4)

Ry (a(y))(L(z) + R(@)) = Lx(a(2)) R (y) + Rx(z = )8, (5.5)
R<(a(y))Lx (z) + R<(a(y))R<(x) = Ly (a(x))R<(y) + R<(x * ), (5.6)
R<(a(y)) R~ (z) + R (a(y)) L< () = L<(a(z))R(y) + R-(z *y)B, (5.7)
Li(y <)+ L<(z = y)B = L<(a(y))L(@) + Lx(a(y)) L= (x),  (5.8)
R(o(x))Lx (y) + Ly (y = 2)8 = L><y> <(@)+ Ly (a(y)Ls(z),  (5.9)
R<(a(2)) R (y) + R (a(y))R(z) = Rw-(y < 2)B + Rx(z = )8, (5.10)
L(y = z)B8+ Ry (a(x)L(y) = Ly (a(y))L<(z) + Ly (a(y))R-(y), (5.11)
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R (a(2)R<(y) + R<(a(y))R<(x) = Rx(w *y +y )8, (5.12)
R<(a(y)L<(@) + L<(z < )8 = L<(a(@))(R(y) + L)). (5.13)

Proposition 5.1. A tuple (V, L., R.,L~, R, [3) is a representation of a Hom-
pre-alternative algebra (A, <, >, «) if and only if the direct sum (ADV, <K, >
,a+ () is a Hom-pre-alternative algebra, where for any x,y € A,a,b €V,

(z+a)< (y+b) =2 <y+ Li(x)b+ R<(y)a,
(x+a)>(y+b) =z>y+L-(2)b+ R-(2)a,
(a®B)(z+a) = a(z) + B(a).

We denote it by A K%f,R>,L<,R< V or simply Ax V.

Definition 5.3. Let (V,[,t,3) be a representation of a Hom-alternative alge-
bra (A, *,a). An O-operator of Hom-alternative algebra (A, %, o) with respect
to the representation (V[ t,3) is a linear map T : V — A such that, for all
a,bevV,

aoT =To 3 and T(a)+« T(b) = T ((T(a))b+ t(T(b))a). (5.14)

Remark 5.1. Rota—Baxter operator of weight 0 on a Hom-alternative algebra
(A, *, «) is an O-operator associated to the representation (A, L, R, ), where
L and R are the left and right multiplication operators corresponding to the
multiplication .

Recall from [43] that a Hom-algebra (A, [—, —], &) is said to be a Hom-
Malcev admissible algebra if, for any elements x,y € A, the bracket [—, —] :
Ax A — A defined by [z,y] = x*xy — y*x satisfies the Hom-Malcev identity.

Proposition 5.2. [23] Let T : V — A be an O-operator of the Hom-alternative
algebra (A, *, ) with respect to the representation (V,I,t,3). Then (V,<, =
,3) be a Hom-pre-alternative algebra, where for all a,b € V,

a>b=1[T(a)b and a<b=r1(T(b))a. (5.15)

Moreover, if (V,-, ) is the multiplicative Hom-pre-Malcev algebra associated
to the Hom-Malcev admissible algebra (A,[—,—],a) on the representation
(Vil—x,08), thena-b=a>=b—b<a.

Corollary 5.1. [23] Let (A, %, «) be a Hom-alternative algebra and R : A — A
be a Rota—Bazter operator of weight 0 such that Ra = oR. If multiplications
< and > on A are defined for allz,y € Abyx <y=x+xR(y) andz >y =
R(z) *y, then (A, <, >, ) is a Hom-pre-alternative algebra.

Moreover, if (A,-,«) is the multiplicative Hom-pre-Malcev algebra as-
sociated with the Hom-Malcev admissible algebra (A,[—,—],«), then x -y =
T-Yy—y=<=ze.

Now, we introduce the Hom version of the alternative quadri-algebras.

Definition 5.4. A Hom-alternative quadri-algebra is a 6-tuple (A4, .,
,\,, @) consisting of a vector space A, four bilinear maps N\ ./, /", \;: A X
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A — A and a linear map o : A — A which is algebra morphism such that
the following axioms are satisfied for all z,y,z € A :

(@, y,2))e, + «%Lﬁm=0 (z,y,2)6 + (=, 2,9)a = 0,

(@, y, 2)e + (v, 2, 2) 5 =0, (@9, 2)e + (=, 2,9)5" =0,
(z,y,2)a" + ((y,x,Z))i 0, (@9, 2)a + (=, 2,9)5" =0,
(2,9, 2)3" + (y, 2, 2))5, = 0, (@.y.2)a + (@, 2,9)a =0,
(2,9, 2)a + (4,2, 2)a =0,
where
(z,y,2)n = (N y) \alz) —a(z) \ (y*z) (right a-associator)
(z,y,2)5 = (xxy) \ a(z) —a(x) \, (y \,2)  (left a-associator)
(zyy,2)0 = (x \y) \ a(z) —a(z) \, (y \ z) (middle a-associator)
(z,y,2)n=(x /y)\ a(z) —a(z) / (y<z) (north a-associator)
(z,y,2)0 = (z ./ y) N alz) —a(z) / (yAz)  (west a-associator)
(z,y,2)e = (x>y) / a(z) —a(z) \, (v, 2z) (south a-associator)
(z,y,2)e =(xVy) /az) —alz) \ (y /" 2) (east a-associator)
(z,y,2)0¢=(xANy) S alz) —alz) /' (y>2z)  (north-east a-associator)
(z,y,2) = (x <y) / afz) —alx) / (yVz) (south-west a-associator)
r-y=z,/y+r\y, rLy=r\y+zr,/y,
eVy=zNy+ry, tAy=z/y+r\y,

rry=z-yt+tz<y =z \y+tzr ,SJytr\Nyt+tzr,y.

Lemma 5.1. Let (A, 7,\,, ./, \,a) be a Hom-alternative quadri-algebra.
Then (A, <,>=,a) and (A,V,A,«) are Hom-pre-alternative algebras (called
respectively horizontal and vertical Hom-pre-alternative structures associated
to A), and (A, *,«) is a Hom-alternative algebra.

A IHOI‘phiSHl f : (Aa \7 x/) /7 \n Oé) - (A/a \/7 1//) //a \Iv Ct/) of Hom-
alternative quadri-algebras is a linear map f : A — A’ satisfying f(z " y) =
f@) 7 fy), fle Noy) = fl@) N\ fy), flz N y) = fl@) \ f(y) and
flx /y)=flx) /" fy), for all z,y € A, as well as fa = d'f.

Proposition 5.3. Let (A, ./,.”,\) be an alternative quadri-algebra and
a: A — A an alternative quadri-algebra endomorphism. Define \, /o) o
Na: AxXxA— A by

T N\ ¥ = alz) \ a(y), r /a0y =ax) /" aly),
v/ oy=alz),/ aly), rNay=alz)\ ay),

for all x;y € A. Then Ay == (A, N\as o as N\, @) 1S a multiplicative
Hom-alternative quadri-algebra, called the Yau twist of A. Moreover, assume
that (A",N,./", /", \) is another alternative quadri-algebra and o' : A’ —
A’ is an alternative quadri-algebra morphism and f : A — A’ is an alternative
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quadri-algebra morphism satisfying fa = o/ f. Then f : Ay — AL, is a Hom-
alternative quadri-algebra endomorphism.

Proof. We define the following operations x >, vy =« /4 ¥+ \a ¥,
T=aY =T Na¥+tT  a Y TVay =2 Na¥+tT oY TNay =
T/aytrNoayand rxy =2 \ay+z oyt oyt Nay,
for all z,y € A. It is easy to get @ =4 y = a(x) = a(y),z <4 y = a(z) <

ay),zVay = a(x) Va(y),z Aa y = az) Na(y) and x x4 y = afz) * afy)
for all z,y € A. Since « is a quadri-alternative algebra endomorphism, for all
x,y,z € A,

(2,9, 2)a° + (4,7, 2)5 = (@ Na @) Mo (2) —al2) /o (Y 7o 2)
+(UVar) S alz) —ay) \a (¢ /o 2)
= (a*(z) Aa®(y)) /" o®(2)
—a*(x) / (a*(y) = o’(2))
+(a?(y) vV a?(2)) / 0*(2)
—a?(y) \ (o*(z) / a?(2))

2 o)
2((x,y, ))'n,e + o? ( y Ly 2 )e -

T

O

Remark 5.2. Let (A4,\,., /,\,a) be a Hom-alternative quadri-algebra
and v : A — A be a Hom-alternative quadri-algebra morphism. Define new
multiplications on A by

v My=v@) /), 2Ny =) (),

e N'y=7@)\1y), . y=7) /7).
Then, (A", 7/, N\, /', \,@0) is a multiplicative Hom-alternative quadri-
algebra.

Definition 5.5. Let (A, <, >, a) be a Hom-pre-alternative algebra. A linear
map T : V — A is called an O-operator of (4, <,,«a) associated to a
representation (V, L<, R<, L., R, , () if for all a,b € V,

Topf=aoT,
T(a) = T(b) = T(L>(T(a))b + R>(T(b))a), (5.16)
T(a) < T(6) = T(L<(T(a))b + R<(T(8))a).
We have the following results.

Proposition 5.4. Let (V,L~,R<,L.,R.,(3) be a representation of a Hom-
pre-alternative algebra (A, <,>,a) and (A, *,a) be the associated Hom-
alternative algebra. If T is an O-operator of (A, =<,>,«a) associated to
(V,L<,R<,L,,R.,3), then T is an O-operator of (A,o,a) associated to
(V,L<+ Lo, Rz + R, ).

Proposition 5.5. If (A,<,>,«) is a Hom-pre-alternative algebra and T is
an O-operator of (A, <, =, «) associated to a representation (V,L~, R<, L.,
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R., ), then (V,\,,/,./,\,0) is a Hom-alternative quadri-algebra with
products defined, for all a,b € V, by

a \« b= L>(T(a))b7 a / b= R> (T(b))a’a (5 17)
a.,/ b= L(T(a))b,a\ b= R(T(b))a. .
Proof. Set L=L,+ L. and R= R~ + R, . For any a,b,c € V,

(axb) \, B(c) = Bla) \ (b \ ¢)
= (L(T(a))b + R(T(b))a) \, H(c) = Ba) \ (L (T(b))c)
= L (T(L(T(a))b + R(T(b))a))B(c) — L (a(T (a))) L~ (T (b))c
= L (T(a) x T(0))5(c) = L (a(T(a))) L~ (T (b))c = 0.
(@ b)\ B(c) =¢(a) / (BN c+b ¢
= R<(a(T())) L<(T(a))b = L<(a(T(a)))(R<(T(c)b + R (T(c))b)
= R<(a(T(c)) L<(T(a)b = L<(a(T(a))) R(T(c))b,
(@Nctase)/ Bb)=B(a) /(e \Nb+ec/b)
= Lo(T(R<(T(c))a + L<(T(a))c))B(b)
— L<(a(T(a)) (L (T ())b+L<(T( )b)
= L<(T(a) < T(¢)B(b) — L<(a(T(a)))(L(T(c))b.

This means that

(a,b,c)f + (a,c,0)5" =R<(a(T(c)))L<(T(a))b — L<(a(T(a)))R(T(c))b
+ L<(T(a) < T(c))B(b)

— L<(a(T(a))L(T(c))b = 0,
since (V, L, R<, L., R.,3) is a representation of (4, <, >, ). Similarly, we

can proof the others identities using analogous computations.
O

Rota—Baxter operators R : A — A are a special case of O-operators on a
Hom-pre-alternative algebra (A, <, =, a) satisfying the following conditions,
for all x,y € A,

Roa=aoR, (5.18)
R(z) = R(y) = R(z = R(y) + R(z) > y), (5.19)
R(z) < R(y) = R(z < R(y) + R(z) < y). (5.20)

Analogously to Proposition 5.5, we have the following construction.

Corollary 5.2. Let (A, <, >, a) be a Hom-pre-alternative algebra and R : A —
A be a Rota—Bazter operator of weight 0 for A. Then (A, /', N\, ./, N\, Q) is a
Home-alternative quadri-algebra where the operations /', /,\are given,

forzxz, ye A, by

x / y=x>R(y), N\ y=R(x) >y,
r./y="R(x) =<y, N\ y=z=<R(®y).
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Proposition 5.6. Let (A, *,«) be a Hom-alternative algebra and Ry, Ra be
two commuting Rota—Baxter operators on A such that Ria = oRq and
Roa = aRo. Then Rs is a Rota—Bazxter operator on the Hom-pre-alternative
algebra (A, <, =,a). where v <g y = x* R1(y) and z =r y = Ri(x) % y.
Moreover, there exists a Hom-alternative quadri-algebra structure on the un-
derlying vector space (A, x, «), with operations defined by

TNy =Ra(r) = y = Ri(Ra()) xy,
/Yy =1a = Ra(y) =Ri(x) * Ra(y),
z ./ y=Ra(z) <y =Ra(z) *Ri(y),
TN\ y =12 =<Ra(y) =z *Ri1(Ra(y))
Proof. For all x,y € A,
Ra(x) = Ra(y) = R1(Ra(x)) * R2(y) = R2(R1(x)) * Ra(y)
=R2(Ri(z) * Ra(y) + R2(R1(z)) * y)
=R2(Ri1(z) * Ra(y) + R1(Ra(z)) * y)
= Ra(z = Ra2(y) + Ra(z) - y),
Ra(z) < Ra(y) = Ra(x) * R1(R2(y)) = Ra(x) * R2(R1(y))
= Ra(z * R2(R1(y)) + Ra(z) * R1(y))
= Ra(z * R1(R2(y)) + Ra(z) *x R1(y))
=Ra(x < Ra(y) + Ra(x) < ).
On the other hand, we use the construction in Corollary 5.2 with the Rota—
Baxter operator Ry of weight 0 and the Hom-pre-alternative algebra (A, <
)
O

Theorem 5.1. Assume the hypothesis of Corollary 5.1. Let (V,L~, R, L.,
R, 3) be a representation and T be an O-operator of (A, <, >, «) associated
with (V,Ls,R~, L, ,R.,3). Then (V,L. — R4,R. — L,[3) is a represen-
tation of the Hom-pre-Malcev algebra (A, -, «), and T is an O-operator of
(A, -, «) with respect to (V, L. — R4, R. — L<,3). Moreover, if (V,», 4, ()
is the Hom-M-dendriform algebra associated to the Hom-pre-Malcev algebra
(A, -, a) on the representation (V, L. — R<,R. — L, [3), then

avwb=a,/"b->b, a, adb=a\,b—b_ a.

Proof. By Proposition 5.1, A x V' is a Hom-pre-alternative algebra. Consider
its associated Hom-pre-Malcev algebra (A @ V, e, a + 3),
(x+a)e(y+b)=(x+a)>y+b)—(y+b) < (z+a)
=z > y+ L (2)b+ R-(y)a—y <2 — Li(y)a — R<(x)b
=z -y+ (L — R<)(@)b+ (R — L) (y)a.

By Proposition 3.1, (V, L. — R, R. — L, 3) is a representation of the Hom-
pre-Malcev algebra (A, -, «). In addition, T" is O-operator of (A, -, ) with
respect to (V, L. — R4, R. — L.,[3):

T(a)-T(b) =T(a) > T(b)—T(b) <T(a)
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—T(L, (T(@))b + Ro (T())a) — T(L<(T(B))a + R (T(a))b)
=T((L» — R<)(T(a)b+ (R — L<)(T(b))a).
Moreover, by (4.12) and (5.16),
aw b= (R — L)(T(®)a =R (TO)a—L(TH)a=a /b—b/ a,
a4b= (L. —R:)(T(a))b= Ly (T(a))b— R<(T(a))b=a\,b—b"_a.
U

Corollary 5.3. Assume hypothesis of Corollary 5.1. Let R be a Rota—Baxter
operator of (A, <, =,a) and (A,», 4,a) be the Hom-M-dendriform algebra
associated to the Hom-pre-Malcev algebra (A, -, «) given in Corollary 4.2.
Then, the operations

xw»y=x,/"y-y/ z, r4y=1\y—y\ 7

define a Hom-M-dendriform structure in A with respect to the twisting map
.

Summarising the above study in this section, we have the following
commutative diagram:

Hom-alt quadri-alg. (A,\,./, /,\,, @) %} Hom-M-dendri. alg. (A, », <, @)
=/ N\ o _
<t /HR-B =t <HR-B

Hom-pre-alt. alg. (A, <, =, a) L} Hom-pre-Malcev alg. (4, -, )

* =<+ >HKR-B

Hom-alt alg (A, %, «)

Commutator\H\R—B

Commutator Hom-Malcev alg. (4, [, —], a)
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