
BACHELOR’S DEGREE PROJECT IN MATHEMATICS

Monte Carlo Greeks for European Pandemic Options under
Stochastic SIS Model

by

Karina Li and Katrín Gudmundsdóttir

MAA043 — Bachelor’s Degree Project in Mathematics

DIVISION OF MATHEMATICS AND PHYSICS
MÄLARDALEN UNIVERSITY

SE-721 23 VÄSTERÅS, SWEDEN



MAA043 — Bachelor’s Degree Project in Mathematics

Date of presentation:
1st June 2026

Project name:
Monte Carlo Greeks for European Pandemic Options under Stochastic SIS Model

Author(s):
Karina Li and Katrín Gudmundsdóttir

Version:
11th June 2026

Supervisor(s):
Ying Ni

Examiner:
Jean-Paul Murara

Comprising:
15 ECTS credits



Abstract

This thesis investigates the numerical valuation of European pandemic options in a stochastic
SIS model. The study focuses on whether non-standard features previously found in PDE-based
analyses, including call price concavity and negative sensitivity to volatility, also arise in a
Monte Carlo setting.

The SIS process is discretised using the Euler–Maruyama method. This allows us to obtain
explicit Monte Carlo pathwise sensitivity representations for the first two option sensitivities,
Delta and Vega, which do not appear to be explicitly derived elsewhere in the literature.
In contrast, the explicit pathwise sensitivity representation for the Gamma was unavailable
since the payoff function at the strike has discontinuous second derivative. Therefore, it was
approximated by the central finite–difference scheme.

We conduct further numerical experimental study. The numerical results reproduce the
main qualitative behaviour found in the literature. The call price is increasing but concave in the
initial infection level, and the call Vega remains negative over the volatility grid considered. For
the put option, the value decreases with the initial infection level and Vega is positive. Overall,
the results indicate that these non-standard features arise naturally from the structure of the
stochastic SIS model.

Keywords: Pandemic option, pathwise sensitivity, finite–difference method sensitivity.
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Chapter 1

Introduction

This thesis studies European pandemic options based on a stochastic SIS (susceptible–infected–
susceptible) model. A European option is a derivative contract whose payoff is determined at a
fixed maturity date. In a pandemic option, the payoff depends on the proportion of infected
individuals in a population rather than on the price of a traded financial asset.

Stochastic SIS models have been studied in several settings. Gray et al. [1] formulated an
SIS model as a stochastic differential equation and analysed its qualitative properties. In the
pandemic-risk setting, Hong et al. [2] extended the model by introducing aggregate shocks to the
transmission rate to capture uncertain changes in infection spread. They then linked the resulting
infection dynamics to firm valuation through an asset-pricing model in which infections affected
earnings and firms could undertake mitigation measures to reduce pandemic-related losses.

Building on this connection between stochastic epidemic modelling and financial valuation,
Peng et al. [3] introduced pandemic options. They modelled the infected population using a
stochastic SIS process closely related to the one used by Hong et al. [2]. Since the infected
population is not a traded underlying, they derived a partial differential equation (PDE) for
the option value using a dynamic programming approach. They identified some non-standard
behaviours compared with classical stock options, including concave call prices and negative
sensitivity to volatility. The link between epidemic models and option pricing was further
explored by Kitamura et al. [4], who consider American pandemic options under a stochastic
SIR (susceptible–infected–recovered) model. Their numerical results also show concavity of
the option value with respect to the infectious population.

While existing literature derives option values from the corresponding PDE, the behaviour
of the sensitivities has received limited attention. In this thesis we use the Monte Carlo pathwise
sensitivity method to estimate selected Greeks. This method was introduced by Broadie and
Glasserman [5] as a direct simulation approach for computing derivatives of option values.
Rather than perturbing parameters and revaluing the option, the pathwise method differentiates
the simulated payoff along each path while keeping the underlying randomness fixed. We apply
this approach to the discretised SIS process, which we simulate using the Euler-–Maruyama
method, and compute European call and put payoffs by Monte Carlo simulation. Using these
simulations, we estimate Delta and Vega using the pathwise method and study Gamma using a
finite-difference approximation.

The objective of the thesis is to investigate whether the non-standard pricing and sensitivity
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characteristics reported by Peng et al. [3] arise in numerical evaluations of European pandemic
options, and how they depend on the initial infection level and the transmission volatility. The
main contribution of this thesis is the derivation of explicit pathwise sensitivity estimators
for Delta and Vega under the discretised stochastic SIS model. As far as we are aware, these
representations have not been derived previously for European pandemic options. Since the
standard pathwise approach is not directly suitable for Gamma in the presence of a non-smooth
payoff, Gamma is instead approximated using a central finite-difference method. The theoretical
results are complemented by a numerical study of option prices and Greeks, where we examine
their dependence on the initial infection level and the transmission volatility.
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Chapter 2

Theoretical Background

2.1 The Stochastic SIS Model
The underlying variable in a pandemic option is the infected proportion of a population. A
model for how this proportion changes over time is therefore needed. The SIS model describes a
population in which individuals move between the susceptible (𝑆) and infected (𝐼) states. After
recovery, infected individuals return to the susceptible class rather than entering a permanently
recovered class. Following Hong et al. [2], let 𝐼𝑡 and 𝑆𝑡 denote the fractions of infected and
susceptible individuals at time 𝑡. Since the total population is normalised to one, these fractions
satisfy

𝐼𝑡 + 𝑆𝑡 = 1

for all 𝑡. It is therefore sufficient to describe the model in terms of the infected proportion 𝐼𝑡 .
In the deterministic SIS model, the infected proportion evolves according to

𝑑𝐼𝑡

𝑑𝑡
= 𝛽𝐼𝑡 (1 − 𝐼𝑡) − 𝛾𝐼𝑡 , (2.1)

where 𝛽 > 0 denotes the transmission rate and 𝛾 > 0 denotes the recovery rate. The term
𝛽𝐼𝑡 (1− 𝐼𝑡) represents new infections generated by interactions between infected and susceptible
individuals, while 𝛾𝐼𝑡 represents recoveries.

Stochastic SIS models are studied by Gray et al. [1], who extend the classical SIS model to a
stochastic differential equation model. In the pandemic risk setting, Hong et al. [2] use random
transmission shocks to account for uncertainty in the spread of infections. The stochastic SIS
process used by Peng et al. [3] for pandemic options is given by

𝑑𝐼𝑡 = [𝛽(1 − 𝐼𝑡) − 𝛾] 𝐼𝑡 𝑑𝑡 + 𝜎𝐼𝑡 (1 − 𝐼𝑡) 𝑑𝑊𝑡 , (2.2)

where 𝜎 > 0 controls the size of the transmission shock and (𝑊𝑡)𝑡≥0 is a standard Brownian
motion.
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For later use, it is convenient to rewrite (2.2) in drift–diffusion form as

𝑑𝐼𝑡 = 𝑎(𝐼𝑡) 𝑑𝑡 + 𝜎𝑏(𝐼𝑡) 𝑑𝑊𝑡 ,

where
𝑎(𝐼) = [𝛽(1 − 𝐼) − 𝛾] 𝐼, 𝑏(𝐼) = 𝐼 (1 − 𝐼). (2.3)

In this notation, 𝑎(𝐼) is the drift term and 𝜎𝑏(𝐼) is the diffusion term. Because the
population is normalised, the factor 𝑏(𝐼) = 𝐼 (1 − 𝐼) makes the volatility depend on the current
infection level in such a way that stochastic fluctuations vanish at 𝐼 = 0 and 𝐼 = 1, and are
largest for intermediate values. This type of state-dependent volatility is common in stochastic
epidemic models based on transmission-rate perturbations [1]. This representation will be
useful in later chapters when analysing the behaviour of the SIS diffusion and its numerical
discretisations.

2.2 European Pandemic Options
Pandemic options are financial contracts whose payoff depends on the evolution of an epidemic
state variable, in this case the infected proportion of the population. Since this underlying
variable is not traded in financial markets, the market is incomplete and standard no-arbitrage
arguments do not apply.

Following [3], option values are defined under a risk–adjusted probability measure 𝑄. Let
𝐼𝑡 denote the infected proportion at time 𝑡, and let 𝑇 be the maturity of the contract. A European
payoff is a function 𝑓 (𝐼𝑇 ) of the terminal infection level and its time–𝑡 value is given by the
discounted expectation

𝑉 (𝐼𝑡 , 𝑡) = E𝑄𝑡
[
𝑒−𝜌(𝑇−𝑡) 𝑓 (𝐼𝑇 )

]
. (2.4)

where 𝜌 is the risk–adjusted discount rate.
For a European call option with strike 𝐾 and tick size 𝛼, the payoff is

𝑓call(𝐼𝑇 ) = 𝛼max(𝐼𝑇 − 𝐾, 0),

and for a European put option,

𝑓put(𝐼𝑇 ) = 𝛼max(𝐾 − 𝐼𝑇 , 0).

2.3 Euler–Maruyama Discretisation
Many stochastic models used in finance and epidemiology do not admit closed-form solutions,
so numerical simulation is often required to approximate sample paths. Consider a general Itô
stochastic differential equation

𝑑𝑋𝑡 = 𝑎(𝑋𝑡) 𝑑𝑡 + 𝑏(𝑋𝑡) 𝑑𝑊𝑡 , (2.5)
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where 𝑎(·) and 𝑏(·) denote the drift and diffusion coefficients, and (𝑊𝑡)𝑡≥0 is a standard Brownian
motion. Let the interval [0, 𝑇] be divided into 𝑀 equal time steps of length Δ𝑡 = 𝑇/𝑀, with
grid points 𝑡𝑛 = 𝑛Δ𝑡. Writing (2.5) in integral form over [𝑡𝑛, 𝑡𝑛+1] gives

𝑋𝑡𝑛+1 = 𝑋𝑡𝑛 +
∫ 𝑡𝑛+1

𝑡𝑛

𝑎(𝑋𝑠) 𝑑𝑠 +
∫ 𝑡𝑛+1

𝑡𝑛

𝑏(𝑋𝑠) 𝑑𝑊𝑠 .

The Euler–Maruyama method approximates the drift and diffusion integrands by evaluating
the coefficients at the left endpoint 𝑡𝑛. This gives the recursion

𝑋𝑛+1 = 𝑋𝑛 + 𝑎(𝑋𝑛)Δ𝑡 + 𝑏(𝑋𝑛)
√
Δ𝑡 𝑍𝑛, 𝑍𝑛 ∼ N(0, 1) i.i.d. (2.6)

Here 𝑋𝑛 denotes the numerical approximation of 𝑋𝑡𝑛 . Equivalently, the Brownian increment is
written as

Δ𝑊𝑛 = 𝑊𝑡𝑛+1 −𝑊𝑡𝑛 =
√
Δ𝑡 𝑍𝑛,

so that Δ𝑊𝑛 ∼ N(0,Δ𝑡).
The Euler–Maruyama method is the standard first-order discretisation for Itô SDEs and has

strong convergence order 1/2 and weak order 1 [6, 7]. It forms the basis for the Monte Carlo
simulation of the stochastic SIS process used in this thesis.

2.4 Monte Carlo Estimation
Monte Carlo simulation is used to approximate the expectation in the option valuation formula.
In this thesis the stochastic SIS process is first discretised by the Euler–Maruyama method, so
the terminal infection level 𝐼𝑇 is approximated by 𝐼𝑀 .

Let 𝐼 ( 𝑗)
𝑀

, 𝑗 = 1, . . . , 𝑁 , denote the terminal values from 𝑁 independent simulated paths. For
a payoff function 𝑓 , the Monte Carlo estimator of the time-zero option value is

𝑉𝑁 =
1
𝑁

𝑁∑︁
𝑗=1

𝑒−𝜌𝑇 𝑓 (𝐼 ( 𝑗)
𝑀

).

By the law of large numbers, this estimator converges to the corresponding expected
discounted payoff as 𝑁 → ∞. Thus Monte Carlo simulation replaces the theoretical expectation
by an average over simulated payoff values.

To quantify the statistical uncertainty of the estimate, we compute the sample variance of
the discounted payoffs,

𝑠2𝑁 =
1

𝑁 − 1

𝑁∑︁
𝑗=1

(
𝑒−𝜌𝑇 𝑓 (𝐼 ( 𝑗)

𝑀
) −𝑉𝑁

)2
.

The standard error is then
SE(𝑉𝑁 ) =

𝑠𝑁√
𝑁
. (2.7)

This 1/
√
𝑁 rate is characteristic of Monte Carlo estimation and explains why reducing simulation

error requires a large number of paths.
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2.5 Pathwise Sensitivity Method
The pathwise sensitivity method provides a way to compute derivatives of option values with
respect to model parameters by differentiating simulated sample paths [5]. Let 𝑋𝑡 (𝜃) denote
the value of the underlying process at time 𝑡 for a parameter 𝜃, and let the discounted payoff be
written as

𝑌 (𝜃) = 𝑒−𝑟𝑇 𝑓 (𝑋𝑇 (𝜃)).
The option value is then

𝑉 (𝜃) = E𝑄 [𝑌 (𝜃)] .
A pathwise derivative measures how a simulated path changes when the parameter 𝜃 is

varied. If the mapping 𝜃 ↦→ 𝑋𝑡 (𝜃) is differentiable, the pathwise derivative is defined as

𝜕𝑋𝑡 (𝜃)
𝜕𝜃

.

Under suitable regularity conditions, differentiation and expectation may be interchanged
[8]. For the pathwise method, the key requirements are that the payoff must be differentiable at
the simulated terminal value, the process 𝑋𝑡 (𝜃) must depend smoothly on the parameter 𝜃, and
that the resulting derivative is integrable. When these conditions hold,

𝜕

𝜕𝜃
E𝑄 [𝑌 (𝜃)] = E𝑄

[
𝜕𝑌 (𝜃)
𝜕𝜃

]
.

This identity is the basis of the pathwise method [6, 8].

By the chain rule,
𝜕𝑌 (𝜃)
𝜕𝜃

= 𝑒−𝑟𝑇 𝑓 ′(𝑋𝑇 (𝜃))
𝜕𝑋𝑇 (𝜃)
𝜕𝜃

,

and hence
𝜕𝑉

𝜕𝜃
= E𝑄

[
𝑒−𝑟𝑇 𝑓 ′(𝑋𝑇 (𝜃))

𝜕𝑋𝑇 (𝜃)
𝜕𝜃

]
. (2.8)

The derivative 𝜕𝑋𝑇 (𝜃)
𝜕𝜃

is obtained by differentiating the process with respect to the parameter.

For 𝑁 simulated paths, the corresponding Monte Carlo estimator is

𝜕𝑉

𝜕𝜃
=

1
𝑁

𝑁∑︁
𝑗=1

𝑒−𝑟𝑇 𝑓 ′(𝑋 ( 𝑗)
𝑇

(𝜃))
𝜕𝑋

( 𝑗)
𝑇

(𝜃)
𝜕𝜃

.

A limitation of the pathwise method is that it relies on differentiability of the payoff and of
the simulated process with respect to the parameter being varied. This is especially important
for higher-order sensitivities. For example, European call and put payoffs have a kink at the
strike, which makes a direct pathwise treatment of Gamma problematic. In such cases, a
finite-difference method may be required instead, since it approximates the sensitivity from
changes in the option value rather than by differentiating the payoff pathwise.
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2.6 Finite Difference Sensitivity Method
The pathwise sensitivity method is able to efficiently generate low variance estimates for most
first order Greeks. However, because the pathwise sensitivity method requires a differentiable
payoff function, it cannot provide a direct estimate of second–order sensitivities such as
Gamma for European options. Since the payoffs are not differentiable at the strike price 𝐾,
the interchange of the derivative and the expectation is no longer valid. The finite difference
method serves as a numerical alternative that approximates the derivatives by evaluating the
option value function at slightly perturbed parameter states, thereby bypassing the smoothness
restrictions of the pathwise approach [6, 8].

Let 𝑉 (𝜃) denote the expected option value as a sufficiently smooth function of a generic
model parameter 𝜃. The second–order finite difference approximation is derived by examining
the Taylor series expansion of 𝑉 (𝜃) subject to a small positive and negative perturbation ℎ > 0.
First, the function evaluated at a positive perturbation 𝜃 + ℎ is expanded:

𝑉 (𝜃 + ℎ) = 𝑉 (𝜃) + 𝜕𝑉

𝜕𝜃
ℎ + 1

2
𝜕2𝑉

𝜕𝜃2 ℎ
2 + 1

6
𝜕3𝑉

𝜕𝜃3 ℎ
3 + O(ℎ4).

Next, the function evaluated at a negative perturbation 𝜃 − ℎ is expanded:

𝑉 (𝜃 − ℎ) = 𝑉 (𝜃) − 𝜕𝑉

𝜕𝜃
ℎ + 1

2
𝜕2𝑉

𝜕𝜃2 ℎ
2 − 1

6
𝜕3𝑉

𝜕𝜃3 ℎ
3 + O(ℎ4).

By adding these two expansions together, the odd–ordered derivative terms cancel each
other out:

𝑉 (𝜃 + ℎ) +𝑉 (𝜃 − ℎ) = 2𝑉 (𝜃) + 𝜕2𝑉

𝜕𝜃2 ℎ
2 + O(ℎ4).

Rearranging this equation to solve for the second derivative provides the central finite
difference estimator:

𝜕2𝑉

𝜕𝜃2 ≈ 𝑉 (𝜃 + ℎ) − 2𝑉 (𝜃) +𝑉 (𝜃 − ℎ)
ℎ2 . (2.9)

This central difference estimator requires evaluating the option price at three distinct
parameter states (𝜃 + ℎ, 𝜃, and 𝜃 − ℎ) and yields a truncation error of order O(ℎ2), making it
highly accurate for sufficiently small values of ℎ.

In a Monte Carlo simulation framework, the true theoretical option values𝑉 (·) are unknown
and must be approximated by their sample estimators, 𝑉̂𝑁 (·). Substituting these statistical
estimates into the finite difference formula gives the empirical Gamma estimator:

Γ̂ =
𝑉̂𝑁 (𝜃 + ℎ) − 2𝑉̂𝑁 (𝜃) + 𝑉̂𝑁 (𝜃 − ℎ)

ℎ2 . (2.10)

This estimator has an important mathematical trade–off between bias and variance. The
size of the perturbation step ℎ determines how reliable the estimation will be. A larger size
of ℎ would make the O(ℎ2) truncation error becomes too big. On the other hand, if a smaller
ℎ, then divided by ℎ2, makes a huge impact on the statistical Monte Carlo noise in estimating
𝑉̂𝑁 . In addition, because the variance of the finite difference estimator scales proportionally
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to 1/ℎ4 for independent sample points, so even relatively small simulation errors when using
very small step sizes ℎ may completely destabilize the Gamma estimator. Therefore, in order to
avoid exploding variance in the Gamma estimator, it is necessary to choose a fixed random seed
for each of the three parameters. Since the simulations are correlated due to having the same
random seed, the instability of the finite difference estimator is reduced.

2.7 Generalized Put–Call Parity
For a tradeable asset, standard no–arbitrage arguments state that the forward price must grow
at the risk–free interest rate (𝑟), such that E[𝑆𝑇 ] = 𝑆0𝑒

𝑟𝑇 [9]. Therefore, using the classical
relationship of put–call parity:

𝑐 − 𝑝 = 𝑆0 − 𝐾𝑒−𝑟𝑇 .
However, since the underlying variable in a pandemic option 𝐼𝑡 is not a tradeable asset like

those typically found in financial markets, pandemic options can be priced similarly to weather
derivatives. Since the underlying cannot grow at a risk–free rate, the expected future value
of the infection level is determined by the epidemiologic drift of the stochastic SIS model,
implying that E𝑄 [𝐼𝑇 ] ≠ 𝐼0𝑒

𝜌𝑇 . Thus, the standard Black–Scholes relationship for put–call
parity is not directly applicable and for pandemic options, the corresponding relation must
instead be derived directly from the call and put payoffs.

Consider a portfolio made up of a long European pandemic call and a short European
pandemic put. Both contracts have the same strike price 𝐾 , time until expiration 𝑇 , and payoff
scaling parameter 𝛼. The terminal payoff of this portfolio is

𝑓𝑐𝑎𝑙𝑙 (𝐼𝑇 ) − 𝑓𝑝𝑢𝑡 (𝐼𝑇 ) = 𝛼max(𝐼𝑇 − 𝐾, 0) − 𝛼max(𝐾 − 𝐼𝑇 , 0) = 𝛼(𝐼𝑇 − 𝐾).
Taking the expectation under the risk–adjusted measure 𝑄 and discounting at rate 𝜌 gives

𝑐 − 𝑝 = 𝑒−𝜌𝑇E𝑄 [𝛼(𝐼𝑇 − 𝐾)] .
By linearity of expectation, this becomes the generalized put–call parity condition:

𝑐 − 𝑝 = 𝛼𝑒−𝜌𝑇E𝑄 [𝐼𝑇 ] − 𝛼𝐾𝑒−𝜌𝑇 . (2.11)

This expression will later be used as a numerical consistency check by comparing both
sides of (2.11) using the same Monte Carlo terminal values.
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Chapter 3

Pathwise Sensitivities for the SIS Model

This chapter presents the main derivations used in the experimental numerical chapter of the
thesis. We start from the Euler–Maruyama approximation of the stochastic SIS model and derive
the pathwise sensitivity recursions needed for estimating option Greeks. This gives formulas
that can be used in the Monte Carlo simulation, while also showing why a finite–difference
approximation is needed for sensitivities that cannot be handled directly by the pathwise method.

3.1 Preliminaries
We begin by recalling equation (2.2) from Chapter 2,

𝑑𝐼𝑡 = [𝛽(1 − 𝐼𝑡) − 𝛾] 𝐼𝑡 𝑑𝑡 + 𝜎𝐼𝑡 (1 − 𝐼𝑡) 𝑑𝑊𝑡 ,

which we reproduce here for convenience. For the sensitivity analysis carried out in this chapter,
it is useful to rewrite the drift and diffusion functions 𝑎(𝐼) and 𝑏(𝐼) from equation (2.3) in the
form

𝑎(𝐼) = (𝛽 − 𝛾)𝐼 − 𝛽𝐼2, 𝑏(𝐼) = 𝐼 (1 − 𝐼).

Differentiating these functions with respect to the state variable 𝐼 gives

𝑎′(𝐼) = 𝛽 − 𝛾 − 2𝛽𝐼, 𝑎′′(𝐼) = −2𝛽,
𝑏′(𝐼) = 1 − 2𝐼, 𝑏′′(𝐼) = −2.

(3.1)

These derivatives will be required when we derive the pathwise estimates for the Delta and
Vega sensitivities in the coming sections.

3.2 Euler–Maruyama Discretisation
To simulate sample paths of the stochastic SIS model, we apply the Euler–Maruyama method
given in equation (2.6) to the SIS SDE in equation (2.2), or equivalently to its drift–diffusion
form

𝑑𝐼𝑡 = 𝑎(𝐼𝑡) 𝑑𝑡 + 𝜎𝑏(𝐼𝑡) 𝑑𝑊𝑡 ,
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On a uniform grid 𝑡𝑛 = 𝑛Δ𝑡, the Euler approximation is

𝐼𝑛+1 = 𝐼𝑛 + 𝑎(𝐼𝑛)Δ𝑡 + 𝜎𝑏(𝐼𝑛)
√
Δ𝑡 𝑍𝑛, 𝑍𝑛 ∼ N(0, 1) i.i.d. (3.2)

This recursion provides the discrete approximation of the SIS diffusion used in the Monte
Carlo estimator and forms the basis for the sensitivity recursions derived in the following
sections.

Since 𝐼𝑡 represents the infected proportion of the population, simulated values should
remain within 0 ≤ 𝐼𝑡 ≤ 1. The diffusion term 𝑏(𝐼) = 𝐼 (1 − 𝐼) reflects this restriction in the
continuous model by making the stochastic component vanish at the boundary points 𝐼 = 0
and 𝐼 = 1. In the Euler–Maruyama discretisation, however, the update contains the standard
normal random variable 𝑍𝑛, which is unbounded. The approximation may therefore leave
the admissible interval, so the boundary behaviour of the simulated paths is monitored in the
numerical experiments.

3.3 Monte Carlo Greeks

3.3.1 Pathwise Sensitivity Representation for Delta
We first consider the sensitivity of the option value with respect to the initial infection level 𝐼0.
This sensitivity is the Delta of the option. Since the numerical valuation is based on the Euler
approximation, we derive the Delta process by differentiating the discretised SIS recursion in
(3.2). Let

𝐷𝑛 :=
𝜕𝐼𝑛

𝜕𝐼0
denote the pathwise derivative of the simulated infection level at time 𝑡𝑛 with respect to the
initial condition.

Starting from the Euler scheme

𝐼𝑛+1 = 𝐼𝑛 + 𝑎(𝐼𝑛)Δ𝑡 + 𝜎𝑏(𝐼𝑛)
√
Δ𝑡 𝑍𝑛,

we differentiate both sides with respect to 𝐼0, keeping the simulated random numbers 𝑍𝑛 fixed.
This yields the recursion

𝐷𝑛+1 = 𝐷𝑛 + 𝑎′(𝐼𝑛)𝐷𝑛 Δ𝑡 + 𝜎𝑏′(𝐼𝑛)𝐷𝑛

√
Δ𝑡 𝑍𝑛,

with initial condition 𝐷0 = 1. Using the coefficient derivatives in (3.1), this can be written
explicitly as

𝐷𝑛+1 = 𝐷𝑛 + (𝛽 − 𝛾 − 2𝛽𝐼𝑛)𝐷𝑛Δ𝑡 + 𝜎(1 − 2𝐼𝑛)𝐷𝑛

√
Δ𝑡 𝑍𝑛. (3.3)

Since a European payoff depends only on the terminal value of the process, the relevant
pathwise derivative is the sensitivity at maturity,

𝐷𝑀 =
𝜕𝐼𝑀

𝜕𝐼0
.
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Proposition 1 (Pathwise Delta estimator). Let the discretised option value be

𝑉𝑀 (𝐼0) = E𝑄
[
𝑒−𝜌𝑇 𝑓 (𝐼𝑀)

]
,

where 𝐼𝑀 is obtained from the Euler recursion (3.2). Assume that 𝑓 is differentiable
at 𝐼𝑀 with probability one, and that differentiation may be interchanged with expectation.
Then

𝜕𝑉𝑀

𝜕𝐼0
= E𝑄

[
𝑒−𝜌𝑇 𝑓 ′(𝐼𝑀)𝐷𝑀

]
, (3.4)

where 𝐷𝑀 is obtained from the recursion in (3.3).

Proof. By definition,
𝑉𝑀 (𝐼0) = E𝑄

[
𝑒−𝜌𝑇 𝑓 (𝐼𝑀 (𝐼0))

]
.

Under the stated assumptions, differentiation may be moved inside the expectation:

𝜕𝑉𝑀

𝜕𝐼0
= E𝑄

[
𝑒−𝜌𝑇

𝜕

𝜕𝐼0
𝑓 (𝐼𝑀 (𝐼0))

]
.

Applying the chain rule gives

𝜕

𝜕𝐼0
𝑓 (𝐼𝑀 (𝐼0)) = 𝑓 ′(𝐼𝑀)

𝜕𝐼𝑀

𝜕𝐼0
= 𝑓 ′(𝐼𝑀)𝐷𝑀 .

Substituting this expression into the previous equation gives

𝜕𝑉𝑀

𝜕𝐼0
= E𝑄

[
𝑒−𝜌𝑇 𝑓 ′(𝐼𝑀)𝐷𝑀

]
.

□

For the European pandemic call payoff

𝑓call(𝐼𝑀) = 𝛼max(𝐼𝑀 − 𝐾, 0),

the payoff derivative is

𝑓 ′call(𝐼𝑀) = 𝛼
{

1, 𝐼𝑀 > 𝐾,

0, 𝐼𝑀 < 𝐾,
= 𝛼1{𝐼𝑀>𝐾} . (3.5)

Hence the pathwise Delta for the call option is

Δcall = E𝑄
[
𝑒−𝜌𝑇𝛼1{𝐼𝑀>𝐾}𝐷𝑀

]
. (3.6)

For the European pandemic put payoff

𝑓put(𝐼𝑀) = 𝛼max(𝐾 − 𝐼𝑀 , 0),
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the payoff derivative is

𝑓 ′put(𝐼𝑀) = 𝛼
{
−1, 𝐼𝑀 < 𝐾,

0, 𝐼𝑀 > 𝐾,
= −𝛼1{𝐼𝑀<𝐾} . (3.7)

Therefore the pathwise Delta for the put option is

Δput = E𝑄
[
−𝑒−𝜌𝑇𝛼1{𝐼𝑀<𝐾}𝐷𝑀

]
. (3.8)

In the numerical implementation, the expectations in (3.6) and (3.8) are approximated by
sample averages over the simulated paths. For a general payoff 𝑓 , this gives

Δ̂ =
1
𝑁

𝑁∑︁
𝑗=1

𝑒−𝜌𝑇 𝑓 ′(𝐼 ( 𝑗)
𝑀

)𝐷 ( 𝑗)
𝑀
. (3.9)

3.3.2 Pathwise Sensitivity Representation for Vega
We now consider the sensitivity of the option value with respect to the transmission volatility 𝜎.
This sensitivity is the Vega of the option. As in the Delta case, we derive the sensitivity process
by differentiating the discretised SIS recursion in (3.2).

Let
𝑈𝑛 :=

𝜕𝐼𝑛

𝜕𝜎

denote the pathwise derivative of the simulated infection level at time 𝑡𝑛 with respect to the
volatility parameter 𝜎.

Starting from the Euler scheme

𝐼𝑛+1 = 𝐼𝑛 + 𝑎(𝐼𝑛)Δ𝑡 + 𝜎𝑏(𝐼𝑛)
√
Δ𝑡 𝑍𝑛,

we differentiate both sides with respect to 𝜎, keeping the simulated random numbers 𝑍𝑛 fixed.
This yields

𝑈𝑛+1 = 𝑈𝑛 + 𝑎′(𝐼𝑛)𝑈𝑛Δ𝑡 + [𝑏(𝐼𝑛) + 𝜎𝑏′(𝐼𝑛)𝑈𝑛]
√
Δ𝑡 𝑍𝑛,

with initial condition𝑈0 = 0, since the initial infection level does not depend on 𝜎. Using the
coefficient derivatives in (3.1), this recursion can be written explicitly as

𝑈𝑛+1 = 𝑈𝑛 + (𝛽 − 𝛾 − 2𝛽𝐼𝑛)𝑈𝑛Δ𝑡 + [𝐼𝑛 (1 − 𝐼𝑛) + 𝜎(1 − 2𝐼𝑛)𝑈𝑛]
√
Δ𝑡 𝑍𝑛. (3.10)

Since a European payoff depends only on the terminal value of the process, the relevant
pathwise derivative is the sensitivity at maturity,

𝑈𝑀 =
𝜕𝐼𝑀

𝜕𝜎
.
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Proposition 2 (Pathwise Vega estimator). Let the discretised option value be

𝑉𝑀 (𝜎) = E𝑄
[
𝑒−𝜌𝑇 𝑓 (𝐼𝑀)

]
,

where 𝐼𝑀 is obtained from the Euler recursion (3.2). Assume that 𝑓 is differentiable at 𝐼𝑀
with probability one, and that differentiation may be interchanged with expectation. Then

𝜕𝑉𝑀

𝜕𝜎
= E𝑄

[
𝑒−𝜌𝑇 𝑓 ′(𝐼𝑀)𝑈𝑀

]
, (3.11)

where𝑈𝑀 is obtained from the recursion in (3.10).

Proof. By definition,
𝑉𝑀 (𝜎) = E𝑄

[
𝑒−𝜌𝑇 𝑓 (𝐼𝑀 (𝜎))

]
.

Under the stated assumptions, differentiation may be moved inside the expectation:

𝜕𝑉𝑀

𝜕𝜎
= E𝑄

[
𝑒−𝜌𝑇

𝜕

𝜕𝜎
𝑓 (𝐼𝑀 (𝜎))

]
.

Applying the chain rule gives

𝜕

𝜕𝜎
𝑓 (𝐼𝑀 (𝜎)) = 𝑓 ′(𝐼𝑀)

𝜕𝐼𝑀

𝜕𝜎
= 𝑓 ′(𝐼𝑀)𝑈𝑀 .

Substituting this expression into the previous equation gives

𝜕𝑉𝑀

𝜕𝜎
= E𝑄

[
𝑒−𝜌𝑇 𝑓 ′(𝐼𝑀)𝑈𝑀

]
.

□

Since the payoff derivative 𝑓 ′(𝐼𝑀) is the same as in the Delta case, the pathwise Vega for
the pandemic call and put options follows by substituting𝑈𝑀 for 𝐷𝑀 .

Therefore the pathwise Vega for the call option is

Vcall = E𝑄
[
𝑒−𝜌𝑇𝛼1{𝐼𝑀>𝐾}𝑈𝑀

]
, (3.12)

and the pathwise Vega for the put option is

Vput = E𝑄
[
−𝑒−𝜌𝑇𝛼1{𝐼𝑀<𝐾}𝑈𝑀

]
. (3.13)

For a general payoff 𝑓 , the Monte Carlo approximation of (3.11) is

V̂ =
1
𝑁

𝑁∑︁
𝑗=1

𝑒−𝜌𝑇 𝑓 ′(𝐼 ( 𝑗)
𝑀

)𝑈 ( 𝑗)
𝑀
. (3.14)
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3.3.3 Central Finite Difference Estimator for Gamma
We next study the second–order sensitivity of the option price with respect to the initial number
of infected individuals 𝐼0, which represents the Gamma of the option. In contrast to both Delta
and Vega, the Gamma of an option is much harder to estimate by way of the pathwise approach.

Earlier, we discussed the way in which to estimate Delta and Vega using the pathwise
method. As explained there, the validity of this method depends upon being able to interchange
the derivative and the expectation, which strictly requires the payoff function to be smooth and
continuous.

For a European pandemic option, however, the first derivative of the payoff 𝑓 ′(𝐼𝑀) is an
indicator function, as seen by Equation 3.5 and 3.7 for both call and put options. To estimate
Gamma using the pathwise method would require differentiating the payoff function once more.
Pointwise, the second derivative of the payoff is zero away from the strike and undefined at the
strike. The problem is represented by a Dirac delta function located at 𝐾. This is the same
issue discussed by Glasserman [8] for pathwise estimation of the standard call option Gamma.
The pathwise derivative does not properly capture the contribution from paths crossing the
strike. Therefore, we do not estimate Gamma by directly differentiating the payoff pathwise,
but instead use a finite-difference approximation.

To avoid the limits imposed by the pathwise approach, we have to apply the derivative
operator outside the expectation to the simulated option price function itself. The central finite–
difference method is used to obtain an approximation of the derivative in this case.

Let the discretised option value as a function of the initial infection level 𝐼0 be

𝑉𝑀 (𝐼0) = E𝑄
[
𝑒−𝜌𝑇 𝑓 (𝐼𝑀 (𝐼0))

]
.

Assume that the option value function𝑉𝑀 (𝐼0) is at least four times continuously differentiable
with respect to 𝐼0. For a sufficiently small perturbation step ℎ > 0, the Gamma of the option
can be approximated by

Γ ≈ 𝑉𝑀 (𝐼0 + ℎ) − 2𝑉𝑀 (𝐼0) +𝑉𝑀 (𝐼0 − ℎ)
ℎ2 , (3.15)

with a truncation error of O(ℎ2). This means that the perturbation size ℎ must be chosen
with some care. A larger value of ℎ increases the finite–difference bias, while a very small
value of ℎ can amplify the Monte Carlo noise in the simulated option values, especially because
the central Gamma estimator divides the price difference by ℎ2 [6, 8].

By definition, the Gamma of the option is the second derivative of the option value with respect
to the initial infection level: Γ =

𝜕2𝑉𝑀
𝜕𝐼20

.
We begin by taking the Taylor series expansion of the option value 𝑉𝑀 evaluated at a positive
perturbation 𝐼0 + ℎ:

𝑉𝑀 (𝐼0 + ℎ) = 𝑉𝑀 (𝐼0) +
𝜕𝑉𝑀

𝜕𝐼0
ℎ + 1

2
𝜕2𝑉𝑀

𝜕𝐼20
ℎ2 + 1

6
𝜕3𝑉𝑀

𝜕𝐼30
ℎ3 + O(ℎ4).

Next, we take the Taylor series expansion for a negative perturbation 𝐼0 − ℎ:
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𝑉𝑀 (𝐼0 − ℎ) = 𝑉𝑀 (𝐼0) −
𝜕𝑉𝑀

𝜕𝐼0
ℎ + 1

2
𝜕2𝑉𝑀

𝜕𝐼20
ℎ2 − 1

6
𝜕3𝑉𝑀

𝜕𝐼30
ℎ3 + O(ℎ4).

Adding these two expansions together cancels out the first and third derivative terms:

𝑉𝑀 (𝐼0 + ℎ) +𝑉𝑀 (𝐼0 − ℎ) = 2𝑉𝑀 (𝐼0) +
𝜕2𝑉𝑀

𝜕𝐼20
ℎ2 + O(ℎ4).

Rearranging the equation to solve for the second derivative 𝜕2𝑉𝑀
𝜕𝐼20

yields:

𝜕2𝑉𝑀

𝜕𝐼20
=
𝑉𝑀 (𝐼0 + ℎ) − 2𝑉𝑀 (𝐼0) +𝑉𝑀 (𝐼0 − ℎ)

ℎ2 − O(ℎ2).

By dropping the O(ℎ2) truncation error term, we obtain the central finite-difference estimator
for Gamma:

Γ ≈ 𝑉𝑀 (𝐼0 + ℎ) − 2𝑉𝑀 (𝐼0) +𝑉𝑀 (𝐼0 − ℎ)
ℎ2 .

In the numerical implementation, the values 𝑉𝑀 (𝐼0 + ℎ), 𝑉𝑀 (𝐼0), and 𝑉𝑀 (𝐼0 − ℎ) are
obtained by running three separate Monte Carlo simulations using the same fixed random
numbers but with shifted initial infection levels. Because the finite–difference operator is
applied directly to the simulated option prices rather than the payoff functions, this single
estimator applies universally. To compute the Gamma for the pandemic call (Γ𝑐𝑎𝑙𝑙) or the
pandemic put (Γ𝑝𝑢𝑡), one simply substitutes 𝑉𝑀 with the respective simulated option price.
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Chapter 4

Numerical Experimental Results

This chapter presents our numerical sensitivity analysis for the stochastic SIS model. The
analysis is based on the simulation method introduced in the previous chapter. We first describe
the benchmark parameter values and the simulation setup. We then analyse the Delta, Vega and
Gamma for the pandemic call and put options.

4.1 Numerical Setup
All numerical experiments are implemented in Python. The stochastic SIS process is simulated
using the Euler–Maruyama scheme with 𝑀 = 300 time steps and 𝑁 = 100,000 Monte Carlo
paths. The finite–difference step size is ℎ = 0.001. A fixed random seed is used in all
experiments to ensure reproducibility, and boundary violations are monitored to check that
simulated paths remain within the admissible interval [0, 1].

Table 4.1: Benchmark parameters used in the numerical experiments.

Parameter Value Description Parameter Value Description

𝛽 6.62 Transmission rate 𝜌 0.003 Discount rate

𝛾 2.17 Recovery rate 𝑇 1 Maturity

𝜎 1.69 Transmission volatility 𝐾 0.05 Strike level

𝛼 1 Payoff scaling parameter

The benchmark parameter values are taken from [2] and are the same values used by Peng
et al. [3]. All rate parameters are measured per month, as 𝑇 = 1 corresponds to a maturity of one
month. The benchmark values are motivated by estimates from the early phase of COVID-19
and are intended to represent a realistic epidemic scenario with stochastic transmission effects.
We use the same benchmark values as a baseline to compare our results with those in Peng et al.
[3]. Unless otherwise stated, these values are used throughout the numerical analysis, while
some parameters are later varied in the sensitivity analysis to study their effect on option prices
and Greeks.
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4.2 Option Value Analysis

4.2.1 Option Prices and Initial Infection Level
Before analysing the Greeks, we first examine how the option prices vary with the initial
infection level. This provides a useful reference point for the later sensitivity results, since
Delta and Gamma describe the slope and curvature of the option value with respect to 𝐼0.

Figure 4.1: Pandemic call option price as a function of the initial infection level 𝐼0.

Figure 4.2: Pandemic put option price as a function of the initial infection level 𝐼0.

Figure 4.1 shows that the pandemic call price is increasing in the initial infection level. This
behaviour is consistent with the payoff structure of the call option, since the payoff is positive
only when the terminal infection level exceeds the strike. However, the increase is not linear.
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The call price rises rapidly for low values of 𝐼0, while the marginal increase becomes smaller
as 𝐼0 grows. This pattern suggests that the call price is increasing and concave in the initial
infection level, consistent with the numerical findings of Peng et al. [3].

Figure 4.2 shows the opposite behaviour for the pandemic put option. The put price is
highest when the initial infection level is low and decreases as 𝐼0 increases. This behaviour
follows from the payoff structure of the put option, since the payoff is positive only when the
terminal infection level lies below the strike. Since the benchmark strike is relatively low,
𝐾 = 0.05, the put option only pays when the terminal infection level fall below five percent
of the population. As 𝐼0 increases, fewer simulated paths end below 𝐾, which reduces the
estimated put value. We see that the put price is already very low at the strike level, with an
estimated value of 0.000747 at 𝐼0 = 0.05, and approaches zero for higher initial infection levels.

4.2.2 Option Prices and Transmission Volatility
We next examine how the option prices change when the transmission volatility 𝜎 is varied.
This provides a reference point for the later Vega results, since Vega measures the sensitivity of
the option value with respect to 𝜎. In this experiment the initial infection level is fixed at the
strike 𝐼0 = 𝐾 = 0.05, and only the transmission volatility is varied.

Figure 4.3: Pandemic call option price as a function of transmission volatility 𝜎

Figure 4.3 shows that the pandemic call price decreases as 𝜎 increases. This is consistent
with Peng et al. [3], who argue that higher transmission volatility increases the probability that
infections die out at an early stage, thereby reducing the expected call payoff.

Figure 4.4 shows the opposite effect for the pandemic put option. The put price increases
with 𝜎, since higher transmission volatility increases the probability that the terminal infection
levels falls below the strike. Since the put pays when the terminal infection level falls below the
strike, the volatility-induced absorption near 𝐼 = 0 increases the likelihood of a positive payoff.
However, once the process is near zero, the diffusion term becomes negligible, so the marginal
effect of 𝜎 on the put price diminishes for large 𝜎.
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Figure 4.4: Pandemic put option price as a function of transmission volatility 𝜎

4.3 Sensitivity Analysis / Greeks

4.3.1 Delta
We first consider Delta, which measures the sensitivity of the option value with respect to the
initial infection level 𝐼0. Following Equations 3.3 and 3.4, Delta is estimated by differentiating
the discretised stochastic SIS process with respect to 𝐼0. In the numerical experiment, all
benchmark parameters are kept fixed and only 𝐼0 is varied.

Figure 4.5: Pathwise Delta estimate for the pandemic call option.

Figure 4.5 shows that the call Delta is positive for all initial infection levels considered. This
is consistent with the option price results in Figure 4.1, where the call price increases with 𝐼0.
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The call Delta is largest for low values of 𝐼0, meaning that the call price is most sensitive to
changes in the initial infection level in this region. As 𝐼0 increases, the Delta decreases rapidly
and approaches zero. This suggests that the marginal effect of increasing 𝐼0 becomes smaller at
higher infection levels, which is consistent with the concave shape observed in the call price
function.

Figure 4.6: Pathwise Delta estimate for the pandemic put option.

Figure 4.6 shows the opposite behaviour for the pandemic put option. The put Delta is
negative for low initial infection levels and approaches zero as 𝐼0 increases. This is consistent
with the option price results in Figure 4.2, where the put price decreases with 𝐼0 and approaches
zero for higher initial infection levels.

For both option types, the Delta estimates have their largest absolute values for low initial
infection levels, in particular below and around the strike 𝐾 = 0.05. Thus, the option values are
most sensitive to changes in 𝐼0 when the initial infection level is close to the strike.
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4.3.2 Vega
We next consider Vega, which measures how the option value responds to changes in the
transmission volatility 𝜎. Using the sensitivity recursion in Equation 3.10 together with the
pathwise estimator in Equation 3.11, we differentiate the Euler discretisation of the SIS process
with respect to 𝜎 along each simulated path. In this experiment, the initial infection level is
fixed at the strike, 𝐼0 = 𝐾 = 0.05, while only 𝜎 is varied.

Figure 4.7: Pathwise Vega estimate for the pandemic call option as a function of 𝜎.

Figure 4.7 shows that the call Vega is negative for all volatility levels. This is different
from the standard Black–Scholes model, where call Vega is expected to be positive. In the SIS
model, the diffusion term 𝜎𝐼𝑡 (1 − 𝐼𝑡) becomes small when 𝐼𝑡 is close to zero, and since we start
at a low infection level, 𝐼0 = 𝐾 = 0.05, higher 𝜎 makes downward movements toward small 𝐼𝑡
likely. This pattern matches the call price behaviour in Figure 4.3, which declines as 𝜎 rises.

Table 4.2: Selected call Vega diagnostics over volatility for 𝐼0 = 𝐾 = 0.05.

𝜎 Vega 𝑃(𝐼𝑀 > 𝐾) E[𝑈𝑀 | 𝐼𝑀 > 𝐾] E[1{𝐼𝑀>𝐾 }𝑈𝑀 ]
0.50 -0.049240 1.0000 -0.049388 -0.049388
1.00 -0.101266 0.9999 -0.101578 -0.101571
1.50 -0.138580 0.9862 -0.140940 -0.138996
2.00 -0.146827 0.8972 -0.164149 -0.147268
2.50 -0.134124 0.7319 -0.183813 -0.134527
3.00 -0.113533 0.5536 -0.205704 -0.113874

To better understand why the call Vega is negative, we took a closer look at how often
the option finishes in the money and how the pathwise sensitivity𝑈𝑀 behaves on those paths.
The results are summarised in Table 4.2. We see that as volatility increases, the probability
of finishing above the strike decreases, which is consistent with the idea that higher 𝜎 makes
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it more likely for the process to be pushed toward the low-infection region near 𝐼 = 0. In
addition, the conditional sensitivity E[𝑈𝑀 | 𝐼𝑀 > 𝐾] is negative for all values of 𝜎. This
means that even on the paths where the call still pays off, a small increase in 𝜎 tends to push the
terminal infection level downward. Together, these two quantities determine the Vega estimator,
E[1{𝐼𝑀>𝐾}𝑈𝑀], which is therefore negative over the whole volatility range.

Figure 4.8: Pathwise Vega estimate for the pandemic put option as a function of 𝜎.

The put option behaves differently, as shown in Figure 4.8. The put Vega is non-negative
across the volatility range. As 𝜎 increases, the distribution of terminal infection levels widens
and the process is more likely to move toward the low-infection region near zero. Since the put
pays when 𝐼𝑀 < 𝐾 , this increases the put value.

4.3.3 Gamma
As demonstrated in Chapter 2, it is theoretically invalid for the second–order sensitivity of the
option value to be estimated by the pathwise approach because the payoff is not differentiable
at 𝐾. Therefore, as an alternative way to estimate the Gamma profile, we use the central
finite-difference method. We approximate the option Gamma using the option values 𝑉 (𝐼0),
𝑉 (𝐼0 + ℎ) and 𝑉 (𝐼0 − ℎ) obtained via Monte Carlo simulation. Thus we can avoid the problems
associated with the pathwise method.

This numerical framework applied to the pandemic call option shows a negative Gamma,
Γ𝑐𝑎𝑙𝑙 < 0, confirming that the structure of the call option has a concave shape. As previously
explained, the underlying variable 𝐼𝑡 is bounded from above at a biological level by one.
Therefore, when using 𝐼𝑡 as the underlying variable in a payoff function, the payoff will
ultimately have to slow down because there are limits on how much of the population can
become infected. In empirical form, this can be seen by observing that the simulated Delta’s
value decreases monotonically throughout the simulation as the initial number of infections
increases.
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Figure 4.9: Finite Difference Method Gamma estimate for the pandemic call option.

Figure 4.10: Finite Difference Method Gamma estimate for the pandemic put option.

On the other hand, applying this approach to the pandemic put option produces a very different
convexity profile. In contrast to the concave nature of the call option, the empirical price curve
for the put option is strictly convex, which can be observed in the positive Gamma, Γ𝑝𝑢𝑡 > 0.
These divergent behaviours are mathematically coherent with respect to the stochastic SIS model:
the put option has a non-negative payoff only when the infection rate is sufficiently reduced
to be less than the strike (𝐼𝑇 < 𝐾). Therefore, holding this option provides an opportunity for
low infection outcomes, since the payoff is positive only when the terminal infection level falls
below the strike. In turn, as 𝐼0 increases, the likelihood of the diffusion process arriving at the
absorbing state decreases exponentially. This aggressive initial deceleration, followed by a
flattened tail, inherently generates a positive second derivative.
The qualitative behaviour exhibited by the Gamma estimates agrees with most of what was
found by Peng et al.[3]. For example, the pandemic call option exhibits negative Gamma,
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which supports the notion that call prices are concave functions. Similarly, the pandemic put
option exhibits positive Gamma, consistent with a convex put price profile. In addition, in
both cases, the magnitude of the absolute value of Gamma is greatest when the initial number
of infections is small and decreases rapidly as 𝐼0 increases. However, the magnitudes of our
Gamma estimates are not identical to those used in the plots shown in Peng et al. [3], which
might be expected. We compute the Gamma estimate directly from a central finite-difference
approximation of an estimate based on Monte-Carlo option prices. By contrast, Peng et al. use a
numerical method to solve the HJB equation for their own estimates. Since Gamma is a second
derivative, small numerical differences in the estimated prices are amplified by the division by
ℎ2. This problem is compounded in regions close to 𝐼0 = 0, where the SIS drift term and the
SIS diffusion term are nearly degenerate and where many simulated paths can move toward the
biological boundary. Therefore, the very large Gamma values for very small 𝐼0 should not be
interpreted as precise pointwise estimates of the PDE Gamma. Instead, they indicate the strong
curvature and high numerical sensitivity of the option value in the low-infection region.

4.4 Generalised Parity
Since arbitrage arguments for the standard put-call parity do not apply to non-tradeable assets,
we use the generalized expectation based parity as an implementation consistency check. In
particular, we verify that the simulated call and put prices satisfy the algebraic identity implied
by the payoff relation when both sides are computed from the same Monte Carlo terminal values.
To examine this, we extracted the call prices 𝑐, put prices 𝑝, and the estimated risk-adjusted
expectation of the terminal infected proportion, Ê𝑄 [𝐼𝑇 ], from the same Monte Carlo paths across
different initial infection states 𝐼0. Using the same baseline parameter setting, we computed
both sides of the generalised parity condition, comparing the difference value 𝑐 − 𝑝 with the
discounted expected terminal payoff.

Table 4.3: Numerical Verification of Generalized Put-Call Parity

𝐼0 Portfolio (𝑐 − 𝑝) Discounted Expected Payoff (RHS) Error
0.01 0.192787 0.192787 2.78 × 10−17

0.03 0.331831 0.331831 −1.67 × 10−16

0.05 0.396412 0.396412 1.67 × 10−16

0.07 0.436117 0.436117 0
0.10 0.474434 0.474434 −5.55 × 10−17

0.50 0.582911 0.582911 1.11 × 10−16

0.90 0.597205 0.597205 0
0.99 0.598585 0.598585 1.11 × 10−16

The results presented in Table 4.3 show that the difference between the option portfolio and
the discounted expected payoff is negligible across the range of 𝐼0 values considered. Since
both sides are computed from the same simulated terminal values, the remaining differences
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reflect numerical rounding rather than a separate modelling effect. Therefore, this test should
be interpreted as a consistency check of the Monte Carlo implementation rather than as an
independent validation of the model. The results confirm that the expectation based parity
identity is preserved in the numerical implementation.

Figure 4.11: The Verification of a Generalized Put Call Parity

4.5 Monte Carlo Error Estimates
To assess the statistical uncertainty of the Monte Carlo estimates, we compute standard errors
using Equation (2.7). Table 4.4 reports selected estimates together with their standard errors.
The estimates are shown at the strike, 𝐼0 = 𝐾 = 0.05, since this is the point where the payoff
changes regime. These values give an indication of the Monte Carlo sampling error for the
simulation size used.

Table 4.4: Selected Monte Carlo estimates with standard errors at 𝐼0 = 𝐾 = 0.05.

Quantity Estimate SE Approx. 95% CI

Call price 0.397158 7.21 × 10−4 [0.395746, 0.398571]
Put price 0.000747 1.44 × 10−5 [0.000718, 0.000775]
Call Delta 2.421262 4.47 × 10−3 [2.412508, 2.430016]
Put Delta -0.022199 3.93 × 10−4 [−0.022969, −0.021428]
Call Vega -0.145031 4.75 × 10−4 [−0.145963, −0.144100]
Put Vega 0.003788 6.57 × 10−5 [0.003660, 0.003917]
Call Gamma -56.605004 1.48 × 10−1 [−56.895084, −56.314924]
Put Gamma 0.957000 7.97 × 10−2 [0.800788, 1.113212]
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Overall, the standard errors are small relative to the corresponding estimates, which supports
the numerical stability of the reported results. The Gamma estimates should be interpreted
slightly more cautiously, since they are computed using a finite-difference approximation of
simulated option prices rather than a direct pathwise estimator.
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Chapter 5

Conclusion

This thesis studied European pandemic options written on the proportion of infected individuals
in a stochastic SIS model. The aim was to investigate whether the non-standard pricing and
sensitivity behaviour reported in the literature also appear under a Monte Carlo approach. Using
Euler–Maruyama simulation, option values were estimated from terminal infection levels, while
Delta and Vega were computed using pathwise sensitivity recursions. Gamma was treated
separately using finite differences, since the payoff is not twice differentiable at the strike.

The numerical results support the main qualitative findings of Peng et al. [3]. The pandemic
call price was increasing but concave in the initial infection level, with positive but decreasing
Delta and negative Gamma estimates. The put option showed the corresponding opposite
behaviour, with decreasing value and Delta approaching zero as the initial infection level
increased. These features are consistent with the bounded state space of the SIS process. As
the initial infection level approaches one, there is less room for further growth, which naturally
reduces the marginal effect of increasing 𝐼0 and contributes to the concavity of the call price.

The volatility results were also non-standard. The call value decreased as the transmission
volatility 𝜎 increased, producing a negative Vega, while the put Vega was positive over the
range considered. To understand this behaviour, we examined the components of the pathwise
estimator. As 𝜎 increased, the call option finished less often in the money, and the pathwise
sensitivity 𝑈𝑀 was negative even on those paths where the payoff was positive. These two
effects act together, so the call Vega remains negative across the full volatility range. For the
put option, the increased probability of low terminal infection levels instead contributes to a
non-negative Vega.

The generalised parity check supported the Monte Carlo implementation. Although the
infected proportion is not a traded asset, the payoff identity gives an expectation-based parity
relation, which was preserved numerically when both sides were computed from the same
simulated terminal values. It is also important to consider the reliability of the Greek estimators.
Delta and Vega were obtained through pathwise sensitivity recursions, which produced stable
estimates with relatively low variance. Gamma, however, relied on finite differences of Monte
Carlo prices and was therefore more sensitive to numerical noise and to the choice of finite–
difference step size. While the overall sign and qualitative behaviour of Gamma were clear, its
numerical values should be interpreted with more caution than those of Delta and Vega.
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Several limitations of the study should be noted. The Euler–Maruyama method was used
throughout, which may introduce discretisation errors, especially near the boundaries where
the diffusion term becomes small. For the parameter choices used in this study, no boundary
violations were observed in the simulated paths. The analysis focused on a particular set of
benchmark parameters, and the behaviour might vary under alternative choices. The Gamma
estimates depend on the finite-difference step size, and the Monte Carlo results could be
improved by variance-reduction techniques.

Possible extensions include exploring a wider parameter range and applying variance-
reduction methods such as quasi–Monte Carlo sequences. Further work could also extend the
study to other option types and to SIR-based models, and examine how the sensitivities behave
under these alternative contracts. It would also be useful to investigate the effect of different
discretisation choices and to study how sensitive the results are to changes in the numerical
scheme.
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Appendix A

Python Code

A.1 Benchmark Parameters

import numpy as np
import matplotlib.pyplot as plt

# SIS parameters
gamma = 2.17
beta = 6.62
sigma = 1.69

# Option parameters
rho = 0.003
T = 1.0
K = 0.05
alpha = 1.0

# Finite-difference step used for Gamma
h = 0.001

# Monte Carlo and Euler discretisation parameters
n_steps = 300
n_paths = 100_000
seed = 12345

A.2 SIS Coefficients

def a(I):
return ((beta - gamma) * I) - beta * I**2

def b(I):
return I * (1.0 - I)
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def a_prime(I):
return beta - gamma - 2.0 * beta * I

def b_prime(I):
return 1.0 - 2.0 * I

A.3 Monte Carlo Estimator for Price, Delta and Vega

def simulate_price_delta_vega(I0, option_type, sigma_value=sigma):
rng = np.random.default_rng(seed)

dt = T / n_steps
sqrt_dt = np.sqrt(dt)
discount = np.exp(-rho * T)

I = np.full(n_paths, I0, dtype=float)
D = np.ones(n_paths, dtype=float) # D_n = dI_n / dI0
V = np.zeros(n_paths, dtype=float) # V_n = dI_n / dsigma

# Boundary-violation diagnostics only
lower_violations = 0
upper_violations = 0

for _ in range(n_steps):
Z = rng.standard_normal(n_paths)

I_new = I + a(I) * dt + sigma_value * b(I) * sqrt_dt * Z

D_new = (
D
+ a_prime(I) * D * dt
+ sigma_value * b_prime(I) * D * sqrt_dt * Z

)

V_new = (
V
+ a_prime(I) * V * dt
+ (b(I) + sigma_value * b_prime(I) * V) * sqrt_dt * Z

)

lower_violations += np.sum(I_new < 0.0)
upper_violations += np.sum(I_new > 1.0)

I = I_new
D = D_new
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V = V_new

if option_type == "call":
payoff = alpha * np.maximum(I - K, 0.0)
payoff_derivative = alpha * (I > K)
payoff_region = I > K

elif option_type == "put":
payoff = alpha * np.maximum(K - I, 0.0)
payoff_derivative = -alpha * (I < K)
payoff_region = I < K

else:
raise ValueError("option_type␣must␣be␣either␣’call’␣or␣’put’")

price_samples = discount * payoff
delta_samples = discount * payoff_derivative * D
vega_samples = discount * payoff_derivative * V

prob_payoff_region = np.mean(payoff_region)

if np.any(payoff_region):
mean_terminal_vega_in_region = np.mean(V[payoff_region])
frac_negative_terminal_vega_in_region = np.mean(V[payoff_region] < 0)
mean_terminal_delta_in_region = np.mean(D[payoff_region])

else:
mean_terminal_vega_in_region = np.nan
frac_negative_terminal_vega_in_region = np.nan
mean_terminal_delta_in_region = np.nan

weighted_terminal_vega = np.mean(payoff_region * V)

total_updates = n_steps * n_paths

return {
"price": price_samples.mean(),
"delta": delta_samples.mean(),
"vega": vega_samples.mean(),

"price_se": price_samples.std(ddof=1) / np.sqrt(n_paths),
"delta_se": delta_samples.std(ddof=1) / np.sqrt(n_paths),
"vega_se": vega_samples.std(ddof=1) / np.sqrt(n_paths),

"E_IT": I.mean(),

"prob_payoff_region": prob_payoff_region,
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"mean_terminal_vega_in_region": mean_terminal_vega_in_region,
"frac_negative_terminal_vega_in_region":

frac_negative_terminal_vega_in_region,
"mean_terminal_delta_in_region": mean_terminal_delta_in_region,
"weighted_terminal_vega": weighted_terminal_vega,

"lower_violation_rate": lower_violations / total_updates,
"upper_violation_rate": upper_violations / total_updates,
"boundary_violation_rate": (lower_violations + upper_violations) /

total_updates,
}

A.4 Finite-Difference Estimator for Gamma

def simulate_gamma_fdm(I0, sigma_value=sigma):
rng = np.random.default_rng(seed)

dt = T / n_steps
sqrt_dt = np.sqrt(dt)
discount = np.exp(-rho * T)

# The same random numbers are used for all three paths to reduce
# Monte Carlo noise in the finite-difference estimate.
I_base = np.full(n_paths, float(I0))
I_up = np.full(n_paths, float(I0 + h))
I_dn = np.full(n_paths, float(I0 - h))

for _ in range(n_steps):
Z = rng.standard_normal(n_paths)

I_base = I_base + a(I_base) * dt + sigma_value * b(I_base) * sqrt_dt *
Z

I_up = I_up + a(I_up) * dt + sigma_value * b(I_up) * sqrt_dt * Z
I_dn = I_dn + a(I_dn) * dt + sigma_value * b(I_dn) * sqrt_dt * Z

call_payoff_base = alpha * np.maximum(I_base - K, 0.0)
call_payoff_up = alpha * np.maximum(I_up - K, 0.0)
call_payoff_dn = alpha * np.maximum(I_dn - K, 0.0)

put_payoff_base = alpha * np.maximum(K - I_base, 0.0)
put_payoff_up = alpha * np.maximum(K - I_up, 0.0)
put_payoff_dn = alpha * np.maximum(K - I_dn, 0.0)

call_gamma_samples = discount * (
call_payoff_up - 2.0 * call_payoff_base + call_payoff_dn
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) / h**2

put_gamma_samples = discount * (
put_payoff_up - 2.0 * put_payoff_base + put_payoff_dn

) / h**2

return {
"call_gamma": call_gamma_samples.mean(),
"put_gamma": put_gamma_samples.mean(),
"call_gamma_se": call_gamma_samples.std(ddof=1) / np.sqrt(n_paths),
"put_gamma_se": put_gamma_samples.std(ddof=1) / np.sqrt(n_paths),

}

A.5 Initial Infection Grids

I0_call_grid = np.array([
0.01, 0.03, 0.05, 0.07, 0.10,
0.15, 0.20, 0.30, 0.40, 0.50,
0.60, 0.70, 0.80, 0.90, 0.99

])

I0_put_grid = np.array([
0.01, 0.02, 0.03, 0.04, 0.05,
0.06, 0.07, 0.08, 0.09, 0.10,
0.25, 0.50, 0.75, 0.90, 0.99

])

def compute_over_I0_grid(I0_grid, option_type):
results = []

for I0 in I0_grid:
result = simulate_price_delta_vega(

I0=I0,
option_type=option_type,

)
result["I0"] = I0
results.append(result)

return results

call_results = compute_over_I0_grid(I0_call_grid, option_type="call")
put_results = compute_over_I0_grid(I0_put_grid, option_type="put")
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A.6 Price Tables and Plots

def print_price_table_single(results, title):
print("\n" + title)
print("-" * len(title))

print(
f"{’I0’:>8}␣"
f"{’Price’:>12}␣"
f"{’Price␣SE’:>12}␣"
f"{’95%␣CI␣lower’:>14}␣"
f"{’95%␣CI␣upper’:>14}"

)

for result in results:
ci_low = result["price"] - 1.96 * result["price_se"]
ci_high = result["price"] + 1.96 * result["price_se"]

print(
f"{result[’I0’]:8.2f}␣"
f"{result[’price’]:12.6f}␣"
f"{result[’price_se’]:12.2e}␣"
f"{ci_low:14.6f}␣"
f"{ci_high:14.6f}"

)

print_price_table_single(call_results, "Call␣option␣prices␣over␣I0")
print_price_table_single(put_results, "Put␣option␣prices␣over␣I0")

call_I0 = np.array([r["I0"] for r in call_results])
call_price = np.array([r["price"] for r in call_results])
call_price_se = np.array([r["price_se"] for r in call_results])

put_I0 = np.array([r["I0"] for r in put_results])
put_price = np.array([r["price"] for r in put_results])
put_price_se = np.array([r["price_se"] for r in put_results])

plt.figure(figsize=(8, 5))
plt.errorbar(call_I0, call_price, yerr=1.96 * call_price_se, fmt="o-",

capsize=4)
strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Option␣price")
plt.title("Call␣Price")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
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plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

plt.figure(figsize=(8, 5))
plt.errorbar(put_I0, put_price, yerr=1.96 * put_price_se, fmt="s-", capsize=4)

strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Option␣price")
plt.title("Put␣Price")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

A.7 Prices as a Function of Volatility

sigma_grid = np.linspace(0.5, 3.0, 11)
I0_sigma = K

call_sigma_results = []
put_sigma_results = []

for sigma_value in sigma_grid:
call_result = simulate_price_delta_vega(

I0=I0_sigma,
option_type="call",
sigma_value=sigma_value

)
call_result["sigma"] = sigma_value
call_sigma_results.append(call_result)

put_result = simulate_price_delta_vega(
I0=I0_sigma,
option_type="put",
sigma_value=sigma_value

)
put_result["sigma"] = sigma_value
put_sigma_results.append(put_result)

sigma_values = np.array([r["sigma"] for r in call_sigma_results])

call_sigma_price = np.array([r["price"] for r in call_sigma_results])
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call_sigma_price_se = np.array([r["price_se"] for r in call_sigma_results])

put_sigma_price = np.array([r["price"] for r in put_sigma_results])
put_sigma_price_se = np.array([r["price_se"] for r in put_sigma_results])

plt.figure(figsize=(8, 5))
plt.errorbar(sigma_values, call_sigma_price, yerr=1.96 * call_sigma_price_se,

fmt="o-", capsize=4)
plt.xlabel(r"Transmission␣volatility␣$\sigma$")
plt.ylabel("Option␣price")
plt.title(rf"Call␣Price␣as␣a␣Function␣of␣$\sigma$,␣$I_0=K={K:.2f}$")
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

plt.figure(figsize=(8, 5))
plt.errorbar(sigma_values, put_sigma_price, yerr=1.96 * put_sigma_price_se,

fmt="s-", capsize=4)
plt.xlabel(r"Transmission␣volatility␣$\sigma$")
plt.ylabel("Option␣price")
plt.title(rf"Put␣Price␣as␣a␣Function␣of␣$\sigma$,␣$I_0=K={K:.2f}$")
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

A.8 Put–Call Parity Check

def find_result_by_I0(results, I0_value):
for result in results:
if np.isclose(result["I0"], I0_value):
return result

return None

print("\nPut-call␣parity␣check")
print("---------------------")
print(

f"{’I0’:>8}␣"
f"{’Call-Put’:>12}␣"
f"{’exp(-rhoT)(E[I_T]-K)’:>24}␣"
f"{’Difference’:>14}"

)

common_I0_values = np.intersect1d(I0_call_grid, I0_put_grid)
lhs_vals = []
rhs_vals = []
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for I0_value in common_I0_values:
call_result = find_result_by_I0(call_results, I0_value)
put_result = find_result_by_I0(put_results, I0_value)

lhs = call_result["price"] - put_result["price"]
rhs = np.exp(-rho * T) * alpha * (call_result["E_IT"] - K)

lhs_vals.append(lhs)
rhs_vals.append(rhs)

print(f"{I0_value:8.2f}␣{lhs:12.6f}␣{rhs:24.6f}␣{lhs-rhs:14.2e}")

# Put-Call Parity Plot
plt.figure(figsize=(8, 5))
plt.plot(common_I0_values, lhs_vals, label=r’Portfolio␣$(c␣-␣p)$’, linestyle=’

-’, marker=’o’)
plt.plot(common_I0_values, rhs_vals, label=r’Discounted␣expected␣payoff’,

linestyle=’--’, marker=’x’, alpha=0.7)
plt.xlabel(r’Initial␣infection␣level␣$I_0$’)
plt.ylabel(’Value’)
plt.title(’Put-call␣parity␣check’)
plt.legend(frameon=True)
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

A.9 Delta Tables and Plots

def print_delta_table_single(results, title):
print("\n" + title)
print("-" * len(title))

print(
f"{’I0’:>8}␣"
f"{’Delta’:>12}␣"
f"{’Delta␣SE’:>12}␣"
f"{’95%␣CI␣lower’:>14}␣"
f"{’95%␣CI␣upper’:>14}"

)

for result in results:
ci_low = result["delta"] - 1.96 * result["delta_se"]
ci_high = result["delta"] + 1.96 * result["delta_se"]
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print(
f"{result[’I0’]:8.2f}␣"
f"{result[’delta’]:12.6f}␣"
f"{result[’delta_se’]:12.2e}␣"
f"{ci_low:14.6f}␣"
f"{ci_high:14.6f}"

)

print_delta_table_single(call_results, "Call␣Delta␣over␣I0")
print_delta_table_single(put_results, "Put␣Delta␣over␣I0")

call_delta = np.array([r["delta"] for r in call_results])
call_delta_se = np.array([r["delta_se"] for r in call_results])

put_delta = np.array([r["delta"] for r in put_results])
put_delta_se = np.array([r["delta_se"] for r in put_results])

plt.figure(figsize=(8, 5))
plt.errorbar(call_I0, call_delta, yerr=1.96 * call_delta_se, fmt="o-",

capsize=4)
strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Delta")
plt.title("Call␣Delta")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

plt.figure(figsize=(8, 5))
plt.errorbar(put_I0, put_delta, yerr=1.96 * put_delta_se, fmt="s-", capsize=4)

strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Delta")
plt.title("Put␣Delta")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

A.10 Vega Tables and Plots
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def print_vega_table_single(results, title):
print("\n" + title)
print("-" * len(title))

print(
f"{’I0’:>8}␣"
f"{’Vega’:>12}␣"
f"{’Vega␣SE’:>12}␣"
f"{’95%␣CI␣lower’:>14}␣"
f"{’95%␣CI␣upper’:>14}"

)

for result in results:
ci_low = result["vega"] - 1.96 * result["vega_se"]
ci_high = result["vega"] + 1.96 * result["vega_se"]

print(
f"{result[’I0’]:8.2f}␣"
f"{result[’vega’]:12.6f}␣"
f"{result[’vega_se’]:12.2e}␣"
f"{ci_low:14.6f}␣"
f"{ci_high:14.6f}"

)

print_vega_table_single(call_results, "Call␣Vega␣over␣I0")
print_vega_table_single(put_results, "Put␣Vega␣over␣I0")

call_vega = np.array([r["vega"] for r in call_results])
call_vega_se = np.array([r["vega_se"] for r in call_results])

put_vega = np.array([r["vega"] for r in put_results])
put_vega_se = np.array([r["vega_se"] for r in put_results])

plt.figure(figsize=(8, 5))
plt.errorbar(call_I0, call_vega, yerr=1.96 * call_vega_se, fmt="o-", capsize

=4)
strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Vega")
plt.title("Call␣Vega")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

plt.figure(figsize=(8, 5))
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plt.errorbar(put_I0, put_vega, yerr=1.96 * put_vega_se, fmt="s-", capsize=4)
strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Vega")
plt.title("Put␣Vega")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

A.11 Vega as a Function of Volatility

I0_sigma = K
sigma_grid = np.linspace(0.5, 3.0, 11)

call_vega_sigma_results = []
put_vega_sigma_results = []

for sigma_value in sigma_grid:
call_result = simulate_price_delta_vega(

I0=I0_sigma,
option_type="call",
sigma_value=sigma_value

)
call_result["sigma"] = sigma_value
call_vega_sigma_results.append(call_result)

put_result = simulate_price_delta_vega(
I0=I0_sigma,
option_type="put",
sigma_value=sigma_value

)
put_result["sigma"] = sigma_value
put_vega_sigma_results.append(put_result)

sigma_values = np.array([r["sigma"] for r in call_vega_sigma_results])

call_vega_sigma = np.array([r["vega"] for r in call_vega_sigma_results])
call_vega_sigma_se = np.array([r["vega_se"] for r in call_vega_sigma_results])

put_vega_sigma = np.array([r["vega"] for r in put_vega_sigma_results])
put_vega_sigma_se = np.array([r["vega_se"] for r in put_vega_sigma_results])
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plt.figure(figsize=(8, 5))
plt.errorbar(sigma_values, call_vega_sigma, yerr=1.96 * call_vega_sigma_se,

fmt="o-", capsize=4)
plt.xlabel(r"Transmission␣volatility␣$\sigma$")
plt.ylabel("Vega")
plt.title(rf"Call␣Vega␣as␣a␣Function␣of␣$\sigma$,␣$I_0=K={I0_sigma:.2f}$")
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

plt.figure(figsize=(8, 5))
plt.errorbar(sigma_values, put_vega_sigma, yerr=1.96 * put_vega_sigma_se, fmt

="s-", capsize=4)
plt.xlabel(r"Transmission␣volatility␣$\sigma$")
plt.ylabel("Vega")
plt.title(rf"Put␣Vega␣as␣a␣Function␣of␣$\sigma$,␣$I_0=K={I0_sigma:.2f}$")
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

A.12 Vega Diagnostics over Volatility

def print_vega_diagnostic_table(results, title):
print("\n" + title)
print("-" * len(title))

print(
f"{’sigma’:>8}␣"
f"{’Vega’:>12}␣"
f"{’Vega␣SE’:>12}␣"
f"{’P(payoff)’:>12}␣"
f"{’Mean␣Vega_M␣payoff’:>18}␣"
f"{’Frac␣Vega_M<0’:>14}␣"
f"{’Weighted␣Vega_M’:>14}"

)

for result in results:
print(

f"{result[’sigma’]:8.2f}␣"
f"{result[’vega’]:12.6f}␣"
f"{result[’vega_se’]:12.2e}␣"
f"{result[’prob_payoff_region’]:12.4f}␣"
f"{result[’mean_terminal_vega_in_region’]:18.6f}␣"
f"{result[’frac_negative_terminal_vega_in_region’]:14.4f}␣"
f"{result[’weighted_terminal_vega’]:14.6f}"
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)

print_vega_diagnostic_table(
call_vega_sigma_results,
rf"Call␣Vega␣diagnostics␣over␣sigma␣at␣I0␣=␣K␣=␣{K:.2f}"

)

print_vega_diagnostic_table(
put_vega_sigma_results,
rf"Put␣Vega␣diagnostics␣over␣sigma␣at␣I0␣=␣K␣=␣{K:.2f}"

)

A.13 Gamma Tables and Plots

gamma_results = []
combined_I0_grid = np.unique(np.concatenate((I0_call_grid, I0_put_grid)))

for I0 in combined_I0_grid:
result = simulate_gamma_fdm(I0=I0)
result["I0"] = I0
gamma_results.append(result)

print("\nGamma␣over␣I0")
print("-" * 65)
print(f"{’I0’:>8}␣{’Call␣Gamma’:>14}␣{’Call␣SE’:>12}␣{’Put␣Gamma’:>14}␣{’Put␣

SE’:>12}")

for result in gamma_results:
print(

f"{result[’I0’]:8.2f}␣"
f"{result[’call_gamma’]:14.6f}␣"
f"{result[’call_gamma_se’]:12.2e}␣"
f"{result[’put_gamma’]:14.6f}␣"
f"{result[’put_gamma_se’]:12.2e}"

)

gamma_I0 = np.array([r["I0"] for r in gamma_results])
call_gamma = np.array([r["call_gamma"] for r in gamma_results])
call_gamma_se = np.array([r["call_gamma_se"] for r in gamma_results])
put_gamma = np.array([r["put_gamma"] for r in gamma_results])
put_gamma_se = np.array([r["put_gamma_se"] for r in gamma_results])

plt.figure(figsize=(8, 5))
plt.errorbar(gamma_I0, call_gamma, yerr=1.96 * call_gamma_se, fmt="o-",

capsize=4)
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strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Gamma")
plt.title("Call␣Gamma")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()
plt.figure(figsize=(8, 5))
plt.errorbar(gamma_I0, put_gamma, yerr=1.96 * put_gamma_se, fmt="s-", capsize

=4)
strike_line = plt.axvline(K, linestyle="--")
plt.xlabel(r"Initial␣infection␣level␣$I_0$")
plt.ylabel("Gamma")
plt.title("Put␣Gamma")
plt.legend([strike_line], [fr"Strike␣$K={K:.2f}$"])
plt.grid(True, alpha=0.3)
plt.tight_layout()
plt.show()

A.14 Boundary violation rates

def print_boundary_table_single(results, title):
print("\n" + title)
print("-" * len(title))

print(
f"{’I0’:>8}␣"
f"{’Lower␣rate’:>14}␣"
f"{’Upper␣rate’:>14}␣"
f"{’Total␣rate’:>14}"

)

for result in results:
print(

f"{result[’I0’]:8.2f}␣"
f"{result[’lower_violation_rate’]:14.2e}␣"
f"{result[’upper_violation_rate’]:14.2e}␣"
f"{result[’boundary_violation_rate’]:14.2e}"

)
print_boundary_table_single(call_results, "Boundary␣violation␣(rates):␣call␣

option")
print_boundary_table_single(put_results, "Boundary␣violation␣(rates):␣put␣

option")
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