Malardalens
universitet

MASTER’S DEGREE PROJECT IN MATHEMATICS

An Almost Exact Mixed Scheme to Gatheral Double-Mean-Reverting
Model

by
Tilemachos Marmaras

MAA044 — Master’s Degree Project in Mathematics

DIVISION OF MATHEMATICS AND PHYSICS
MALARDALEN UNIVERSITY
SE-721 23 VASTERAS, SWEDEN



Malardalens
universitet

MAAO044 — Master’s Degree Project in Mathematics

Date of presentation:

29 May 2024

Project name:
An Almost Exact Mixed Scheme to Gatheral Double-Mean-Reverting Model

Author:
Tilemachos Marmaras

Version:

29th May 2024

Supervisor:

Ying Ni

Co-supervisor:
Mara Kali¢anin Dimitrov

Examiner:

Anatoliy Malyarenko

Comprising:

30 ECTS credits




Abstract

The Almost-Exact Scheme (AES), as proposed by Oosterlee and Grzelak in [24] has been
applied to the Heston stochastic volatility model to show improved error convergence for small
time-steps, as opposed to the classical Euler-Maruyama (EM) scheme, in European option
pricing. This idea has been extended to the double Heston stochastic volatility model in [18],
to show similar improved results for Bermudan options. In this thesis, we extend this idea even
further and develop an Almost-Exact Scheme to the Gatheral double mean reverting (DMR)
model, to show improved error convergence for American put options. We illustrate that,
because of the complexity of the dynamics of our model, a direct application of the AES is not
possible, and therefore derive a diffusion trick, so we can instead use a partial implementation
of the AES. Our partial implementation has two variants. In the first variant, we implement
the AES on the long-run mean process combined with the Milstein scheme on the variance
process. In the second variant, the Milstein scheme is replaced by a second order refinement.
We name these two schemes AEMS and AEMS-SOR respectively. We conduct extensive
simulation studies to evaluate the proposed schemes. The results indicate improved error
convergence of the proposed scheme for small time-steps when time-to-maturity is equal to
half a year, but does not seem to differ much from the EM scheme for a shorter time-to-maturity.

Keywords: Almost Exact Scheme; American Options; Gatheral DMR Model; Least Squares
Monte Carlo; Monte Carlo Simulation; CIR; Stochastic Volatility.
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Introduction

An option is a financial contract that gives the holder the right, but not the obligation, to buy
or sell an underlying asset at a predetermined price within a specified timeframe. European
options can be exercised only at expiration, while American options can be exercised at any
time prior to or at expiration. The well-known Black-Scholes model provides a closed-form
solution on European options. However, for the pricing of American options, modelling the
asset price dynamics requires more understanding. The landscape shifted in the 1990s with
the rise of stochastic volatility models, which have been introduced to capture the volatility
structure more realistically, since the Black-Scholes model assumes constant volatility.

The models under the current study include some popular stochastic volatility models, namely
the Heston stochastic volatility model (hereafter as Heston model) [13], the double Heston
stochastic volatility model (hereafter as double Heston model) [4], and the Gatheral double
mean reverting (DMR) model [7]. There are, of course, other stochastic volatility models that
are commonly used, such as the SABR model [12] and the CEV model [5]. In this study,
our primary focus is the Gatheral DMR model. The Gatheral DMR model is a three-factor
stochastic volatility model, where its key characteristic lies on the fact that the long-term mean
of the variance process is stochastic and has its own variance process dynamics. It has been
successfully shown to calibrate VIX and SPX options, as a paper from Bayer and Gatheral
showcases in [2].

Considering European options, both Heston and double Heston models belong to the family
of affine models, as closed-form solutions exist using Fourier-based methods. The significant
drawback of the Gatheral DMR model however, is that it is not affine, as shown in [1], which
means that it lacks a closed-form solution based on Fourier methods. An analytical approx-
imation formula for European option pricing using a three-factor model is presented in [19],
in which the authors used a rescaled version of the model that demonstrates faster calibration
of data and practical volatility surface production of SIX options. However, this study focuses
mostly on asymptotic expansions, which is not the focus of our study. Apart from that, the
implementation of their formula is not easy to use, in contrast to the Euler-Maruyama (EM)
scheme which has been shown to be sufficient enough for option pricing, even if there is a risk
for simulation bias.

The Heston models, as well as the Gatheral DMR model, do not have closed-form solutions
for American options, which means that an approximation must be made to price the options.



Examples include finite difference methods such as the COS method and the Crank-Nicolson
method as described in [28] and [15] respectively. The most common method, however, to pri-
cing American options, is to use Monte Carlo simulations. In this category, the Least Squares
Monte Carlo (LSMC) by Longstaff and Schwartz [20] is the most widely-used method. The
book by Hilpisch in [14] contains several useful codes in Python including the LSMC method,
while the book by Hull in [17] provides a great insight on option pricing. A great overview on
Monte Carlo simulations is given by Glasserman in [10]. In this study, we consider the LSMC
method under, mainly, the Gatheral DMR model, to price American put options. The aim of
the study is to develop a new discretization scheme that is theoretically more appealing than
the traditional EM scheme.

A book by Oosterlee in [24] includes a section for the derivation of an Almost-Exact Scheme
(AES) for the Heston model, as well as the study in [27]. Oosterlee’s study shows a way to price
European options using the AES under the Heston model, outperforming the EM scheme. The
study in [18] provides a numerical results analysis on the same subject, but extends this idea
to double Heston model, showing once again that the AES performs in a much more efficient
and faster way than the EM scheme under a Bermudan option pricing environment.

The aim of this study is to extend the idea of the AES even further, keeping it in the same line
as Oosterlee has done in [24], as well as Kali¢anin in [18], and apply it on the Gatheral DMR
model to price American put options. In an attempt to create a theoretically more appealing
scheme, we also use the Milstein scheme [22], which has been shown to improve numerical
result studies as in [6] and [9]. Specifically, on the first study, the authors test multilevel
Monte Carlo simulations for basket, Asian and barrier options, while on the second one the
authors simulate solutions of stochastic differential equations and present the error analysis,
providing that Milstein performs better than its counterpart. The combination of the AES and
the Milstein scheme, form what we will call in this study, the Almost-Exact Mixed Scheme
(AEMNS).

In [10], a second order refinement of the Euler-Maruyama scheme is given, providing a weak
convergence of order two. In addition to AEMS, we also use this second order refinement,
instead of Milstein, to examine if further improvement in the error convergence is observed.
The combination of AES and the second order refinement scheme is what we will call, the
AEMS - Second Order Refinement (AEMS-SOR). The main contribution of this thesis is to
present the analytical derivation of these two new proposed discretization schemes, AEMS
and AEMS-SOR, and experimental numerical results on their performance for American put
option pricing.

Although applying an AES on Heston model may seem a simple and clever idea as Oosterlee
provided, its application on the Gatheral DMR model is not straightforward, simply because of
the long-term mean being a random variable. For that reason, we propose a diffusion trick to
obtain a partial implementation of the AES to our model, as derived in Section 2.3.2. For our
numerical analysis, since there is a lack of a closed-form solution to obtain reference prices, the
EM scheme with a large budget has been used as a benchmark to our model. The AEMS and



AEMS-SOR perform particularly well in accordance to our created reference prices, and show
a slight improvement in the convergence rate with at-the-money (ATM) and in-the-money
(ITM) options where time-to-maturity is equal to half a year. However, out-of-the-money
(OTM) options do not perform in the same way for AEMS. There is a large amount of random-
ness the model produces with two variance processes, which could have led to complications
with OTM options. Furthermore, there is always a simulation bias with using the EM scheme
as benchmark. Nevertheless, the AEMS-SOR performs better than AEMS for OTM options,
staying closer to the reference prices.

In the subsequent chapters, the content of this thesis is organised as follows: Chapter 1 presents
the nature of American option pricing under the Gatheral DMR model. We explain American
option pricing briefly, as well as the technique of LSMC method. We also give areview on Ito’s
lemma, the Cholesky decomposition and the Milstein scheme. In Chapter 2, we present our
proposed discretization schemes, the AEMS and the AEMS-SOR. We use our diffusion trick
and apply the completed discretization scheme on our model. Chapter 3 includes experimental
numerical results in which we price American put options and compare the convergence rate
of AEMS and AEMS-SOR to the Euler-Maruyama scheme. We also provide a side study
on the comparison of Milstein and EM scheme on the same option type. In Chapter 4, we
provide a short conclusion and some necessary remarks from our numerical analysis, while
also suggesting topics for future research.



Chapter 1

American Option Pricing under the
Gatheral Double-Mean-Reverting Model

1.1 Models under Study

The Gatheral DMR model, is a variation of the double Heston model. Both of these models are
extensions of the original Heston model, which is one of the most well-known stochastic volat-
ility models. The Heston model can provide efficient calibration results and most importantly,
it has a closed-form solution for European options. Nevertheless, a significant drawback of the
model is that it cannot fit the market well enough for short maturity options. Extensions of the
model, just like the Gatheral DMR model, were introduced as multifactor stochastic models to
give additional degrees of freedom, making the model more random. However, the Gatheral
DMR model lacks a closed-form solution for European options, which means that in order
to price options, methods such as finite difference or Monte Carlo simulation are required.
Therefore, calibration is slow [16].

We briefly review the dynamics of these models under this section. Starting with the Heston
model, it is assumed that the underlying stock price follows an extension to geometric Brownian
motion, while the variance process follows a CIR process. The dynamics are described as

{dSt = rS;dt + ;S dW/ 0

dv, = k(0 —v,)dt + g\/v—,dﬁ/f,
where r represents the risk-free rate, S; is the stochastic process for the stock price, v; is the

stochastic process for the variance, « is the speed of mean reversion rate for the variance, 0 is
the long-term mean, ¢ is the volatility of the variance, and E [alW,l d W,z] = pdt.

The double Heston model assumes, once again, that the asset price process follows an extension
to geometric Brownian motion, while this time, the model includes two variance processes



that follow the CIR process. The dynamics are given by

dS, = rS;dt + \/E S, dW] + J:?S,dWE

av! = 1 (01 —v}) dt+§1\/gdﬁ/,3 (1.2)
dv? =k, (02 - vtz) dt +§2\/gdﬁ7f,

where r, k1, k2, 01, 62, &1 and &; are constant parameters. Wiener processes W,1 and Wf are
correlated with coefficient p3, while processes sz and W;‘ are correlated with coefficient py4.

Lastly, the dynamics of the Gatheral DMR model are given by

dS[ = rS,d; + \/V_IS[thl,
dv, =k (v —v;) dt + EVidW?, (1.3)
dv) =k (6 = V)) dt + EV,dW?,

where r, K1, /<~2,‘§1, & and 6 are constant parameters. The Wiener processes are correlated

with E[dW!dW]] = p;;dt. Even though we work with the Heston models, the Gatheral DMR
model is our primary focus.

1.2 Dynamics of Log-Stock Prices

The It6’s lemma helps us derive the stochastic differential equation for the price of derivatives.
Book [25] gives a great summary on the topic. It is computationally efficient to simulate In S,
instead of S, as the drift and diffusion coefficients will not depend on §;. We start by assuming
a twice differentiable function F of two variables x and y, a small change in x and y, namely
as Ax and Ay, would result in a small change in F. Ordinary calculus gives us

oF oF
AF = —Ax + —Ay,
0x oy Y
and the Taylor series expansion is
oF oF 10°F 16°F 9°F
AF = —Ax + —Ay + =—Ax* + = — Ay + AxAy + ... 1.4
ox Ty T 202 20,2 Toxay Y (14)
Assume now that a variable S follows the stochastic process
dS = udt + ocdW, (1.5)

where u represents the drift, o the volatility, and W is a Wiener process with dW? = dt being
satisfied. Then the perspective Taylor expansion becomes

O*F

OF OF 10%F
tASAt + .. (1.6)

1 0%F
AF = —AS + —At + ———AS? + = Af? +
dS ot 2982 2 912 PR




In Eq. (1.4), when taking the limiting arguments, second order terms were ignored. However,
in Eq. (1.6), the term of order AS? has a component of order Az which cannot be ignored (since
AS? = 0'2At). Therefore, we end up with

OF OF 10%F
dF = —dS + —dt + ———o2dt, 1.7
as T oMt (1.7)

and if we substitute dS in the above equation we obtain

2
oF ,OF 10 Fa'2 dt+6—Fa'dW. (1.8)

dF = (25, 8 20
astt o T2as2 a5

Considering the Gatheral model, the log transformation of a stochastic variable X; = F (S, 1)
in the stock process process of (1.3) gives us X; = InS;, u(S;,t) =rS; and o (S;,t) = \v:S,
with partial derivatives

OF 1 9F 0*F 1
— =, — =0, —=-—. 1.9
aS, S dt as; 87 (12

The process of X; therefore becomes

1
dX; = (r - Ev,) dt + v, dW;. (1.10)

1.3 Cholesky Decomposition

Consider a covariance matrix £. We wish to find a matrix A such that AAT = X is satisfied [11].
Cholesky decomposition can help us find such matrix A, which assumes that it is a lower
triangular matrix

[Ap, 0 0 -+ 0]

Ar; Ax 0 s 0
A=Az A Az - O

[Aat Az Aaz - Add]

Explicit formulas for A;; can be derived, which can afterwards be evaluated numerically by a
simple recursion. The solution to this Cholesky factorization reads

i
Ay =+vZi, Ajr= A L, (L.IT)
1

(Zji - X AjkAik)
Aii

L > 1>2. (1.12)

Applying Cholesky decomposition on our models under study, allows us to obtain independent
Wiener processes, denoted as Wtj , J =1,2,3,4. The decomposition for the Heston and the
double Heston models is pretty straightforward, which is why we only give a detailed derivation

10



for the Gatheral DMR model.
Starting with the Heston model, the decomposition of the Wiener processes takes the form

W' = pW? + /1 - p2W},

— (1.13)
W2 = W7
While for the double Heston model, we have
Wzl = 1013Wt3 +4/1 _p%3wzl7
W7 = poaW) + /1 - P§4W12, (1.14)
W3 =w?,
wh=wi

In the Gatheral model, there are three equations and therefore three correlation pairs. This
forms a 3-by-3 correlation matrix given as

vy S

VI L p3 op13
C=v|pxs 1 pp
S| p13 pr2 1

Note that the matrix above denotes the correlation structure for v/, v and S instead of the
standard ordering of S, v and v’. This is because we want to assign only one Wiener process
to v’ so that we can later apply the Almost-Exact Scheme on it. With this decomposition, we
can take advantage of the non-central Chi-square distribution for the long run mean process
v;, t > 0. This idea is explained in detail in Section 2.2.

Applying Egs. (1.11) and (1.12), we obtain the lower triangular matrix
1 0 0

2
p23 A1 —p23 0

2
P12—P13P23 2 P12—P13P23

V1-p23 1-p3,

Therefore, the Cholesky decomposition of the Wiener processes takes the form

A=

W7+ pisW;,

1= 2
'O (1.15)

12

~ (p12 — p13023)* P12 — P13P23

WII: ]—p%— 5 th+—
1= p5;

Wi = 1= pZ, W2 + po3W;,
W3 =w>.

11



Consequently, the decomposed model becomes

— 2 -
dS, = rSdt + ;S (1— p2, - (P12 = p3prs) )thl+\/v_tS,p—12 PLPZ gy

3 2
\/1 - P35

1= p5;
+\ViSip13 AW,

dvy = k1 (V] = v) dt + ENV[1 = ply dW? + E139, 003 W,
dv, = k2 (0 = V) dt + E NV dW?.

1.4 The Milstein Scheme

The Milstein scheme is a simple variation of the Euler-Maruyama scheme which includes an
integrand involving the solution in one of the error terms of the Euler-Maruyama scheme. It
can provide a better discretization on a process if the correct modifications are being made. In
such cases, the Milstein scheme can achieve a weak order convergence of two. Recall that for
the EM scheme, an SDE for a stock price S; is given as

dS[ = /.I(Sl,t)dt + O-(S[, t)th,

can be integrated with equally spaced increments Az as follows

t+At t+At
SZ‘+A1‘ = Sl +/ N(SLM M)Au +/ O-(Su, M)AWM’
t t

and by using the left endpoint Riemann sum, the product of the integrand at time ¢ with
integration range At is

t+A 1+A1
/ u(Sy, u)Au = u(S;, t)/ Au = u(Sy, t)At,
t t

while the second integral is approximated as
t+At t+At
[ oenaw =asun [ AW, = (5.0 Wi - W),
t t

where W;in, — W, = YAfZ and Z is a standard normal random variable. Hence, the EM
discretization becomes

St+At = St +I.I(St,t)At + O_(S[,t)\/EZ

In [8], the author suggests that because the Euler-Maruyama scheme can give rise to a negative
variance, there are two approaches that one can follow to solve this problem. The first approach
is to use the absorbing assumption, which means thatif v < 0, then v = 0. The second approach
is the reflection assumption, which indicates that if v < 0, then v = —v. A more conventional

12



approach is to use the Milstein scheme. The negative variances can be avoided by going one
order higher in the Itd-Taylor expansion explained earlier [8].

Let us now derive the Milstein scheme. Assuming again that the stock price process is driven
by the SDE
dS[ = /J(S[)dt + (T(St)th,

and in integral form
t+At t+At
Stear = St +/ ,usAS+/ o AW, (1.16)
t t

we can consider expansions of the coefficients y; and o via It6’s lemma. We therefore have

’ 1 ” ’
dps = (pypts + 5y 07)dt + (p07) AW,

’ 1 " 2 ’
doy = (o, s + 501 O )dt + (o, 00)dWy,
where prime and double prime refer to the first and second derivative of S respectively. Note
that we assume u; and o; to have no direct dependence on 7. The integrals of the coefficients
at time s are given by

s 1 ” S
Hs = M + / (ﬂ,u/lu + 5#140-3) Au + / (MIMO-M)AWM (1.17)
t t
S 1 ” S
oy =0y +/ (0‘,;/1” + EO'M 0'3) Au + / (o,0,)AW,,. (1.18)
t t

Substituting (1.17) and (1.18) in (1.16), we obtain

t+At s K
’ 1 7 7
St+Ar=Sz+/ (ut+/ (ﬂuﬂu+§ﬂuo-l42) Au+/ (:uuo_u)AWu)AS
1t t 1t

1+At s , 1 ., s
+ / (0', + / (O'M/Ju + 50 O'MZ) Au + / (O'MO'M)AWM) AW;.
t t t

The terms of order higher than one are ignored. What we remain with is

t+At t+At t+At s
S[+At = S; + U / As + gt / AW_S + / / (O'MO'M)AWMAWS (119)
t t t t

Using EM discretization on the last term we obtain

t+At s , , t+At s
/ / (o, 00) AW, AW, = 0, 0',/ / AW, AW,
t t t t

, t+At
= 0}0‘;/ (WS - W[)AWS (120)
t
t+At

=0, 0',( W AW — W, dWipn, + W2 .

t

13



Defining dY; = W;dW; and applying 1t6’s lemma, we obtain ¥; = %Wf - %t so that

N N t+At t 2 t+At 2 t 2 . ( . )
t

If we substitute this back to (1.20), we get

t+At s 1, 5
/ / O-uO-MAWMAWS = Eo-uo_u [(Wt+At - Wt) - At]
t 1t

1.,
= Ecrucru[(AW,)2 - At].

Therefore, by combining Egs. (1.19) and (1.21), we come to the general Milstein discretization
form

| -
St+Al‘ = S[ + /J[At + O',\/A_tZ + EO‘ZO-[At(Zz — 1) (122)

The Milstein scheme will be implemented on the v process of (1.3). Recall that the v process
in the Gatheral model reads

dv, = ki1 (v = vo)dt + £, d W}

The coefficients of the variance process are u(v;) = «k1(v; — v;) and o (v;) = &14/v;. An
application of (1.22) produces

1
Viear = Vi + K1 (V) = )AL + E\V,ALZ, + ngm(zf ~1). (1.23)

1.5 American Options and the Least Squares Monte Carlo
Framework

The valuation of optimal exercise on American options can be a challenging task. In this
section, we explain the framework of the LSMC method [20].

We assume a complete probability space (Q,.%#, P) with Q being the sample space on a time
horizon [0, T]. The time horizon [0, T] is divided into equidistant smaller intervals such that
0 =tg,t1,t2,....tp—1,tyy = T, and therefore At = t;,; — t;, for an arbitrary i. . is the sigma
field of all events at time 7" and P is the probability measure of the elements in the sigma field.
The augmented filtration is defined by F = (%#;;t € [0,T]), and we also assume that %y = .%.

Defining £, (S), as the exercise function for an underlying asset S, an .%; measurable contingent
claim V7 = hyp(S7) > 0 is given by

V, = E;Q[e_r(T_’)VT],

where Q is the risk-neutral probability measure.

14



If the contingent claim is a European put option, then its payoff at expiry is given by
max|[K — S7,0]. For an American option however, the filtration F has many stopping times,
and all of them have to be considered in the valuation process. The intuition behind the LSMC
algorithm is to consider the stopping times as discrete points, even though the option can be
continuously exercised. Therefore, the number of stopping times should be sufficiently large.

At any exercise point prior to the expiration date, the holder of the option can choose to either
exercise the option or hold it. With M discrete times such that ¢, as the .%-adapted stopping
time at time-point m, the value of the option is the value of this cash flow. The optimal stopping
problem for the valuation of an American option is given by

Vo = sup Egz[e_rmhm(Sm)],
me0,A1,2At,...T

where V) is the present value.

The continuation cash flows are not known to the investor, however, from the no-arbitrage
theory, we can estimate the value of the option at time ¢,, as the expectation of the continuation
cash flows under the risk-neutral probability measure Q. Based on the Markov property, we
can say that V, = V (¢, Sy, v;). We denote the continuation value as C(z, S, v), which at time t,,
is defined by

Cltm, S,v) = e TEQ[V(t + At, Spanss vernr) | T, ] 5 (1.24)

where the expectation is conditioned to the filtration .%;  at time t,,.

Lastly, by the dynamic programming principle (DPP), the value of the option can by defined
as the maximum of the immediate exercise value and the continuation value, i.e.

V,, = max [h(S,,), C(tm, St Vi) -

1.6 The Least Squares Monte Carlo Method

The LSMC method uses least squares regression to approximate the conditional expectation
in Eq.(1.24) for tp;_1, tpr—2...t1. This backwards approach is suggested since the option’s cash
flows are generated recursively. Now, the decision on whether to exercise the option or not,
is dependent on the continuation value. The continuation value can also be interpreted as the
payoff of not exercising the option. Assuming a simulation of M + 1 time steps and / pathways,
Longstaff and Schwartz [20] propose to regress the / continuation values Y;; against the /
simulated index levels S;;, where S;; € 0,...,T,i € 1,...I. For a given number D of basis
functions b with b1, ..., bp : RP? — R for the regression, the continuation value is given by

D

o= > ag, - ba(Si), (1.25)
d=1
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where the optimal regression parameters «, , are given as the result of the following

1 D 2
1 )
min 72 Yoi= ), ba(Si)| - (1.26)
i=1 d=1

Q1,t5--,AD ¢t

It is now understandable how the LSMC algorithm provides a good approximation method
for an early exercise strategy. It is also important to note that the basis functions b refer to
the polynomials as in Section 10.6.4 in [14], which are used to regress the continuation value
C with polynomials of order two. The Gatheral DMR model includes three state variables
(S, v,v"), and therefore the regression polynomials include these variables up to order two, as
well as their cross terms, the product of all three of them and lastly, a column of the constant
term 1, which works as an intercept term. Below, we present an algorithm for the LSMC
method to price American options.

Algorithm 1 Least Squares Monte Carlo Algorithm

1: For an underlying asset S, simulate / paths of S; with % + 1 time steps. The resulting
values are S;; fort € {0,A¢t,...,T},andi € {1,2,...,1}. Att =T, Vr; = h(St,).
2. fort=T—-At,...,0do

3: Regress e "' - V (S, ;) against h(S,;) using polynomials up to order two, for the state
variables S,v and v'.
4: Estimate the continuation value, CA},,-, using the optimal parameters obtained from the
regression.
5: if r € {ty,11,...,tn} then
6: V. = h(S:,) if h(Sr) > ét,i
| e Vi iER(S) < Gy
: else
8: Vii= eTAL. Vi1
: end if
10: end for

11: Att = 0, calculate the LSMC estimator, V = % Z{:] Vo.i-
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Chapter 2

Main Results - The Almost Exact Mixed
Schemes

In this chapter, for the better understanding of the concept of Almost-Exact Schemes, we review
two existing Almost-Exact Schemes on the Heston and double Heston models (Section 2.1). We
then propose two variants of the Almost-Exact Mixed Scheme, namely as AEMS (Section 2.2)
and AEMS-SOR (Section 2.3).

2.1 A Review on the Almost Exact Scheme

There are many variations of an Almost-Exact Scheme available, but in this study we choose
to focus on the one Oosterlee introduced in [24]. In his book, Oosterlee describes a way to
obtain an almost-exact simulation of the Heston model, by using the marginal properties of the
variance process into the stock price process, in order to obtain a more accurate discretization.
In this section, we briefly review this technique, and additionally its extension on the double
Heston model, found in [18].

The Heston model (1.1), with the decomposed Wiener processes given in (1.13) and under the
log transformation reads

1
dx, = (r - EV,) dr ++/v; (,odW,2 +4/1 - pZdW}) ,
dv, = k(0 — v,)dt + Ev;dW?.

The integration of both processes in a time interval [¢, 7 + At] gives us

t+At 1 t+At t+At
Xivar = Xo + / (’” - zvu) Au+p VAW, |+ \1-p? VAW,
t

t t

t+At

t+At
VigAr = Vi + K/ (0 — VM)AI/I + é‘: \/WAWL%
t

>
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where the two integrals in W2 are the same. We can therefore make the following variance
process realization

t+At

1 t+At
\/V_tA"V;2 = E (V1+At —Vr = K/ (6 - vu)Au) s
t

and substitute it in the X process, giving us

t+Ar 1 0 t+At t+At
XiiAr = Xt+/ (r - Evu) Au+g (V,+A, -y - K/ (0 - vu)Au)ﬂ/l - p2/ \/EAWMI.
t t t

Approximating the integrands by their lower limit on the integration interval, we obtain

t

1
Xeonr = Xi + (r — Ev,) At + g (Vizar = vi — k(0 = v)Ar) + /1 — pzx/v_t(Wllﬂl - W,l).

The same idea can now be extended to the double Heston model (1.2) as studied in [18]. We can
use the decomposed Wiener processes (1.14) and write the model under the log transformation,

which reads
Y U DA | 3 — 2wl
dX; = |r 2(vt+v,) dt + v, | p13dW; + 41 — p13dW,
+ \/E (p24th4 +4J1- p§4dwf) :
dv! =k (8; —vDdt +§1\/V7tlth3,

dv,2 = k(0 — V,z)dl + fz\/EdW:‘.

The integration of the processes in a time interval [z, ¢ + dt] gives us

t+At 1 | 5 t+At t+At |

Xiane = X; +/ (l” - E(Vu + Vu)) Au+pi3 / VthAW,f +4/1 - p% / 1,V;AWM
t ¢ .
t+At t+At
+ 024 / vﬁAW: +4/1 —p%4/ \/v%AWf,
! t
t+At t+At

Viear = Vi +KI /t (01 = vi)Au + £ /t \VIAWS |

5 5 t+At 5 t+At 4
_ [.1
Vi, = Vi + K2/ (62 —vi)Au+ & / VAW, |,
t t

where we notice the integrals W2 and W in the SDEs are the same. We can therefore make
the realizations

t+At 3 1 | | t+At .
VAW, = — (VH_AI -V, — K] / I vu)Au) ,
t

1 &1
t+At 1 t+At
/ \/\/_,AWt4 = f_ (vt2+At — vt2 - K2/ (6 — vi)Au) ,
t 2 t
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and substitute them back to the asset price process, which gives us

t+At P13 t+At
Xianr = Xt+/ (r——(v +v )) Au+g(vll+m—v,l —K1/ (91—v;)Au)
t

t+At 1 p24 5 t+At 5
+4/1 —pB/ VAAW! + 5 ( Viear = Vi~ K2/ (62 —vu)Au)
t
t+At
+4/1 —p§4/ VL%AWMZ.
t

We can now approximate the integrands by their left endpoint on the integration interval, and
with At =t + dt — ¢, we obtain

13
Xionr = Xp + (r - —(vt + vz)) At + [;1 (thmz - v,1 —k1(61 - vtl)At)

P24
\/1 —,013\/7( Wiiar W )+ 7= A ( t+Az_Vtz_K2(92_Vt2)At)
+4/1- p24\/7( Wi = WD)

2.2 Almost Exact Mixed Scheme on the Gatheral DMR Model

We have mentioned earlier that implementing the Almost-Exact Scheme on the Gatheral DMR
model is not straightforward, as it is for the Heston models, since in the Gatheral DMR model,
the v process depends on the random process v;, ¢ > 0.

The Gatheral DMR model (1.3), with its decomposed Wiener processes from (1.15), and under
the log transformation reads

t+At 2 t+At
1 —
Xiane = X; +/ (r - EVM)AM + (1 - p%3 - (P2 p132p23) ) \/VMAW,:
t t

1= p5;
t+At t+At
P12 — P13P23
+ — \/VMAW,E +p013 \/VMAWS,

V! -y t

t+Ar r+At 1+At
Viehr = Vi + K] / (v, = vi) Au+ E141 = p3, / VAW, + €123 / VW AW;,
t t t

t+At

t+At
v;+At:v;+K2/ O-v)Au+é& WMAW,E.
t

t

Let us now take a closer look at the variance process v. We can express the equation as follows

t+At A1 - p§3 t+At t+At
VisAr = Vi T K] / (Vi = Vi) Au +€1p03 T / \/WAsz +/ \/WAWS
t t t

2.1)
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In order to obtain the marginal properties of the variance process v and use it in the asset price
process X to improve its discretization, we wish to find the boxed part of Eq. (2.1) in the X
process. In this way, we can simulate v,,4,|v; and substitute the expression to the stock price
process. First, we rewrite the X process as follows

t+At 2 t+At
12 — P13P23
Xonr = X, +/ (r— Evu)Au + (1 — p%3 — (p " P 2p ) ) \/vuAW;
t - p23 t

1 - p%3 t+At t+At t+At
P12 — P13P23
-p13 Ve AW? | 202 VVuAW? + p13 VR AW

P23 t [1 _ p§3 t t

1- p§3 t+At

+p3———— Ve AW? |,
P23 t

where we have added and subtracted the boxed term. Continuing with some simplifications,
we can write this as

t+At t+At
1 _ 2
Xisar = X, + / (r = Sva)Au+ (1—p2 _ o2 ~ prspas) ) NN
t t

. 1 - p3,
P12 — P13023 \/1 B p§3 rHAL
| ——— —p3——— \VaAW?

[1 _ P% P23 t
1= 2
A/ P33 t+At 5 t+At
A / VR AW? +
P23 t t

+p13 VAW, ||, (2.2)

where we observe now that we have obtained the boxed term of the v process in (2.1) on the X
process in (2.2). This is the diffusion trick we mentioned earlier.

We can now implement our variation of the AES on the model. We denote

. (P12 — P13p23)?
pr= 1-— p% - > , (2.3)
1= p5;
and
1-p2
. 12 — P13P23 23
P = p p p — p13 . (24)

/1 _ p§3 P23
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Now, we can rewrite the v process as

t+At
VisAr — Vi — K1 /t (v, —vy)du

&1p23

1- p§3 t+At t+At
sk e
P23 t t

VAW, (2.5)

We substitute equations (2.3), (2.4) and (2.5) into the SDE for the log stock process where we
obtain the following

t+At 1 t+At t+At
Xesar = X; +/ (” - Evu) du +P*/ \/Equl +P**‘/ \/ﬁde
t t t

t+Ar,
VieAr — Vi — K1 ./t (Vu —v,)du

&1p23

+ 013

We approximate the integrals at the left-boundary, just as we do for EM’s discretization. We
therefore end up with

1 % *%
Xiaat = X, + (r - Ev,) A+ pr o (Why = W)+ 7y (W2, - W2

-V - T —v)At
+p13 (Vt+At v — K1 (vi = Vvp) ) . (2.6)
£1p23
As alast step, we recall from [3] that the process v/, , [v; under the CIR dynamics is distributed
as
Vi, = C(t+ AL 1) - X (8, k(1 + At, 1)), (2.7)
with parameters
- f; —k2(At)
c(t+At,t) = —(l—e : )
4K2
5= k20
&
4 —KQ(AZ)
k(t+At, 1)) = e -y,

& (1= ea(a0)

where the samples are taken from the non-central chi-squared distribution y2(8, #(f + At, 1))
with 6 representing the degrees of freedom and k(¢ + At, t) the non-centrality parameter.

Applying Egs. (1.22), (2.6) and (2.7) on the Gatheral DMR model dynamics, we obtain our
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first variant of AEMS given by

1 k sksk
Xione = Xi + (’" - Evt) At + p* vy (Wz1+At - th) +p" v, (W12+Az - Wz2)

VisAr — Vi — KI(V; - Vt)At)
&1p23

1
VisAr = Vi + Kl(vg — V) A + ENVIALZ, + Zf%At(Zg -1),
Vioa = €+ AL 1) - (8, k(1 + At,1)).

+ 013 ( (2.8)

For the rest of the thesis, we refer to the discretization scheme in (2.8) as AEMS.

2.3 Second Variant of the Almost Exact Mixed Scheme

The weak order of convergence for both Euler-Maruyama and Milstein scheme is the same for
pricing European options. The Euler-Maruyama scheme however might not be the optimal
method to use when pricing American options or, in general, more complex financial contracts.
The common inconsistency with the EM scheme derives from the fact that the Taylor expan-
sion gives an approximation to the drift with &'(h), (h > 0 being a fixed time-step), while the
diffusion term has only &' (Vh). The approximation of the diffusion neglects terms with &'(h),
so any term that includes a term of order 4 raises some suspicious accuracy.

The Milstein scheme can provide a more accurate approximation to basket option pricing [9].
However, it is worth mentioning that this depends on the specific type of problem we are
trying to solve and additionally on the model we are using. The scheme given in this section
provides a second order of weak convergence to the Euler-Maruyama scheme. In numerical
analysis, the weak order of convergence of a numerical method quantifies the rate at which the
expected value of the numerical solution converges to the expected value of the exact solution
as the discretization parameter tends to zero. Let {X (0), X (h), X(2h), ...} be any discrete-time
approximation to a continuous time-process X. We let n = T'/h, which we round down to the
nearest integer. A method has weak order of convergence g if there exists a constant ¢ such
that for sufficiently small 4, and for all f in a set Clz,ﬂ 2 [10]

|ELf(X(nh)] - E[f(X(T))]| < ch”.

This measure indicates how well the method approximates the distributional properties of the
exact solution. Therefore, a numerical method exhibits second order weak convergence if the
expected value of the numerical solution converges to the expected value of the exact solution
at a rate proportional to the square of the step size. This indicates that the error in the expected
value decreases quadratically as the step size becomes smaller.

Even though it can be reassuring to know that a discretization scheme has higher order of

convergence than Euler-Maruyama, it should be noted that smooth functions may not be as
relevant to option pricing. That is because option payoffs are often non-differentiable. This

22



derivation of second order of weak convergence was first introduced in [23], and was also
presented in [10] in a slightly different way. It is given in detail in Appendix A. For now, we
present directly the second-order discretization scheme, which reads

X((i + 1)h) = X(ih) + ah + bAW + (ab’ + 1b*b") [AWh — Al]
+a'bAI + b [AW? — h]
+(aa’ + 1b2a”) 102, (2.9)
with a, b and their derivatives evaluated at X (i%).
In the numerical analysis later on, we compare the convergence rate of the AEMS versus the
traditional Euler-Maruyama scheme. However, we also use this refinement scheme in the
place of the first order Milstein scheme in AEMS (implemented in the v process), to examine
whether there is any further improvement in the convergence rate. With & = «; (v, — v;) and
b = &14/v;, applying (2.9) to the variance process of (1.3), we obtain
VirAr = Vi + KI(V; — V)AL + fl\/_(WHAz -W)
/ 1 -3
(Vz )2\/— z‘flvt( Zflvlz)) [(Wiear = W) At = Al
, 1 1, -1
k1 (v = 1) VWAL + ZEV (Eflvt ) [(Weeas = Wi)* = ]
1
k1 (v =ve) Ky (v = 1) Emz. (2.10)

From here on, we refer to the AEMS with variance process replaced by (2.10), as the AEMS-
SOR.
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Chapter 3

Experimental Numerical Results

3.1 A Side Study on Milstein Discretization for American
Option Pricing

The argument of choosing the Milstein scheme over the Euler-Maruyama scheme can be
showcased by presenting a side study, in which we compare the two schemes on two of our
simpler models, the Heston and double Heston models. The benchmark values are given
in [21] and in [28] respectively, where they have been obtained by introducing explicit exercise
rules that give asymptotic expansions of the solution to partial differential equations for pricing
American put options. The simulated prices are obtained through 40 time-steps and one million
simulated paths. Small number of time-steps are used as it is known for the EM scheme to
converge to the real value for large number of time-steps. Therefore, in this side study we use
a small At in order to showcase the efficiency and accuracy of the Milstein discretization.

3.1.1 Heston Stochastic Volatility Model

Recall from (1.1) that the dynamics of the Heston model are described as

dS, = rSdt + v, S;dW}
dv, = k(0 —v,)dt + f\/v_,dﬁflz,

The EM discretization gives us

1
St+ar = Si€Xp ((V - EV,) At + v,AtZs) R
Vishr = Vi + k(0 — vi)At + o\ VAL Z,,,

where we should use the truncation scheme, max(v;, 0), to avoid negative variances. We also
recall that VT/Hdt - VT/, =VA:Z. To generate correlation between Z, and Z; , we first generate
two random variables Z; and Z,, setting Z, = Z; and Z; = pZ; + \/1 — p%Z,, according to
Cholesky decomposition as in (1.13).
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On the other hand, for the Milstein discretization, the coeflicients of the log-stock price process
are u(S;) = (r - %v,) and o (S;) = +/v;, while for the variance process, the coefficients turn

into u(v,) = k(6 — v;) and o (v;) = o+/v;. This gives us

1
St+ar = Sy €xp ((l” - EVt) At + vtAtZs) ,
1
Vishr = Ve + k(0 — vi) At + oV, ALZ, + ZO'ZN(ZVZ -1).
The parameters for this test are given in Table 3.1

Table 3.1: Parameter description for the Heston model test.

So 100

K | [90,100,110]
T | [1/12,1/4,1/2]
-

0.05
V1 0.04
K1 1.5
6 0.02
o 0.15
ol -0.5

The average of 20 simulation runs were taken as the true prices. The numerical results are
presented in Table 3.2, from which we can draw two conclusions. Firstly, we see that the
Milstein errors (given in percent inside the parentheses) are smaller than the ones of EM
discretization. Secondly, the longer the time to maturity is, the larger the error. This is logical,
as we are simulating further in the future. This, however, is not the case for the out-of-the-
money option. Furthermore, the out-of-the-money option seems to give quite large errors,
especially when time-to-maturity is at one month of a year. The option value is quite small, so
even a small deviation from the benchmark corresponds to a quite large percentage error. The
rows "St. Deviation (Runs)" represent the standard deviations between the 20 runs for the EM
and Milstein schemes.

3.1.2 Double Heston Stochastic Volatility Model

Recall from (1.2) that the double Heston dynamics are given by

dS[ = I’Stdt + \/ES[dWll + \/:?S[dwg
9 dv,l = K1 (91 - v,l) dt +§1\/V7[1dﬁ/t3

dvtz = K2 (92 - Vtz) dt +§2\/gdﬁ/,4,
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Table 3.2: American Option pricing under Heston model with EM and Milstein discretization

by LSMC method.

K =90 T=1/12 | T=1/4 | T=1)2
Benchmark 0.0787 0.6012 1.2896
Heston EM 0.061 0.530 1.166

(22.4904) | (11.8429) | (9.5843)
St. Deviation (Runs) | 0.0031 0.0069 0.0097
Heston Milstein 0.062 0.531 1.222
(21.2198) | (11.6766) | (5.2419)
St. Deviation (Runs) | 0.0025 0.0071 0.0100

K =100 T=1/12 | T=1/4 | T=1)2
Benchmark 2.1277 3.4089 4.4103
Heston EM 2.060 3.289 4.244

(3.1818) | (3.5172) | (3.7707)
St. Deviation (Runs) | 0.0052 0.0089 0.0145
Heston Milstein 2.087 3.338 4311
(1.9128) | (2.0798) | (2.2515)
St. Deviation (Runs) | 0.0045 0.0091 0.0132

K =110 T=1/12 | T=1/4 | T=1/2
Benchmark 10.0198 10.2512 | 10.6988
Heston EM 9.996 10.206 10.593

(0.2375) | (0.4409) | (0.9888)

St. Deviation (Runs) | 0.0075 0.0111 0.0139
Heston Milstein 9.983 10.216 10.618
(0.3672) | (0.3433) | (0.7552)

St. Deviation (Runs) | 0.0077 0.0101 0.0145

The EM discretization gives us

1
Stear = Siexp ((r ~3 (v,1 + vtz)) At + \/(v,l + vtz)AtZs) ,

1 1

Viear = Vi T K1

t+At

(91 - vtl) At + o vtlAtZV,

V2= vt2 + K> (92 - vtz) At + o thAth,

where we should follow the Cholesky decomposition according to (1.14).

The coefficient changes for the Milstein scheme remain the same as in the Heston model, with
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the only difference that the asset price process includes both variance processes. This leads to

1
Stiar = Siexp ((r -3 (Vzl + vtz)) At +J(v] + vtz)AtZs) ,

1

Vieas = Vi + K101 = V)AL + 1NV MZy + S0P AN(Z] - 1),
1

vt2+At = Vt2 +k2(602 — V?)Al‘ + 0 vtzAtZV + ZO-ZZAI(Z‘% —-1).

The parameters for this second test are given in Table 3.3.

Table 3.3: Parameter description for the double Heston model test.

So 61.9

K | [56.9,61.9,66.9]
T [1/4,1/2,1]
r 0.05

12 0.36

V2 0.49

K1 0.9

K2 1.2

01 0.1

0> 0.15

g1 0.1

() 0.2

P1 -0.5

02 -0.5

The numerical results are presented in Table 3.4, from which we draw similar conclusions as
the first test. We also observe that the error for the at-the-money option goes up to 2.4458%
while in the Heston model the error reaches 3.7707% for maturity of half a year in the EM
scheme. The error in the in-the-money option is higher for double Heston model, reaching
2.253% in comparison to 0.9888% of the Heston model for the same time-to-maturity and
scheme. The out-of-the-money option in double Heston model behaves particularly normal,
as the error increases alongside the time-to-maturity. In the Heston model, however, the error
seems to decrease as the maturity of the option increases for both schemes.
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Table 3.4: American Option pricing under double Heston model with EM and Milstein
discretization by LSMC method.

K =569 T=1/4 | T=1/2 T=1
Benchmark 7.8169 | 11.1133 | 14.8312
Double Heston EM 7.8280 | 11.2750 | 15.1970
(0.142) | (1.455) | (2.4664)

St. Deviation (Runs) 0.0040 0.0087 0.0101
Double Heston Milstein | 7.804 11.2510 | 15.1670
(0.165) | (1.239) | (2.2641)
St. Deviation (Runs) 0.0042 0.0076 0.0093

K =61.9 T=1/4 | T=1/2 T=1
Benchmark 10.4937 | 13.9748 | 17.8504
Double Heston EM 10.545 14.155 18.287
(0.4888) | (1.2894) | (2.4458)
St. Deviation (Runs) 0.0068 0.0111 0.0167
Double Heston Milstein | 10.521 14.130 18.256
(0.2601) | (1.1105) | (2.2722)
St. Deviation (Runs) 0.0058 0.0124 0.0153

K =669 T=1/4 | T=1/2 T=1

Benchmark 13.5393 | 17.0869 | 21.0732
Double Heston EM 13.646 17.313 21.548
(0.788) | (1.3232) | (2.253)
St. Deviation (Runs) 0.0089 0.0132 0.0165
Double Heston Milstein | 13.617 17.273 21.509
(0.5738) | (1.0891) | (2.068)
St. Deviation (Runs) 0.0080 0.0133 0.0157
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3.2 Evaluation of the Two AEMS Variants under the Gatheral
DMR Model

The most significant difficulty of our research is the absence of prior investigations into Amer-
ican option pricing under the Gatheral DMR model. Therefore, as expected, there are no
benchmark values available. However, as mentioned earlier, we can create benchmark val-
ues by simulating the model for a large budget using the EM scheme, as it ultimately converges.

The convergence budget can differ depending on the option type, model, and time to maturity
being investigated. As our method to finding reference prices can be significantly expensive
in a computational way, we wish to test the rate of convergence for EM scheme, AEMS and
AEMS-SOR under our model for shorter maturities up to half a year. The parameters used for
these tests are given in Table 3.5.

Table 3.5: Parameter description for option pricing tests.

So 100

K [90, 100, 110]
T | [1/12,1/4,1/2]
r 0.05

Vo 0.114

Vi 0.09

K] 2

K2 0.1

0 0.09

g1 1

o 0.502
P12 -0.3
P13 -0.727
P23 0.59

The benchmark values for American put options can be found in Table 3.6. For T' = % and
T = 41—1, the time-steps needed until convergence was observed were 500, whereas for 7' = %,
1000 time-steps were needed. Our first observation is therefore that convergence of the tradi-
tional EM scheme under the Gatheral DMR model is very slow and computationally expensive.
Additionally, for at-the-money and in-the-money options, a quarter of a million simulated paths
were used, while for out-of-the-money options, half a million simulated paths were considered

appropriate.
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Table 3.6: American put option benchmark values.

Time to Maturity | Moneyness Type | Option price

ATM 6.1348

1/12 I™ 15.8668
OT™™ 1.2399
ATM 9.8153

1/4 I™ 19.3180
O™ 4.0223

ATM 12.7458

1/2 IT™ 22.0667
O™ 7.7089

The tables below present the direct comparison of the EM scheme and the AEMS. Specifically,
Tables 3.7, 3.9, and 3.11 show the option prices for the EM scheme under different times-
to-maturity, whereas Tables 3.8, 3.10, and 3.12 show the respective results for the AEMS.
The average of 20 simulation runs is taken as the true price for each time-step value. The
column "St. Deviation (Runs)" represents the standard deviation between the 20 runs, while
the column "Percent Deviation" represents the error in percentage. We use the word deviation
as we do not have real benchmark values.

The results indicate several interesting behaviour characteristics of the Gatheral DMR model.
Firstly, we observe that as the time-steps increase, the prices follow a monotonically increasing
pattern until convergence is observed. This is the case for all option types.

In general, the convergence rates seem to give satisfactory results, mainly for when 7' = 1/2,
where the ATM and ITM options with the AEMS and AEMS-SOR perform better than the
EM scheme. However, the OTM option with AEMS does not perform as well as expected.
This could indicate a flaw of the scheme in out-of-the-money options, and this drawback could
be even more significant with an even longer time-to-maturity. Nevertheless, this is only an
observation, and in order to make conclusive statements, an experimental study with a longer
time-to-maturity needs to be conducted.

The options with 7 = 1/12 and T = 1/4 for all three schemes seem to have the same
convergence rate, with no apparent difference. The benchmark values are created by the EM
scheme and therefore it is expected that there is some simulation bias. Figures 3.1, 3.2, and 3.3
present the deviation behaviour of EM scheme in comparison to AEMS and AEMS-SOR, for
T=1/12,T =1/4 and T = 1/2 respectively.
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Table 3.7: American put option simulation values (T=1/12), EM scheme.

Time-Steps | Moneyness Type | Option Price | St. Deviation (Runs) | Percent Deviation
12 ATM 5.6552 0.0052 7.8176
50 ATM 6.0476 0.0060 1.4213
70 ATM 6.0846 0.0047 0.8182
100 ATM 6.1182 0.0050 0.2705
150 ATM 6.1260 0.0075 0.1434
252 ATM 6.1302 0.0093 0.0749
500 ATM 6.1348 0.0059 Benchmark Value
12 IT™ 15.1432 0.0056 4.5604
50 IT™™ 15.7167 0.0087 0.9460
70 IT™ 15.7690 0.0081 0.6163
100 IT™ 15.8071 0.0074 0.3762
150 IT™ 15.8373 0.0080 0.1859
252 IT™M 15.8542 0.0086 0.0794
500 IT™ 15.8668 0.0113 Benchmark Value
12 OT™M 1.0423 0.0027 15.9367
50 OT™ 1.1729 0.0025 5.4036
70 OT™ 1.1923 0.0024 3.8390
100 O™ 1.2065 0.0028 2.6937
150 OT™M 1.2228 0.0024 1.3791
252 OT™M 1.2390 0.0031 0.0725
500 OT™ 1.2399 0.0029 Benchmark Value

Table 3.8: American put option simulation values (T=1/12), AEMS.

Time-Steps | Moneyness Type | Option Price | St. Deviation (Runs) | Percent Deviation
12 ATM 5.6636 0.0059 7.6807
50 ATM 6.0337 0.0075 1.6479
70 ATM 6.0697 0.0074 1.0611
100 ATM 6.1002 0.0062 0.5639
150 ATM 6.1111 0.0061 0.3863

252 ATM 6.1238 0.0055 0.1793
500 ATM 6.1307 0.0062 0.0668
12 IT™M 15.1554 0.0047 4.4835
50 IT™™ 15.7155 0.0052 0.9535
70 IT™M 15.7773 0.0055 0.5640
100 IT™M 15.7843 0.0059 0.5199
150 IT™ 15.8031 0.0070 0.4014
252 IT™M 15.8279 0.0079 0.2451
500 IT™M 15.8466 0.0090 0.1273
12 OT™M 1.0516 0.0024 15.1867
50 O™ 1.1659 0.0031 5.9682
70 OT™M 1.1784 0.0023 4.9600
100 OT™ 1.1941 0.0029 3.6938
150 OT™ 1.2075 0.0032 2.6131
252 OT™ 1.2122 0.0033 2.2340
500 O™ 1.2214 0.0037 1.4920
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Table 3.9: American put option simulation values (T=1/4), EM scheme.

Time-Steps | Moneyness Type | Option Price | St. Deviation (Runs) | Percent Deviation
12 ATM 9.0702 0.0124 7.5912
50 ATM 9.6642 0.0114 1.5394
70 ATM 9.7092 0.0151 1.0809
100 ATM 9.7538 0.0105 0.6265
150 ATM 9.7870 0.0111 0.2883
252 ATM 9.8022 0.0123 0.1334
500 ATM 9.8153 0.0094 Benchmark Value
12 IT™ 18.0976 0.0109 6.3174
50 IT™M 19.0959 0.0135 1.1497
70 IT™ 19.1749 0.0129 0.7407
100 IT™ 19.2365 0.0123 0.4218
150 IT™M 19.2794 0.0132 0.2049
252 IT™M 19.3012 0.0155 0.0869
500 IT™ 19.3180 0.0123 Benchmark Value
12 OT™M 3.5907 0.0068 10.7301
50 OT™ 3.9181 0.0064 2.5905
70 OT™ 3.9560 0.0057 1.6483
100 O™ 3.9890 0.0060 0.8278
150 O™ 4.0050 0.0055 0.4301
252 OT™M 4.0177 0.0061 0.1143
500 OT™ 4.0223 0.0059 Benchmark Value

Table 3.10: American put option simulation values (T=1/4), AEMS.

Time-Steps | Moneyness Type | Option Price | St. Deviation (Runs) | Percent Deviation
12 ATM 9.1040 0.0097 7.2468
50 ATM 9.6135 0.0075 2.0559
70 ATM 9.6634 0.0121 1.5475
100 ATM 9.6906 0.0095 1.2704
150 ATM 9.7136 0.0122 1.0361

252 ATM 9.7342 0.0098 0.8262
500 ATM 9.7503 0.0109 0.6622
12 IT™M 18.1693 0.0115 5.9462
50 IT™™ 19.0786 0.0126 1.2392
70 IT™M 19.1468 0.0099 0.8862
100 IT™M 19.2012 0.0119 0.6046
150 IT™ 19.2333 0.0176 0.4384
252 IT™M 19.2518 0.0153 0.3426
500 IT™M 19.2725 0.0158 0.2355
12 O™ 3.5855 0.0063 10.8594
50 O™ 3.8510 0.0058 4.2587
70 OT™M 3.8842 0.0047 3.4333
100 OT™ 3.9042 0.0053 2.9361
150 OT™M 3.9220 0.0062 2.4935
252 O™ 3.9487 0.0085 1.8297
500 O™ 3.9572 0.0089 1.6184
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Table 3.11: American put option simulation values (T=1/2), EM scheme.

Time-Steps | Moneyness Type | Option Price | St. Deviation (Runs) | Percent Deviation
12 ATM 12.0431 0.0174 5.5131
50 ATM 12.6339 0.0175 0.8779
70 ATM 12.6572 0.0170 0.6951
100 ATM 12.6807 0.0167 0.5107
150 ATM 12.7072 0.0170 0.3028
252 ATM 12.7234 0.0168 0.1757
500 ATM 12.7313 0.0130 0.1137
1000 ATM 12.7458 0.0118 Benchmark Value
12 I™ 20.6516 0.0153 6.4128
50 IT™ 21.8593 0.0174 0.9398
70 IT™ 21.9764 0.0200 0.4092
100 IT™ 22.0013 0.0183 0.2963
150 IT™ 22.0271 0.0158 0.1794
252 IT™ 22.0438 0.0164 0.1037
500 I™ 22.0593 0.0136 0.0335
1000 IT™ 22.0667 0.0102 Benchmark Value
12 OTM 6.2539 0.0075 6.7820
50 OTM 6.5871 0.0099 1.8154
70 OTM 6.6279 0.0094 1.2073
100 OTM 6.6513 0.0084 0.8585
150 OTM 6.6783 0.0105 0.4561
252 OTM 6.6978 0.0100 0.1654
500 OTM 6.7046 0.0097 0.0640
1000 OTM 6.7089 0.0099 Benchmark Value

Table 3.12: American put option simulation values (T=1/2), AEMS.

Time-Steps | Moneyness Type | Option Price | St. Deviation (Runs) | Percent Deviation
12 ATM 12.2323 0.0150 4.0287
50 ATM 12.6635 0.0137 0.6457
70 ATM 12.6960 0.0174 0.3907
100 ATM 12.7102 0.0169 0.2793
150 ATM 12.7214 0.0112 0.1914
252 ATM 12.7347 0.0162 0.0870
500 ATM 12.7449 0.0173 0.0070

1000 ATM 12.7461 0.0169 0.0023
12 IT™ 20.9548 0.0171 5.0388
50 I™ 21.9010 0.0207 0.7509
70 IT™ 21.9811 0.0158 0.3879
100 IT™ 22.0436 0.0149 0.1046
150 IT™ 22.0585 0.0118 0.0371

252 IT™ 22.0602 0.0165 0.0294

500 IT™ 22.0687 0.0201 0.0090

1000 IT™ 22.0731 0.0167 0.0290
12 OTM 6.2737 0.0082 6.4869
50 OTM 6.4636 0.0101 3.6563
70 OTM 6.5053 0.0088 3.0347
100 OTM 6.5023 0.0075 3.0794
150 OTM 6.5318 0.0107 2.6397
252 OTM 6.5576 0.0125 22552
500 OTM 6.5709 0.0129 2.0569

1000 OTM 6.5781 0.0126 1.9496
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Figure 3.1: Percent deviations for simulating American put options for EM scheme, AEMS
and AEMS-SOR with time-to-maturity 7 = 1/12 on ATM, ITM and OTM option types
respectively.
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Percentage Deviations for ATM options with T=1/4
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Figure 3.2: Percent deviations for simulating American put options for EM scheme, AEMS and
AEMS-SOR with time-to-maturity 7 = 1/4 on ATM, ITM and OTM option types respectively.
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Percentage Deviations for ATM options with T=1/2
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Figure 3.3: Percent deviations for simulating American put options for EM scheme, AEMS and
AEMS-SOR with time-to-maturity 7 = 1/2 on ATM, ITM and OTM option types respectively.
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More specifically, when T = 1/12 , the errors for all three schemes are very close to each other,
even for small time-steps, which is our biggest interest. This does not apply to OTM options,
as mentioned before. It is also worth noticing that the AEMS-SOR has a notable improvement
in the convergence rate, indicating that further improvement of the variance process is possible.

When considering 7 = 1/4, we can observe a slight increase in the error between the three
schemes. This is a direct phenomenon caused by simulating further in the future. The AEMS
does not perform so well for the OTM option, with error at convergence being approximately
at 1.6 percent. The AEMS-SOR, however, gives a more reliable performance at the OTM
option, with the error at convergence reaching only 0.17 percent.

Lastly, with T = 1/2, we can see that the convergence rates of the AEMS and the AEMS-SOR
are better than the EM scheme for the ATM and ITM options. More specifically, we can clearly
see that for 12 time-steps, the errors of the proposed schemes are smaller than the EM scheme,
and this behaviour continues up to 252 time-steps, where the three schemes start to converge
and exhibit the same performance. The AEMS falls short on the OTM option, as anticip-
ated, with convergence error at approximately 1.96 percent. The AEMS-SOR, nonetheless,
performs significantly better than the AEMS for the OTM option, with error at convergence
reaching approximately 0.14 percent.

These results inspire confidence in our ability to extend the application of the proposed
discretization schemes to longer time horizons. Such extension could potentially unveil even
more pronounced improvements, especially for ATM and ITM options. It is also understood
that the choice of AEMS-SOR should always be preferred to the AEMS for OTM options.
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Chapter 4

Conclusion and Further Remarks

In this study, we have analytically derived two variants of partial implementation of the Almost-
Exact Scheme on the Gatheral DMR model. The first variant (AEMS), combines the exact
scheme on the long-run mean process with a Milstein scheme on the variance process. The
second variant (AEMS-SOR) combines the exact scheme on the long-run mean process with
a second order refinement of the EM scheme on the variance process.

For the proposed schemes, we have introduced the topics of non-central chi-square distribution,
the Milstein scheme, stochastic volatility models, such as the Heston and double Heston model,
and additionally the Gatheral double mean reverting model. We have also presented the nature
of American options, while also focusing on the LSMC method, a technique to evaluate such
options by simulation.

The idea of using an Almost-Exact Scheme has been applied for the Heston models, and
therefore the challenge of this study was to successfully apply it on the Gatheral DMR model.
Throughout a comprehensive examination of the dynamics of the model, we understood that
applying this technique directly on the model was not possible, and therefore developed a
diffusion trick, which allowed us to use the Almost-Exact technique in a non-direct way and
apply the properties of the variance process on the asset price process for better accuracy on
the simulation.

Based on our results, there are a couple of observations to reflect upon. Even though the
Gatheral DMR model is not new, as it was introduced in 2008, not many researchers have
decided to conduct a study on it. Specifically, there are no studies that simulate American
options, and therefore, the fact that we used EM scheme with a large number of time-steps
to create some reference prices, could have potentially led to some bias towards the EM scheme.

Furthermore, the choice of focusing on short time-to-maturities plays also an important role
in this study. The results imply that it might be hard for a discretization scheme to perform
better than EM for T < 1/2. Ultimately, because of the dynamics of the Gatheral DMR model,
and the variance process including a stochastic variable with its own stochastic properties,
the application of the Almost-Exact Scheme might be appropriate under certain conditions.
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This is, perhaps, another example of why the Heston model is so common and widely-used
in numerical studies. For options with time-to-maturities given as [T = 1/12,1/4,1/2], the
AEMS and AEMS-SOR gave us better convergence rates than the EM scheme for the ATM
and ITM options with 7 = 1/2. The proposed schemes have generally accurate prices for
T =1/12and T = 1/4, but no change in the convergence rate was observed. The OTM options
seem to not align with the initial expectations of the model, and suffers as time-to-maturity gets
longer under AEMS. The AEMS-SOR however, had a significant effect on the convergence
rate, where it showed robust performance on the OTM options, and performed slightly better
than the AEMS for ATM and I'TM options too.

4.1 Future Work

It has become apparent by now that the Gatheral DMR model requires more investigation in the
area of American and exotic option pricing. A potential future research could involve extending
our current work, with the aim of enhancing the application of the Almost-Exact Scheme on
the Gatheral model for a longer time-to-maturity. This could either entail a development of
a similar technique to the diffusion trick or its application to a similar three-factor stochastic
volatility model.

Another potential future work could include the findings of benchmark values for option pricing
under our model in a more efficient way. We talked about the memory-related issues using the
Euler-Maruyama scheme and the possible pricing bias that comes with it. The most efficient
way, of course, would be the development of a closed-form solution for pricing European
options.

Lastly, even if future research shows that an Almost-Exact Scheme is efficient under specific
option types, we aim to explore other schemes that will exhibit faster convergence than the
Euler-Maruyama scheme. One could extend the idea of the efficiency of the second order
refinement scheme, and apply it in other three-factor models that might exhibit better results.
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Appendix A

Second-Order Refinement of the
Euler-Maruyama Scheme

We consider a process X satisfying an SDE of the form
dX(t) =a(X(2))dt +b(X(1))dW (1),

with fixed X(0). We also assume that both X and W are scalar. We adopt some convenient
notations, with the SDE above defining X:

d d
a_+_b R

and J
LM =b—
dx

representing a twice differentiable operator of function f. This allows us to write the Itd
formula as

df (X (1)) = ZL° (X ()dt + L' (X (1))dW (1)

The evolution of X over the interval [¢,7 + h] is given as

t+h t+h
X(t+h)=X(t)+ / a(X(u))du + / b(X(u))dW (u),

in which we approximate the two integrals on the right. It6’s formula on a gives

a(X(u)) = a(X(z))+/u$°a(X(s))ds+/u.,zﬂla(X(s))dW(s).

Next, we apply Euler’s approximation on both integrals. Specifically

a(X(u)) = a(X(1)) +,$0a(X(r))/uds+$1a(X(t))/udW(s),
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and using this in the original SDE, we obtain
t+h t+h u t+h u
/ a(X(w))du = a(X(0))h+ L%a(X (1)) / / dsdu + L a(X(1)) / / dW(s)du
t t t t t

=a(X(t)h+L%a(X ()00 +-L a(X ()10,

where I(; ;) indicate the denoted double integrals. Following the same steps for the second
integral, Euler’s scheme gives us

b(X () = b(X (1)) + L°b(X (7)) / " ds + L (X (1)) / " aws).

and using this in the original SDE once again
t+h t+h u
/ b(X(u))dW (u) = b(X(1))[W(t+h) =W ()] + Z°b(X(1)) / / dsdW (u)

t+h u
+ 2'b(X (1)) / / dW (s)dW (u)
t t
=b(X()[W(t+h) - WD) +.L°b(X (1) 01) +L DX (1) 1,1)-
Combining the two approximated integrals, we arrive at the approximation

X(t+h) = X(t) + ah + bAW + (aa’ + 1b*a”)I o)
+ (Clb’ + %bzb”)l(o’]) + ba/l(l’o) + bb’](]J), (A.1)

with AW = W (t + h) — W(1).
The approximation in (A.1) can be turned into an applicable algorithm by simulating the double

integrals. We observe that
t+h u
o) = / / dsdu = 1h?,
t t

and from (1.21) we know that
t+h
Iy = / [W () = W) dW(u) = L[(AW)? - ].

On the term /(o,1) we can apply integration by parts as

Ton = '/tHh‘/tudde(u) :[t+h(u—t)dW(u)

t+h
=hW(t+h) —/ W (u)du

t+h
= h[W(t+h) - W(#)] - / [W(u) — W(t)|du
= hAW - I (1 0).
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Lastly, we examine
t+h
o= [ W - W(oldu
t

The increment AW and the area (1 o) are jointly normal, with each having conditional mean
0. The conditional variance of AW is h and that of I(j ) is h3/3. We also notice that
E[11,0)|W(t), AW] = $hAW, s0 E[I(1,0)AW] = 112

This leads us to the second-order discretization scheme
X((i + 1)h) = X(ih) + ah + bAW + (ab’ + 1b*b") [AWh — Al]
+a’bAl + Sbb' [AW? - h]
+ (aa’ + %bza”)%hz, (A.2)
with a, b and their derivatives evaluated at X (i#). In [26], the author describes conditions of
a and b for the scheme to reach a second order of weak convergence. These conditions involve

that the functions a and b should be six times continuously differentiable with uniformly
bounded derivatives.
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