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Chapter 1

This chapter is the thesis introduction.





Chapter 1

Introduction

This chapter introduces the objects of study and gives an overview of the thesis as
well as background material and summary of the main results. In Section 1.1 the
multi-parametric family of unital associative complex algebras defined by commu-
tation relations associated to group or semigroup actions of dynamical systems and
iterated function systems is introduced. A generalization of these commutation re-
lations in three generators is constructed, modifying Lie algebra type commutation
relations, typical for usual differential or difference operators, to relations satisfied
by more general twisted difference operators associated to general twisting maps.
The importance of these algebras in classical and quantum mechanics, representa-
tion theory, Fourier and wavelet analysis, operator and spectral theory, noncom-
mutative geometry, and many other areas of mathematics, physics and engineering
is outlined, and an overview of the thesis is given. In Section 1.2 a connection of
these algebras to orthogonal polynomials is drawn. In particular, it is shown that
there are three systems of orthogonal polynomials of the class of Meixner–Pollaczek
polynomials that are connected by a special representation of the algebras by mul-
tiplication and difference operators associated to action by shifts on the complex
plane. In Sections 1.3–1.6 background material necessary to understand the con-
tent of the thesis is given. Section 1.3 is the background for Chapters 2 and 3,
giving an introduction to commutation relations and reordering, while Section 1.4
is the background for Chapter 4, giving an introduction to operator representations
and derivations. In Section 1.5 some elementary theory of orthogonal polynomials
is reviewed, and a special class of orthogonal polynomials, the Meixner–Pollaczek
polynomials, and a subclass, the symmetric Meixner–Pollaczek polynomials, to
which all the three systems described in Chapter 5 belong, is introduced. Inter-
polation, a technique needed in Chapter 6, is discussed in Section 1.6. Finally, in
Section 1.7 the results of the thesis are summarized.
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1.1 Mathematical objects studied

The main object studied in this thesis is the multi-parametric family Aσj of unital
associative complex algebras generated by the element Q and the finite or infinite
set {Sj}j∈J of elements satisfying the commutation relations

SjQ = σj(Q)Sj , (1.1)

where σj is a polynomial for all j ∈ J . For J = {1, 2}, with the notation that
S1 = S, S2 = T , σ1 = σ and σ2 = τ , this reduces to the multi-parametric family
Aσ,τ of unital associative complex algebras generated by three elements S, T and
Q satisfying the commutation relations

SQ = σ(Q)S,

TQ = τ(Q)T.
(1.2)

Writing R = (dS − bT )/(ad − bc) and J = (aT − cS)/(ad − bc), where a, b, c and
d are complex numbers with ad �= bc, we obtain and consider also a generalization
of Aσ,τ , the multi-parametric family Bσ,τ of unital associative complex algebras
generated by three elements R, J and Q satisfying the commutation relations

RQ =
adσ(Q)− bcτ(Q)

ad− bc
R+

bdσ(Q)− bdτ(Q)

ad− bc
J,

JQ =
adτ(Q)− bcσ(Q)

ad− bc
J +

acτ(Q)− acσ(Q)

ad− bc
R.

(1.3)

Observe that the relations of the form (1.2) are recovered for b = c = 0.

The main goal of this thesis is to reorder arbitrary elements in the above alge-
bras, and to study properties of operators in some representing operator algebras,
including their connections to orthogonal polynomials.

The importance of commutation relations (1.1) can be best seen from some
well-known examples. Consider the case where J = {1},

SQ = σ(Q)S. (1.4)

If σ(x) = x, then S and Q commute, that is,

SQ = QS.

If σ(x) = −x, then S and Q anti-commute, that is,

SQ = −QS.

16
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If σ(x) = qx+ c for some complex numbers q and c, then S and Q satisfy

SQ− qQS = cS.

This is a deformed Heisenberg–Lie commutation relation of quantum mechanics.
The famous classical Heisenberg–Lie relation is obtained when q = 1 and c = 1. If
c = 0, then S and Q are said to q-commute, that is, they satisfy the relation

SQ = qQS,

which is often called the quantum plane relation in the context of noncommutative
geometry and quantum groups. If σ(x) = qxd for some positive integer d, then S
and Q satisfy the commutation relation

SQ = qQdS.

This reduces to the quantum plane relation for d = 1 and to the relation

SQ = QdS

for q = 1, having important applications, for instance in wavelet analysis and in
investigation of transfer operators [29, 52, 62], which are fundamental for statistical
physics, dynamical systems and ergodic theory.

The commutation relations of the form (1.4) play a central role in the study
of crossed products and their representations, in the theory of dynamical systems
and in the investigation of covariant systems and systems of imprimitivity and thus
in quantum mechanics, statistical physics and quantum field theory [29, 30, 36,
52, 62, 77, 79, 80, 81, 92, 103, 119, 124]. The commutation relations of the form
(1.4) arise in the investigations of nonlinear Poisson brackets, quantization and
noncommutative analysis [66, 90]. Bounded and unbounded operators satisfying
relation (1.4) have also been considered in the context of representations of ∗-
algebras and spectral theory [102, 104, 105, 110, 111]. In the study of commutation
relations of the form (1.4) and their representations, an important role is played
by the dynamical system generated by the map σ.

On the other hand, relations (1.3) generalizes Lie algebra type commutation
relations, typical for usual differential or difference operators, to relations satisfied
by more general twisted difference operators associated to general twisting maps.

Reordering of arbitrary elements in noncommutative algebras defined by com-
mutation relations is important in many research directions, open problems and
applications of the algebras and their operator representations. For a broader view
of this active area of research, see, for example, [2, 3, 4, 12, 13, 14, 15, 16, 17, 18,
19, 22, 24, 25, 26, 27, 28, 49, 50, 51, 55, 56, 58, 60, 61, 74, 76, 82, 84, 85, 87,
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106, 109, 118, 126, 127, 128, 129, 130, 131, 132, 133] and the references therein.
In investigation of the structure, representations and applications of noncommu-
tative algebras, an important role is played by the explicit description of suitable
normal forms for noncommutative expressions or functions of generators. These
normal forms are particularly important for computing commutative subalgebras
or commuting families of operators which are a key ingredient in representation
theory of many important algebras [93, 94, 95, 107, 119].

Further investigation of the operator representations of the commutation rela-
tions by difference type operators on Hilbert function spaces leads to interesting
connections to functional analysis and orthogonal polynomials. Orthogonal func-
tions in general are central to the development of Fourier series and wavelets which
are essential to signal processing. In particular, as demonstrated in this thesis, or-
thogonal polynomials can be used to establish the L2-boundedness of singular
integral operators, which is a fundamental problem in harmonic analysis and a
subject of extensive investigations (see, e.g., [40] and the references therein).

The content of this thesis can be divided into two main parts. The first part
consists of Chapters 2–4 devoted to the reordering of arbitrary elements in the
algebras Aσj , Aσ,τ and Bσ,τ and their operator representations. In Chapter 2,
general reordering formulas for arbitrary elements in the algebras are derived, and
special cases for different choices of σj are considered, generalizing some well-
known results. The corresponding nested commutator formulas are also derived.
In Chapter 3, simple and explicit formulas for reordering elements in an algebra
with three generators and Lie type relations are derived. Centralizers and centers
are computed as an example of an application of the formulas. In Chapter 4 some
operator representations of the algebras are given, and in particular, it is shown
that some multi-parameter deformed symmetric difference and multiplication op-
erators satisfy the defining relations of the algebra Bσ,τ . The representations are
considered also in the context of twisted derivations. The second part of this thesis
consists of Chapters 5–6 devoted to a special representation of the algebra Bσ,τ

by difference operators associated with action by shifts on the complex plane. It
is shown in Chapter 5 that there are three systems of orthogonal polynomials of
the class of Meixner–Pollaczek polynomials that are connected by these operators.
Boundedness properties of two singular integral operators of convolution type con-
nected to these difference operators are investigated in the Hilbert spaces related
to these systems of orthogonal polynomials. Orthogonal polynomials are used to
prove boundedness in the weighted spaces and Fourier analysis is used to prove
boundedness in the translation invariant case. It is proved in both cases that the
two operators are bounded on the L2-spaces and estimates of the norms are ob-
tained. Chapter 6 extends this investigation to Lp-spaces on the real line where it
is proved again that the two operators bounded.

18
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1.2 Connection to orthogonal polynomials

In his article [65], Sten Kaijser presented two systems of orthogonal polynomials
belonging to the class of Meixner–Pollaczek polynomials [86, 96] (in the literature

denoted by P
(λ)
n (x;φ) where λ > 0 and 0 < φ < π) together with some opera-

tors connecting them. One of the systems was the special case of the symmetric

Meixner–Pollaczek polynomials, P
(λ)
n (x/2;π/2), with parameter λ = 1/2, a system

that can also be described as the polynomials orthogonal on the real line R with
respect to the weight function

ω1(x) =
1

2 cosh π
2x

. (1.5)

The other system was a limiting case of the symmetric Meixner–Pollaczek poly-
nomials with the parameter λ tending to 0. That system could also be described
as the polynomials orthogonal in the strip S = {z ∈ C : |Im z| < 1} with respect
to the above weight function ω1. These polynomials were studied in a series of
papers by Tsehaye K. Araaya [6, 7, 8, 9].

The monic polynomials in the first system were denoted by τn(x) and those
from the second system by σn(z). Both systems turned out to have simple expo-
nential generating functions given by

∞∑
n=0

τn(x)

n!
sn =

ex arctan s

√
1 + s2

, (1.6)

∞∑
n=0

σn(z)

n!
sn = ez arctan s. (1.7)

From these generating functions, it could be concluded that the normalized poly-
nomials τ̃n(x) = τn(x)/n! were orthonormal, while the normalized polynomials
σ̃n(z) = σn(z)/n! were orthogonal with norms 1 for σ0 and

√
2 for n ≥ 1. Araaya

[8] also discovered a very interesting connection of these polynomials to Rota’s
umbral calculus [100].

The Kaijser–Araaya systems are connected by two operators,

Ri(f)(x) =
f(x+ i) + f(x− i)

2
, (1.8)

Ji(f)(x) =
f(x+ i)− f(x− i)

2i
, (1.9)

mapping functions in the strip S to funcions on the real line R (see [9, 65]). Later
on, it was observed that the operator Ri acting on polynomials from the first
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system gives rise to another system of orthogonal polynomials, also belonging to
the class of Meixner–Pollaczek polynomials. Furthermore, this third system is
connected to the second system by the operator

Qx(f)(x) = xf(x), (1.10)

and thus turns out to fill a gap related to the two Kaijser–Araaya systems. We
denote the monic polynomials in this system by ρn(x). In his article [53], Lars
Holst presented a new way to calculate the Euler sum,

∑∞
n=1 1/n

2 = π2/6. His
calculations inspired us to find the particular weight function for the ρ-polynomials
explicitly as given by the convolution

ω2(x) = (ω1 ∗ ω1)(x) =
x

2 sinh π
2x

, (1.11)

where ω1 is defined by (1.5). In his article [7], Araaya presented a generalization of

these polynomials, the symmetric Meixner–Pollaczek polynomials, P
(λ)
n (x/2;π/2),

with real parameter λ. The ρ-polynomials is the particular case with λ = 1.
The notation for the operators Ri, Ji and Qx is inspired by analogies with

quantum mechanics, an analogy which seems natural in light of the following easily
verified relations between the operators (see Chapter 4 for similar computations):

RiQx −QxRi = −Ji, (1.12)

JiQx −QxJi = Ri, (1.13)

RiJi − JiRi = 0. (1.14)

Observe that for σ(x) = x+ i, τ(x) = x− i, a = c = 1, b = i and d = −i, relations
(1.3) are exactly relations (1.12) and (1.13). This shows that the association

R 	→ Ri, J 	→ Ji, Q 	→ Qx (1.15)

gives a representation of elements R, J and Q satisfying an instance of relations
(1.3), and thus the connection to the Kaijser–Araaya systems of orthogonal poly-
nomials. Furthermore, if α and β are two shift automorphisms of the polynomial
algebra C[x] given by α(f)(x) = f(x+ i) and β(f)(x) = f(x− i), then

αQx = σ(Qx)α, (1.16)

βQx = τ(Qx)β, (1.17)

from which it follows that the association

S 	→ α, T 	→ β, Q 	→ Qy (1.18)
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gives a representation of elements S, T and Q satisfying an instance of relations
(1.2) with σ(x) = x + i and τ(x) = x − i. Also observe the connection between
the α, β- and the Ri, Ji-operators,

α = Ri + iJi, (1.19)

β = Ri − iJi. (1.20)

It thus suffices to study only one pair of these operators, either the α, β- operators
or the Ri, Ji-operators, and make the transformation to obtain conclusions about
the other pair.

For applications, it is imperative that a study of noncommutative algebras,
especially that of reordering elements, is followed by a study of the properties of
operators in the representing operator algebra. In the present case, a study of
the operators Ri, Ji and Qx. This is done in Chapters 5 and 6, mainly focusing
on the boundedness properties of the operators Bc = R−1

i and Sc = JiR
−1
i in

the function spaces related to the three systems of orthogonal polynomials. The
operators Bc and Sc have interesting properties with respect to these polynomials.
Both operators can be represented as convolution operators

Bcf(z) =

∫ ∞

−∞
f(t)dt

2 cosh π
2 (z − t)

, (1.21)

Scf(x) = lim
ε→0+

∫
|x−t|>ε

f(t)dt

2 sinh π
2 (x− t)

, (1.22)

leading to the Fourier transforms

B̂cf(t) = sech tf̂(t), (1.23)

Ŝcf(t) = i tanh tf̂(t). (1.24)

These two operators can be studied in the context of either real or complex analysis,
and in this thesis we consider the operator B as an operator from functions on
the real line R to functions in the strip S, while the operator S is studied as an
operator on functions on R.

Throughout this thesis, function spaces on R are denoted by L and those on
S by H. For 1 ≤ p < ∞, and for an arbitrary nonnegative and locally integrable
function ω on R, Lp(ω) denotes measurable functions on R with

||f ||pLp(ω) =

∫ ∞

−∞
|f(x)|pω(x) dx <∞, (1.25)

and Hp(ω) analytic functions on S with

||f ||pHp(ω) = sup
−1<a<1

∫ ∞

−∞
|f(x+ ia)|pω(x) dx <∞. (1.26)

Furthermore, Lp(R) = Lp(1) and Hp(S) = Hp(1).
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1.3 Commutation relations and reordering

Chapters 2–3 are about reordering of elements in noncommutative algebras de-
fined by commutation relations. We follow the exposition by Mansour and Schork
[82]. A commutation relation is a relation that describes the discrepancy between
different orders of operation of two operations, say S and Q . To describe it, we
use the commutator [S,Q] = SQ − QS. If S and Q commute, then the commu-
tator vanishes. How far a given structure deviates from the commutative case is
described by the right-hand side of the commutation relation. For example, in a
complex Lie algebra g one has a set of generators {Sj}j∈J with the Lie bracket

[SjSk] =
∑

l∈J c
l
jkSl, where the coefficients cljk ∈ C are called the structure con-

stants of the Lie algebra g. The associated universal enveloping algebra U(g) is an
associative algebra generated by {Sj}j∈J , and the above bracket becomes

[Sj , Sk] =
∑
l∈J

cljkSl.

One of the earliest instances of a noncommutative structure was recognized in
the context of operational calculus. If D = d

dx , the ordinary derivative, then the
Leibniz rule (the product rule) states that

D(xf(x)) = xD(f(x)) +D(x)f(x).

Interpreting the multiplication with the independent variable x as an application
of the multiplication operator Qx, and suppressing the operand f , this equation
can be written as the commutation relation

DQx −QxD = I,

where I is the identity operator: I(f)(x) = f(x).
Let us first introduce the concept of an alphabet, words and letters, and there-

after explain what we mean by reordering of an element in a noncommutative
algebra defined by commutation relations.

Definition 1.3.1. (see Mansour and Schork, 2016 [82]) Let a finite or infinite set
A = {Sj}j∈J of objects be given. For all j ∈ J , we call each Sj a letter and A the
alphabet. For some positive integer r, an element of Ar will be called a word of
length r in the alphabet A. A word ω = (Sj1 , Sj2 , . . . , Sjr) will be written in the
form ω = Sj1Sj2 · · ·Sjr , that is, as concatenation of its letters. For convenience, we
also introduce the empty word ∅ ∈ A0. If ω is a word, we denote the concatenation
ωω · · ·ω (n times) briefly by ωn. In the case A consists of n elements, an element
of Ar is called n-ary word of length r. The words with letters from the set of two
elements (n = 2) are called binary words, and the words with letters from the set
of three elements are called ternary words.
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Example 1.3.1. If A = {1, 2, 3}, then the 3-ary (ternary) words of length two
are 11, 12, 13, 21, 22, 23, 31, 32 and 33. If A = {0, 1}, then the binary words of
length three are given by 000, 001, 010, 011, 100, 101, 110 and 111.

Example 1.3.2. Let A = {S, T, U, V } be an alphabet with four letters. Then
ω1 = SSSTT , ω2 = STUV S, ω3 = V TUST and ω4 = UTUTU are words of
length five which in general are not related. The words ω1 and ω4 can be written
briefly as ω1 = S3T 2 and ω4 = (UT )2U .

Let us turn to the situation where the alphabet is given by the finite or infi-
nite set A = {Sj , Q}j∈J of elements in a unital associative algebra satisfying the
commutation relation

SjQ = σj(Q)Sj .

An arbitrary word ω in the alphabet A = {Sj , Q}j∈J can be written as

ω = Sk1
j1
Ql1Sk2

j2
Ql2 · · ·Skr

jr
Qlr ≡

r∏
t=1

Skt
jt
Qlt

for some kt, lt ∈ N0 (N0 denotes the set of nonnegative integers). If σj is given by
the polynomial σj(x) = x + 1 for all j ∈ J , then the above commutation relation
becomes the famous classical Heisenberg–Lie commutation relation

SjQ−QSj = Sj , (1.27)

and two adjacent letters Sj and Q in a word can be interchanged according to this
relation. Each time one uses it in a word ω, two new words result. If we write
the original word as ω = ω1SjQω2 (where each ωr can be the empty word), then
applying (1.27) gives that ω = ω1(QSj + Sj)ω2 = ω1QSjω2 + ω1Sjω2.

Example 1.3.3. In the last sentence of the preceding paragraph, if ω1 = ω2 = ∅,
the empty words, then ω = SjQ can be written as ω = QSj + Sj . Using (1.27)
again, the word SjQ

2 can be written as

SjQ
2 = (SjQ)Q = (QSj + Sj)Q = QSjQ+ SjQ = Q(QSj + Sj) + (QSj + Sj)

= Q2Sj +QSj +QSj + Sj = Q2Sj + 2QSj + Sj .

As demonstrated in this example, one can use commutation relation (1.27)
successively and transform each word in Sj and Q into a sum of words, where
each of these words has all the powers of Q to the left. For our considerations
throughout this thesis, we have the following definition.
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Definition 1.3.2. (cf. Mansour and Schork, 2016 [82]) A word ω in the alphabet
A = {Sj , Q}j∈J is called normal ordered if ω = akl1···lrQkSl1

j1
· · ·Slr

jr
for some

k, l1, . . . , lr ∈ N0, where akl1···lr ∈ C are arbitrary coefficients depending on the
exponents k, l1, . . . , lr. An expression consisting of a sum of words is called normal
ordered if each of the summands is normal ordered. The process of bringing a
word (or a sum of words) into its normal ordered form is called normal ordering.
Writing the word ω in its normal ordered form,

ω =
∑

k,l1,...,lr∈N0

Akl1···lr(ω)Q
k

r∏
t=1

Slt
jt
, (1.28)

the coefficients Akl1···lr(ω) are called the normal ordering coefficients of ω. In a
similar fashion, the word ω = bk1···kr,lS

k1
j1
· · ·Skr

jr
Ql is called antinormal ordered.

Writing the word ω in its antinormal ordered form,

ω =
∑

k1,...,kr,l∈N0

Bk1···krl(ω)

(
r∏

t=1

Skt
jt

)
Ql, (1.29)

the coefficients Bk1···krl(ω) are called the antinormal ordering coefficients of ω, and
the process of doing this is called antinormal ordering. By reordering, we mean
either normal ordering or antinormal ordering.

Chapter 2 is devoted to the normal ordering of arbitrary elements in the al-
gebras Aσj , Aσ,τ and Bσ,τ introduced in Section 1.1, while Chapter 3 is devoted
to the antinormal ordering of arbitrary elements in some special cases of these
algebras. As demonstrated in Chapter 3, normal or antinormal ordered forms for
arbitrary elements in noncommutative algebras defined by commutation relations
can be used to compute centralizers and centers in the algebras.

Definition 1.3.3. Let A be any algebra. The centralizer of g ∈ A, denoted by
Cen(g), is the set of all elements of A that commute with g. That is,

Cen(g) = {h ∈ A : gh− hg = 0}.
The center of A, denoted by Z(A), is the set of all elements of A that commute
with every element of A. That is,

Z(A) = {g ∈ A : gh− hg = 0 for all h ∈ A}.
It follows that the center of an algebra is the intersection of the centralizers of

every element in the algebra. Note that it suffices to find the centralizers for a set
of generators.

Finally, in Chapter 2, reordered expressions for nested commutators are derived
using unimodal permutations.
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Definition 1.3.4. Let n be a positive integer. A function f : {1, . . . , n} → R is said
to be unimodal if there exists some ν such that f(1) ≥ · · · ≥ f(ν) ≤ · · · ≤ f(n).
A permutation of a set is a bijection from the set to itself.

For example, written as tuples, there are four unimodal permutations of the
set {1, 2, 3}, namely: (3, 1, 2), (3, 2, 1), (2, 1, 3) and (1, 2, 3).

1.4 Representations and derivations

1.4.1 Operator representations

Chapter 4 is devoted to operator representations of our algebras and their connec-
tions to derivations. Consider the commutation relations (1.1), (1.2) and (1.3) in
Section 1.1. An operator representation of these commutation relations (or of the
algebras Aσj , Aσ,τ and Bσ,τ , respectively) is any set of linear operators satisfying
these commutation relations. For example, consider an instance of the relation
SQ = σ(Q)S where σ is given by the polynomial σ(x) = x+ 1, that is, the classi-
cal Heisenberg–Lie relation SQ − QS = S. A concrete representation is given by
the operators α1(f)(x) = f(x + 1) and Qx(f)(x) = xf(x) acting on polynomials
or other suitable functions. This can be seen from the simple calculation that

α1Qx(f)(x) = α1(id ·f)(x) = (x+ 1)f(x+ 1) = (x+ 1)α1(f)(x), (1.30)

where id denotes the identity function: id(x) = x. Interpreting the multiplica-
tion with the variable x as an application of the multiplication operator Qx and
suppressing the operand f , equation (1.30) can be written as the commutation re-
lation α1Qx−Qxα1 = α1. Similarly, if σ is given by the polynomial σ(x) = qx+ c
for some scalars q and c, then one gets the commutation relation SQ− qQS = cS,
a deformed Heisenberg–Lie relation, and a concrete representation is given by the
operators α2(f)(x) = f(qx + c) and Qx(f)(x) = xf(x) acting on polynomials or
some other suitable functions. In general, one has for any polynomial σ and any
suitable function f a concrete representation of the relation SQ = σ(Q)S given
by the operators ασ(f)(x) = f(σ(x)) and Qx(f)(x) = xf(x). To indicate that
generator A is represented by operator A′, we write A 	→ A′. We thus have that a
concrete representation of commutation relations (1.2) is given by the association
S 	→ ασ, T 	→ ατ and Q 	→ Qx, where as before ασ, ατ and Qx are the operators

ασ(f)(x) = f(σ(x)), ατ (f)(x) = f(τ(x)), Qx(f)(x) = xf(x)

acting on polynomials in one variable, or on some other suitable linear space of
functions invariant under these operators. Also observe that a concrete represen-
tation of relations (1.3) is given for b = c = 0 by R 	→ ασ, J 	→ ατ and Q 	→ Qx.
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Finally, as already outlined in Section 1.2, a concrete representation of com-
mutation relations (1.3) is given for σ(x) = x + i, τ(x) = x − i, a = c = 1, b = i
and d = −i by the operators

Ri(f)(x) =
f(x+ i) + f(x− i)

2
,

Ji(f)(x) =
f(x+ i)− f(x− i)

2i
,

Qx(f)(x) = xf(x)

acting on polynomials in one variable, or on functions in the complex plane C. This
operator representation is of special interest in this thesis. As already outlined in
Section 1.2, it is the link of our algebras to orthogonal polynomials, and the last
two chapters of this thesis are devoted to it.

1.4.2 Twisted derivations

Let A be a unital associative C-algebra, and let α and β be two endomorphisms
on A. An (α, β)-derivation on A is a C-linear map D : A → A satisfying

D(ab) = α(a)D(b) +D(a)β(b) (1.31)

for all a, b ∈ A. If β = idA, the identity map on A, then equation (1.31) becomes

D(ab) = α(a)D(b) +D(a)b,

and D is called an α-derivation on A. If α = β = idA, then D is the ordinary
derivative satisfying the ordinary Leibniz rule

D(ab) = aD(b) +D(a)b.

By a twisted derivation we mean either an α-derivation or an (α, β)-derivation.
Twisted derivations form a very general class of operators. Any endomorphism

α on A is an (α/2, α/2)-derivation on A, since

α(ab) = α(a)α(b) =
1

2
α(a) · α(b) + α(a) · 1

2
α(b)

for all a, b ∈ A. More generally, for any two complex numbers λ and μ such that
λ+ μ = 1, we have that an endomorphism α on A is an (λα, μα)-derivation.

Well-known examples of α-derivations include the shifted difference operator

S′(f)(x) = f(x+ 1)− f(x)
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and the Jackson derivative given for q ∈ C \ {1} by

Dq(f)(x) =
f(qx)− f(x)

qx− x
(1.32)

acting on the algebra of polynomials C[x] in one variable x, or on some other
suitable functions [48, 75]. The shifted difference operator satisfies the relation
S′(fg) = S(f)S′(g)+S′(f)g for the shift automorphism S(f)(x) = f(x+1), while
the Jackson derivative satisfies Dq(fg) = αq(f)Dq(g) + Dq(f)g for the rescaling
automorphism αq(f)(x) = f(qx). A generalization of the Jackson derivative, in-
troduced by Chakrabarti and Jagannathan [31], is given by the operator

Dp,q(f)(x) =
f(px)− f(qx)

px− qx
. (1.33)

This operator satisfies the relation Dp,q(fg) = αp(f)Dp,q(g)+Dp,q(f)αq(g) for the
automorphisms αp(f)(x) = f(px) and αq(f)(x) = f(qx). Another generalization
of the Jackson derivative is given for the polynomial σ(x) �= x by the operator

Dσ(f)(x) =
f(σ(x))− f(x)

σ(x)− x
(1.34)

acting on C[x]. For the endomorphism ασ on C[x] given by

ασ(f)(x) = f(σ(x)), (1.35)

this is an ασ-derivation on C[x] since for all polynomials f and g,

Dσ(fg)(x) =
f(σ(x))g(σ(x))− f(x)g(x)

σ(x)− x

=
f(σ(x))g(σ(x))− f(σ(x))g(x) + f(σ(x))g(x)− f(x)g(x)

σ(x)− x

= f(σ(x))
g(σ(x))− g(x)

σ(x)− x
+

f(σ(x))− f(x)

σ(x)− x
g(x)

= ασ(f)(x)Dσ(g)(x) +Dσ(f)(x)g(x).

In Chapter 4 we show that there exist twisted derivations or twisted derivation-like
operators generalizing the Jackson derivative that together with the multiplication
operator gives a concrete representation of the multi-parametric family Bσ,τ intro-
duced in Section 1.1.

Twisted derivations play an important role in the theory of Ore extensions,
Ore algebras and rings, Noetherian rings, differential and difference algebras, ho-
mological algebra, Lie algebras and groups, Lie superalgebras, operator algebras,
differential geometry, symbolic and algorithmic algebra, noncommutative geome-
try, quantum groups and quantum algebras, q-analysis and q-special functions and
numerical analysis [5, 23, 33, 34, 35, 39, 45, 44, 46, 59, 63, 64, 67, 82, 91, 115].
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1.5 Orthogonal polynomials

Chapter 6 is devoted to a special representation of relations (1.3) and its connection
to orthogonal polynomials, as already discussed in preceding sections. Orthogonal
polynomials appear in many areas of mathematics, physics and engineering where
they play a vital role. For instance, orthogonal polynomials are central to the de-
velopment of Fourier series and wavelets which are essential to signal processing.
In our particular case, in Chapter 5, we demonstrate that orthogonal polynomi-
als can be used to establish the L2-boundedness of singular integral operators
which is a fundamental problem in harmonic analysis and a subject of extensive
investigations. But first we give some elementary theory regarding orthogonal
polynomials, and then introduce a special class of orthogonal polynomials, the
Meixner–Pollaczek polynomials, and a subclass, the symmetric Meixner–Pollaczek
polynomials, to which all the three systems described in Chapter 5 belong.

1.5.1 Elementary theory

We review different aspects of the theory of orthogonal polynomials of one real
variable that are particularly relevant to this thesis. For the more general theory,
we refer the interested reader to [32, 37, 43, 57, 68, 108, 113, 114, 120, 125] and
the references therein.

A function ω on R is called a polynomially bounded weight function if it is
nonnegative, integrable and all its moments are finite. These requirements may
be written, respectively, as

ω ≥ 0, 0 <

∫
R

ω(x)dx <∞ and 0 <

∫
R

|x|nω(x)dx <∞,

where n is a positive integer. The finite moment property implies that all poly-
nomials are included in L2(ω), the space of measurable functions on R with∫
R
|f(x)|2ω(x) dx <∞. For functions f, g ∈ L2(ω), we can define an inner product

(f, g)ω =

∫
R

f(x)g(x)ω(x) dx

and the corresponding norm ||f ||ω =
√
(f, f)ω. The Cauchy-Schwarz inequality

enables us to bound inner products by norms: (f, g)ω ≤ ||f ||ω||g||ω.
A system {pn}∞n=0 of polynomials in L2(ω), where every polynomial pn has

degree n, is called orthogonal if (pn, pm)ω = 0 for n �= m. An orthogonal system
is called orthonormal if (pn, pn)ω = 1 for all n.

If p is a polynomial of degree m and

p(x) = cmxm + cm−1x
m−1 + · · ·+ c2x

2 + c1x+ c0,
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then cm is called the leading coefficient of p. If cm = 1, we say that p is a monic
polynomial. A useful property of real orthogonal polynomials is that they obey a
three-term recurrence relation as described in the following.

Proposition 1.5.1. For any given weight function ω, there exists a unique system
{pn}∞n=0 of monic orthogonal polynomials. More precisely, we can construct the
monic orthogonal polynomials as follows:

p−1(x) = 0,

p0(x) = 1,

pn+1(x) = xpn(x)− anpn(x)− bnpn−1(x),

where an = (xpn, pn)ω/‖pn‖2ω and bn = (xpn, pn−1)ω/‖pn−1‖2ω.
Remark 1. This is simply the Gram–Schmidt procedure applied to the sequence
{xn}∞n=0 with respect to the L2(ω) inner product.

Remark 2. The converse of this theorem is known as Favard’s theorem [41].

If ω is an even function, then its integrals with odd polynomials are all zero
so that an = 0 for all n. In our paticular case, the weight function ω1(x) =
1/(2 cosh π

2x) is even so that the three-term recurrence relation reduces to

p−1(x) = 0,

p0(x) = 1,

pn+1(x) = xpn(x)− bnpn−1(x).

The function ω1 has three other interesting properties that make it useful as a
weight function. The first is that it a probability density function, and the second
is that it is up to a dilation its own Fourier transform, that is, it is the Fourier
transform of the function 1/ cosh t. The third is that it is essentially the Poisson
kernel for the strip S = {z ∈ C : |Im z| < 1} (see [65, p. 5]). These properties
make it computationally convenient, and in particular the second property makes
it possible to interpret its moments as values at zero of successive derivatives.

1.5.2 Meixner–Pollaczek polynomials

The Meixner–Pollaczek polynomials, denoted by P
(λ)
n (x;φ) where λ > 0 and 0 <

φ < π, are a special class of orthogonal polynomials that were first discovered by
Meixner [86] and later studied by Pollaczek [96]. These polynomials are defined
by the recurrence relation

p
(λ)
n+1(x;φ) = 2(x sinφ+ (n+ λ) cosφ)p(λ)n (x;φ)− n(n+ 2λ− 1)p

(λ)
n−1(x;φ),
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with the initial conditions p
(λ)
−1(x;φ) = 0 and p

(λ)
0 (x;φ) = 1. Their generating

function, Gλ(x, s) =
∑∞

n=0
p
(λ)
n (x;φ)

n! sn, is given by

Gλ(x, s) =
(
1− seiφ

)−λ+ix(
1− se−iφ

)−λ−ix
.

The Symmetric Meixner–Pollaczek polynomials are the special cases p
(λ)
n (x) =

p
(λ)
n (x/2;π/2), and thus defined by the recurrence relation

p
(λ)
n+1(x) = xp(λ)n (x)− n(n+ 2λ− 1)p

(λ)
n−1(x)

with p
(λ)
−1(x) = 0 and p

(λ)
0 (x) = 1. The three systems {σn}, {τn}, {ρn} , introduced

in Section 1.2, are respectively the cases

λ→ 0+, λ = 1/2, λ = 1

The generating function, Gλ(x, s) =
∑∞

n=0
p
(λ)
n (x)
n! sn, is given by

Gλ(x, s) =
ex arctan s

(1 + s2)λ
,

and they are orthogonal with respect to the weight function

ωλ(x) =
|Γ(λ+ ix/2)|2

2π
.

The Meixner–Pollaczek polynomials were briefly mentioned by Erdélyi et al.
[38] and Szegö [120] . Their basic properties are well studied by Askey and Wil-
son [10], Chihara [32] and Rahman [97] among others. Asymptotic analysis, limit
relations and applications of these polynomials are also well investigated at var-
ious levels. For instance, Bender et al. [18] and Koornwinder [71] have shown
that there is a connection between the symmetric Meixner–Pollaczek polynomials,

P
(λ)
n (x/2;π/2), and some identities for symmetric elements in the Heisenberg alge-

bra. Araaya [8] also discovered a very interesting connection of these polynomials
to the umbral calculus studied by Rota [100]. The combinatorial interpretation of
the linearization coefficients of these polynomials is discussed by Zeng [134]. The
interpretation of the Meixner–Pollaczek polynomials as overlap coefficients in the
positive discrete series representation of the Lie algebra su(1, 1) are discussed by
Koelink and Van der Jeugt [68].
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1.6 Interpolation of Lp-spaces

In Chapter 6, we have used interpolation to establish the Lp-boundedness of the
operators B and S for 1 < p ≤ 2. Basically, there are two classical results of
interpolation of operators, the Marcinkiewicz [83, 135] and the Riesz–Thorin [98,
123] interpolation theorems, and in this thesis we make use of the former to prove
boundedness for 1 < p ≤ 2 and the latter to improve the estimates of the operator
norms.

The Riesz–Thorin interpolation theorem allows us to show that a linear oper-
ator that is bounded on two Lp spaces is bounded on every Lp space in between
the two. The Marcinkiewicz interpolation theorem allows us to show that a sub-
linear operator that satisfies two weak-type estimates is bounded on any Lp space
in between the two weak Lp spaces. Therefore, we may simplify the proof of the
boundedness of an operator by proving the statement in two simpler cases (say
L1 and L2) and then interpolating to prove the statement for every Lp space in
between.

We assume the reader is familiar with the basic notions of measure theory and
integration. We recommend the following reference books as background reading:
[42, 47, 101, 112, 117, 122] and the references therein.

1.6.1 Distribution functions and weak Lp

Let (X,M, μ) be a measure space and 0 < p < ∞. The set of all complex
measurable functions f : X → C such that

‖f‖p =
(∫

X
|f |pdμ

)1/p

is finite is called the Lp-space, and ‖f‖p is called the Lp-norm of f . Given a
function f ∈ Lp, we define its distribution function mf : (0,∞)→ [0,∞] by

mf (λ) = μ ({x ∈ X : |f(x)| > λ}) .

Using this definition, it is easy to see that

(a) mf is decreasing and right continuous,

(b) if |f | ≤ |g|, then mf ≤ mg,

(c) if |fn| increases to |f |, then mfn increases to mf ,

(d) if f = g + h, then mf (λ) ≤ mg(λ/2) +mh(λ/2).
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The distribution function is closely connected to the Lp-norms. For instance, by
observing that

‖f‖pp =
∫
X
|f |pdμ ≥

∫
|f |>λ

λpdμ = λpmf (λ)

for all λ > 0, one can relate the distribution function to the Lp-norms by the so
called Chebyshev Inequality,

mf (λ) ≤ 1

λp
‖f‖pp.

One can also use the fact that

|f |p = p

∫ ∞

0
1{|f |}>λλ

pdλ

λ

and the Fubini-Tonelli theorem to obtain the formula

‖f‖pp = p

∫ ∞

0
mf (λ)λ

pdλ

λ
,

which shows that the Lp-norms are essentially the moments of the distribution
function.

A variant of the Lp-space of fundamental importance is the weak Lp which is
defined as the set of all measurable functions f : X → C such that

[f ]p =

(
sup
λ>0

λpmf (λ)

)1/p

is finite. The Chebyshev Inequality implies that

[f ]p ≤ ‖f‖p and Lp ⊂Weak Lp,

that is, every function in Lp is in weak Lp. However, the converse is not always
true. For example, f(x) = x−1/p on (0,∞), with Lebesgue measure, is in weak Lp

but not in Lp.

1.6.2 Interpolation theorems

For the Riesz–Thorin interpolation theorem, we assume that (X,M, μ) and (Y,N , ν)
are measure spaces and p0, p1, q0, q1 ∈ [1,∞]. If q0 = q1 = ∞, we further assume
that ν is semifinite 1. Then for 0 < θ < 1, we define pθ and qθ respectively by

1

pθ
=

1− θ

p0
+

θ

p1
and

1

qθ
=

1− θ

q0
+

θ

q1
.

1Given a measure space (X,M, μ), a measure μ is called semifinite if for each A ∈ M
with μ(A) =∞ there exists B ⊂ A such that B ∈M and μ(B) <∞.
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The assertion is that if T is a linear map from Lp0(μ)+Lp1(μ) into Lq0(ν)+Lq1(ν)
such that ‖Tf‖q0 ≤ C0‖f‖p0 for all f ∈ Lp0(μ) and some C0 > 0, and ‖Tf‖q1 ≤
C1‖f‖p1 for all f ∈ Lp1(μ) and some C1 > 0, then T is bounded and

‖Tf‖qθ ≤ C1−θ
0 Cθ

1‖f‖pθ
for all f ∈ Lpθ(μ). Our problem in Chapter 6 is a special case with p0 = q0 = 1
and p1 = q1 = 2.

We now turn to the Marcinkiewicz interpolation theorem, which allows us to
work with sublinear operators. Furthermore, we only require that the operator
satisfy weak rather than strong-type estimates. Let us define what we mean by
these terms before we talk about the actual theorem.

Let T be a map from a vector space V of measurable functions on (X,M, μ)
to the space of all measurable functions on (Y,N , ν).

(a) T is sublinear if |T (f + g)| ≤ |Tf |+ |Tg| and |T (af)| = a|Tf | for all f, g ∈ V
and a > 0.

(b) Suppose that 1 ≤ p, q ≤ ∞. A sublinear map T is strong type (p, q) if Lp(μ) ⊂
V, T maps Lp(μ) into Lq(ν), and ‖Tf‖q ≤ C‖f‖p for all f ∈ Lp(μ) and some
C > 0. We also say that T is bounded from Lp(μ) to Lq(ν) with norm at most
C.

(c) Suppose that 1 ≤ p ≤ ∞ and 1 ≤ q < ∞. A sublinear map T is weak type
(p, q) if Lp(μ) ⊂ V, T maps Lp(μ) into weak Lq(ν), and |Tf |q ≤ C‖f‖p for
all f ∈ Lp(μ) and some C > 0. We also say that T is weakly bounded from
Lp(μ) to Lq(ν).

(d) A map T is weak type (p,∞) if and only if T is strong type (p,∞).

Now for the Marcinkiewicz theorem, we assume that (X,M, μ) and (Y,N , ν)
are measure spaces, and that p0, p1, q0, q1 are elements of [1,∞] such that p0 ≤ q0,
p1 ≤ q1 and q0 �= q1. Furthermore, for 0 < θ < 1, we define pθ and qθ respectively
by

1

pθ
=

1− θ

p0
+

θ

p1
and

1

qθ
=

1− θ

q0
+

θ

q1
.

The assertion is that if T is a sublinear map from Lp0(μ) +Lp1(μ) to the space of
measurable functions on Y that is weak type (p0, q0) and weak type (p1, q1), then
T is strong type (pθ, qθ). More precisely, if [Tf ]qj ≤ Cj‖f‖pj for some Cj > 0 and
j = 0, 1, then

‖Tf‖qθ ≤ Bpθ‖f‖pθ , (1.36)

where Bpθ depends only on pθ, pj , qj and Cj .
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1.7 Summary of results

1.7.1 Chapter 2

In this chapter general reordering formulas for arbitrary elements in the algebras
Aσj , Aσ,τ and Bσ,τ are derived, and special cases for different choices of σj are con-
sidered, generalizing some well-known results. Corresponding nested commutator
formulas are also derived. The basic result is the following theorem.

Theorem 1.7.1. Let r be a positive integer. If Q and {Sj}j∈J are elements of an
algebra satisfying (1.1), then for any nonnegative integer k and any polynomial F ,

Sk
j F (Q) = F

(
σ◦k
j (Q)

)
Sk
j , (1.37)(

Sk
j F (Q)

)r
=

(
r∏

t=1

F
(
σ◦tk
j (Q)

))
Skr
j , (1.38)

and for any nonnegative integers kt and any polynomials Ft, where t = 1, . . . , r,

r∏
t=1

Skt
jt
Ft(Q) =

(
r∏

t=1

Ft

(
(σ◦kt

jt
◦ · · · ◦ σ◦k1

j1
)(Q)

)) r∏
t=1

Skt
jt
, (1.39)

where ◦ denotes composition of functions, σ◦k the k-fold composition of a function
σ with itself, and we adopt the convetion that

∏r
t=1 at = a1a2a3 . . . ar.

As a corollary of this theorem, an analogous result for the monomials F (x) = xl

with l ∈ N0 is also given, a result useful for computing the centralizers of elements
in the algebras. Theorem 1.7.1 can also be presented as follows.

Theorem 1.7.2. Let r ∈ N. If Q and {Sj}j∈J are elements of an algebra satisfying

(1.1), then for any k,N ∈ N0, and any polynomial F (Q) =
∑N

l=0 flQ
l,

Sk
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N∑
l=0
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(
σ◦k
j (Q)

)l
Sk
j , (1.40)
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)(
r∏

t=1

(
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)lt)
Skr
j , (1.41)

and for kt, Nt ∈ N0, and any polynomials Ft(Q) =
∑Nt

lt=0 fltQ
lt, where t = 1, . . . , r,

r∏
t=1

Skt
jt
Ft(Q) =

∑
(l1,...,lr)∈I1×...×Ir
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,

(1.42)

where It = {0, . . . , Nt} for some t.
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In the cases where σj is given by the polynomials σj(x) = −x, σj(x) = cjx
qj ,

σj(x) = cjx and σj(x) = ajx + bj for all j ∈ J and for some scalars aj , bj , cj , qj ,
these formulas are given explicitly. For example, for the case σj(x) = −x, com-
mutation relations (1.1) become SjQ = −QSj , and the following reordering result
holds.

Theorem 1.7.3. Let r be a positive integer. If Q and {Sj}j∈J are elements of an
algebra satisfying SjQ = −QSj, then for any nonnegative integers k and N , and

any polynomial F (Q) =
∑N

l=0 flQ
l,

Sk
j F (Q) =

N∑
l=0

(−1)klflQlSk
j , (1.43)

(
Sk
j F (Q)

)r
=

rN∑
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l1+···+lr=L

(
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flt

)
(−1)k

∑r
t=1 tltQLSkr

j , (1.44)

and for all kt, Nt ∈ N0, and polynomials Ft(Q) =
∑Nt

lt=0 fltQ
lt , where t = 1, . . . , r,

r∏
t=1

Skt
jt
Ft(Q) =

N1+···+Nr∑
L=0

∑
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(
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t=1
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n=1 knltQL

r∏
t=1

Skt
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,

(1.45)

where It = {0, . . . , Nt} for some t.

For the more general case σj(x) = cjx
qj , where cj are complex numbers and qj

are positive integers, (1.1) becomes SjQ = cjQ
qjSj , and the following result holds.

Theorem 1.7.4. Let r be a positive integer. If Q and {Sj}j∈J are elements of an
algebra satisfying SjQ = cjQ

qjSj, then for any nonnegative integers k and N and

any polynomial F (Q) =
∑N

l=0 flQ
l,

Sk
j F (Q) =

N∑
l=0

flc
{k}qj l
j Qqkj lSk

j , (1.46)

(
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=

maxΓk,r∑
L=minΓk,r

∑
Γk,r

(
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t=1

flt

)
c
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t=1{tk}qj lt

j QLSkr
j , (1.47)

where {k}q for some complex number q denotes the q-number

{k}q =
k−1∑
j=0

qj =

{
qk−1
q−1 , q �= 1,

k, q = 1,
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and we use the convention that
∏t

m=n+1 q
km
jm

= 1 for t < n+ 1, and

Γk,r =

{
r∑

t=1

qktj lt = L

∣∣∣∣∣(l1, . . . , lr) ∈ {0, . . . , N}r
}
.

More generally, for all kt, Nt ∈ N0, and any polynomials Ft(Q) =
∑Nt

lt=0 fltQ
lt ,
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(1.48)

where t = 1, . . . , r, and for It = {0, . . . , Nt},

Δ
k,r
=

{
r∑

t=1

(
t∏

n=1

qknjn

)
lt = L

∣∣∣∣∣(l1, . . . , lr) ∈ I1× . . .×Ir
}
.

Remark 3. Note that for positive integers qj , one gets minΓk,r = 0, minΔ
k,r
= 0,

maxΓk,r =
∑r

t=1 q
kt
j N , and maxΔ
k,r

=
∑r

t=1

(∏t
n=1 q

kn
jn

)
Nt. We believe probably

formulas (1.46), (1.47) and (1.48) are true also for negative integers qj .

Remark 4. (1.47) can be obtained from (1.48) by choosing j1 = · · · = jr = j and
k1 = · · · = kr = k, and observing that for all positive integers k and r,

{k}qj
r∑

n=1

r∑
t=n

q
(t−n)k
j = {k}qj

r∑
t=1

t∑
n=1

q
(t−n)k
j = {k}qj

r∑
t=1

t−1∑
n=0

qnkj

=

r∑
t=1

{k}qj{t}qkj =

r∑
t=1

{tk}qj , (1.49)

where the last equality is a well-known identity (see, for example [50, p. 187]).

For the cases σj(x) = cjx and σj(x) = ajx + bj , commutation relations (1.1)
become SjQ = cjQSj and SjQ = ajQSj + bjSj , respectively, and the reordering
results are given in the actual Chapter 2.

In the following we use the convenient notation for nested commutators

[xn, . . . , x1] = [xn, [xn−1, . . . , [x2, x1] . . .]], (1.50)

and Un denotes the set of all unimodal permutations of the set {1, . . . , n} (see
Section 1.3 for definitions and examples). Corresponding to Theorem 1.7.1 is the
following result for nested commutators.
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Theorem 1.7.5. Let r1, . . . , rn and n > 1 be positive integers. If Q and {Sj}j∈J
are elements of an algebra satisfying (1.1), then for any nonnegative integers kt
and any polynomials Ft, where t = 1, . . . , n,[

Skn
jn
Fn(Q), . . . , Sk1
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(1.52)

and for any nonnegative integers kt and any polynomials Ft, where t = 1, . . . , rn,⎡⎣ rn∏
t=rn−1+1
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(1.53)

where ρ(0) = 0, r0 = 0, and r1 < r2 < · · · < rn.

Theorem 1.7.6. Let n > 1 be a positive integer. If Q and {Sj}j∈J are elements
of an algebra satisfying (1.1), then for any nonnegative integers kt and Nt, and
any polynomials Ft(Q) =

∑Nt
lt=0 fltQ

lt , where t = 1, . . . , n,

[
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(1.54)

where Iρ(t) = {0, . . . , Nρ(t)} for some t.
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To construct the algebra Bσ,τ , the following two results are used.

Proposition 1.7.7. Let {Sj}j∈J and {Rk}k∈K be sets of elements of an algebra,
m and n positive integers, and ajmkn complex numbers. Suppose

Sjm =

n∑
t=1

ajmktRkt . (1.55)

(i) The commutator of Sj1 and Sj2 is given by

[Sj1 , Sj2 ] =
∑

t,u∈{1,...,n}
t≤u

det

(
aj1kt aj1ku
aj2kt aj2ku

)
[Rkt , Rku ] (1.56)

(ii) Thus, if aj1ktaj2ku �= aj1kuaj2kt , then Sj1 and Sj2 commute if and only if Rkt

and Rku commute.

Theorem 1.7.8. Let a, b, c, d ∈ C with ad �= bc. In any algebra, if

R = (dS − bT )/(ad− bc) and J = (aT − cS)/(ad− bc), (1.57)

then the elements R, J and Q satisfy the relations

RQ =
adσ(Q)− bcτ(Q)

ad− bc
R+

bdσ(Q)− bdτ(Q)

ad− bc
J, (1.58)

JQ =
adτ(Q)− bcσ(Q)

ad− bc
J +

acτ(Q)− acσ(Q)

ad− bc
R, (1.59)

if and only if the elements S, T and Q satisfy the relations

SQ = σ(Q)S and TQ = τ(Q)T. (1.60)

We then have the following two reordering results in the algebra Bσ,τ .

Theorem 1.7.9. Let a, b, c, d ∈ C with ad �= bc. If R, J and Q are elements of
an algebra satisfying relations (1.3), then for any nonnegative integer k,

RQk =
adσ(Q)k − bcτ(Q)k

ad− bc
R+

bdσ(Q)k − bdτ(Q)k

ad− bc
J, (1.61)

JQk =
adτ(Q)k − bcσ(Q)k

ad− bc
J +

acτ(Q)k − acσ(Q)k

ad− bc
R. (1.62)

Theorem 1.7.10. If R, J and Q are elements of an algebra satisfying relations
(1.3), then for any nonnegative integers m,n and k,

RmQk =
1

(ad− bc)m

m∑
j=0

(−b)jdm−j

(
m

j

)
(τ j ◦ σm−j)(Q)kSm−jT j , (1.63)

JnQk =
1

(ad− bc)n

n∑
j=0

an−j(−c)j
(
n

j

)
(σj ◦ τn−j)(Q)kTn−jSj . (1.64)
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1.7.2 Chapter 3

The main object studied in this chapter is a special case of the algebra Bσ,τ , the
associative C-algebra AR,J,Q generated by three elements R, J and Q satisfying

QR−RQ = J , QJ − JQ = −R, RJ − JR = 0. (1.65)

In the sequel we consider the unital associative C-algebra A′
R,J,Q with the addi-

tional relation R2 + J2 = I, where I is the identity element. The main goal is
to compute the centralizers of elements and thus the centers for the above two
algebras using antinormal ordering formulas (see Section 1.3 for definitions and
conventions). Observe that R and J commute, so one can write them in any order
one wishes, and thus in the following we are only interested in the position of Q.

One interesting result is that the commutator of Q with polynomials p(R, J)
in the generators R and J is the differential operator

[Q, p(R, J)] = J
∂p(R, J)

∂R
−R

∂p(R, J)

∂J
. (1.66)

For example, for any nonnegative integer n,

[Q,Rn] = nRn−1J and [Q, Jn] = −nRJn−1. (1.67)

For the monomials in Q, we have that for any nonnegative integer k,

[Qk, R] =

k∑
j=1

(−1)j(j−1)/2

(
k

j

)
IjQ

k−j , (1.68)

[Qk, J ] =

k∑
j=1

(−1)j(j+1)/2

(
k

j

)
Ij+1Q

k−j , (1.69)

where Im = R for m even, and Im = J for m odd.

Theorem 1.7.11. The following hold in the unital associative C-algebra AR,J,Q

generated by three elements R, J and Q satisfying the commutation relations

QR−RQ = J , QJ − JQ = −R, RJ − JR = 0.

(a) The centralizer of Q is given by Cen(Q) =
{∑n

k=0 pk(R
2 + J2)Qk

}
.

(b) The centralizer of R is given by Cen(R) = {p(R, J)}.
(c) The centralizer of J is given by Cen(J) = {p(R, J)}
(d) The center of the algebra AR,J,Q is given by Z (AR,J,Q) =

{
p(R2 + J2)

}
.
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Writing S = R+ iJ and T = R− iJ , we have R = (S + T )/2, J = (S − T )/2i
and ST = R2 + J2. Therefore, denoting f(S, T ) = p((S + T )/2, (S − T )/2i), we
see that polynomials in R and J can also be written as polynomials in S and T .
Another interesting result is that for any nonnegative integers k, m and n,

QkSmTn = SmTn (Q+ (n−m)i)k . (1.70)

For k = 1, this reduces to the commutator formula

[Q,SmTn] = (n−m)iSmTn. (1.71)

This commutator formula implies that given a polynomial p(S, T ) =
∑

cmnS
mTn,

we have [Q, p(S, T )] =
∑

(n − m)icmnS
mTn. It follows that [Q, p(S, T )] = 0 if

and only if for all m,n, either n −m = 0 or cmn = 0. Therefore, if p belongs to
the center of AR,J,Q then p(S, T ) =

∑
ck(ST )

k, that is,

p(R, J) =
n∑

k=0

ck(R
2 + J2)k.

Finally, from (1.71), SmTn is an eigenvector of [Q, ·] with eigenvalue (n−m)i.

1.7.3 Chapter 4

In this chapter some operator representations of the algebras Aσj , Aσ,τ and Bσ,τ

are described, including considering them in the context of twisted derivations. In
particular, it is shown that some multi-parameter deformed symmetric difference
and multiplication operators satisfy the defining relations of the algebra Bσ,τ .

Let σ and τ be polynomials. Consider the endomorphisms

ασ(f)(y) = f(σ(y)), (1.72)

βτ (f)(y) = f(τ(y)) (1.73)

of the polynomial algebra C[y], and the operators

Rσ,τ (f)(y) =
adf(σ(y))− bcf(τ(y))

ad− bc
, (1.74)

Jσ,τ (f)(y) =
acf(τ(y))− acf(σ(y))

ad− bc
, (1.75)

Qy(f)(y) = yf(y) (1.76)

acting on C[y]. It follows that

ασQy = σ(Qy)ασ, (1.77)

βτQy = τ(Qy)βτ , (1.78)

40



Summary of results

and thus the association S 	→ ασ, T 	→ βτ , Q 	→ Qy gives a representation of
elements S, T and Q satisfying relations (1.2). It is also shown that the association

R 	→ Rσ,τ , J 	→ Jσ,τ , Q 	→ Qy (1.79)

gives a representation of elements R, J and Q satisfying relations (1.3).
Let σ and τ be polynomials with σ �= ±τ . Another representation, and also a

generalization of the operators Ri and Ji, is given by the operators

R′
σ,τ (f)(y) = y

f(σ(y)) + f(τ(y))

σ(y) + τ(y)
, (1.80)

J ′
σ,τ (f)(y) =

f(σ(y))− f(τ(y))

σ(y)− τ(y)
, (1.81)

Qy(f)(y) = yf(y) (1.82)

acting on C(y), the field of rational functions over C. It follows that

R′
σ,τQy =

σ(Qy) + τ(Qy)

2
R′

σ,τ +Qy
(σ(Qy)− τ(Qy))

2

2(σ(Qy) + τ(Qy))
J ′
σ,τ , (1.83)

J ′
σ,τQy =

σ(Qy) + τ(Qy)

2
J ′
σ,τ +

σ(Qy) + τ(Qy)

2Qy
R′

σ,τ . (1.84)

For σ(y) = y + i and τ(y) = y − i, these relations reduce to

R′
σ,τQy = QyR

′
σ,τ − J ′

σ,τ , (1.85)

J ′
σ,τQy = QyJ

′
σ,τ +R′

σ,τ , (1.86)

which are relations (1.3) with σ(y) = y + i and τ(y) = y − i.
The operators Rσ,τ and Jσ,τ satisfy for all polynomials f and g the relations

Jσ,τ (fg) = ασ(f)Jσ,τ (g) + Jσ,τ (f)βτ (g), (1.87)

Rσ,τ (fg) = ασ(f)Rσ,τ (g) +Rσ,τ (f)βτ (g)− ασ(f)βτ (g), (1.88)

which shows that the operator Jσ,τ is an (ασ, βτ )-derivation, while the operator
Rσ,τ is an (ασ, βτ )-derivation-like operator. We also have that the operators R′

σ,τ

and J ′
σ,τ satisfy for all polynomials f and g the relations

J ′
σ,τ (fg) = ασ(f)J

′
σ,τ (g) + J ′

σ,τ (f)βτ (g). (1.89)

R′
σ,τ (fg) = ασ(f)R

′
σ,τ (g) +R′

σ,τ (f)βτ (g)−
2 · id
σ + τ

ασ(f)βτ (g), (1.90)

where for the independent variable y,(
2 · id
σ + τ

)
(y) =

2y

σ(y) + τ(y)
.

This shows that the operator J ′
σ,τ is an (ασ, βτ )-derivation, while the operator R

′
σ,τ

is an (ασ, βτ )-derivation-like operator
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1.7.4 Chapter 5

This chapter is devoted to a special representation of relations (1.3) given for
σ(x) = x+ i, τ(x) = x− i, a = c = 1, b = i and d = −i by the operators Ri, Ji and
Qx described in Sections 1.2 and 1.4. To simplify notation, we drop the indices
and just write R, J and Q, so for any complex function f ,

R(f)(y) =
f(y + i) + f(y − i)

2
,

J(f)(y) =
f(y + i)− f(y − i)

2i
,

Q(f)(y) = yf(y).

In this chapter we describe three systems of orthogonal polynomials belonging to
the class of Meixner–Pollaczek polynomials, and present some useful connections
between them in terms of R, J and Q. Furthermore, we investigate boundedness
properties of the operators B = R−1 and S = JR−1, both as convolution operators
in the translation invariant case where we use Fourier transforms and for the
weights related to the relevant orthogonal polynomials. We consider only the
most important but also simplest case of L2-spaces. However, in Chapter 6, this
study is extended to Lp-spaces (1 ≤ p < ∞). It is proved in both cases that the
operators B and S are bounded on the L2-spaces, and estimates of the norms are
obtained.

The three systems of orthogonal polynomials presented in this Chapter are the
two Kaijser–Araaya systems (see Section 1.2) and a new addition, the ρ-system,
which we now describe below together with the basic properties of the system.

Theorem 1.7.12. Let the system {ρn}∞n=0 be given by the recurrence relation

ρ−1 = 0, ρ0 = 1 and ρn+1(x) = xρn(x)− n(n+ 1)ρn−1(x). (1.91)

(a) The function ρn is a monic polynomial of degree n for n ≥ 0.

(b) The generating function, Gρ(x, s) =
∑∞

n=0
ρn(x)
n! sn, is given by the function

Gρ(x, s) =
ex arctan s

1 + s2
. (1.92)

(c) The sequence of polynomials {ρnn! }∞n=0 is an orthogonal basis for the Hilbert
space L2(ω2) with norms

√
n+ 1.

The following proposition gives a description of the connections between the
three systems that are used to prove the L2-boundedness of the operators B and
S in the weighted spaces. These connections were presented by Araaya [7, p. 414]
in a more general setting.
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Proposition 1.7.13. The following connections between the three systems of or-
thogonal polynomials {σn}, {τn} and {ρn} hold:

Rσn = τn, (1.93)

Jσn = nτn−1, (1.94)

Rτn = ρn, (1.95)

Jτn = nρn−1, (1.96)

Qρn = σn+1. (1.97)

As a corollary of this proposition, the following result is obtained which, per-
haps, is interesting in its own right.

Corollary 1.7.1. Let the operators K, L, M, N, O and P be defined as follows:
K = RRQ, L = QRR, M = RQR, N = RQJ , O = QJR and P = RJQ. Then
the following relations hold:

Kn(ρ0) = ρn, (1.98)

Ln(σ0) = σn, (1.99)

Mn(τ0) = τn, (1.100)

N(τn) = nτn, (1.101)

O(σn) = nσn, (1.102)

P (ρn) = (n+ 1)ρn. (1.103)

Remark 5. Observe that the last three relations imply that the three systems of
orthogonal polynomials {σn}, {τn} and {ρn} are eigenfunctions of the difference
operators N,O and P with eigenvalues n, n and n + 1, respectively. We strongly
believe that it should be possible, and would be of direct interest, to obtain more
general orthogonal polynomials as eigenfunctions of the operators related to the
multi-parameter deformed symmetric difference operator representations of the
algebra Bσ,τ described in Chapter 4.

In his article [8], Araaya observed that the operators B = R−1 and S = JR−1

can be represented as singular integral operators of convolution type,

Bf(z) =

∫ ∞

−∞
f(t)dt

2 cosh π
2 (z − t)

and Sf(x) = lim
ε→0+

∫
|x−t|>ε

f(t)dt

2 sinh π
2 (x− t)

,

and in this chapter we prove the L2-boundedness of these operators in the spaces
related to the three systems of orthogonal polynomials. Establishing the L2-
boundedness of singular integrals is a fundamental problem in harmonic analysis
and a subject of extensive investigations (see, e.g., [40] and the references therein).
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Recall the notation from Section 1.2. Function spaces on R are denoted by L
and those on S = {z ∈ C : |Im z| < 1} by H. For 1 ≤ p <∞, and for an arbitrary
nonnegative and locally integrable function ω on R, Lp(ω) denotes the space of
measurable functions on R with

||f ||pLp(ω) =

∫ ∞

−∞
|f(x)|pω(x) dx <∞, (1.104)

and Hp(ω) the space of analytic functions on S with

||f ||pHp(ω) = sup
−1<a<1

∫ ∞

−∞
|f(x+ ia)|pω(x) dx <∞. (1.105)

Furthermore, Lp(R) = Lp(1) and Hp(S) = Hp(1). Also recall that ω1 and ω2

denote the polynomially bounded weight functions ω1(x) = 1/(2 cosh π
2x) and

ω2(x) = x/(2 sinh π
2x).

Theorem 1.7.14. The operator S is linear and bounded with norm 1 on

(a) L2(R),

(b) L2(ω1),

(c) L2(ω2).

Theorem 1.7.15. The operator B is linear and bounded with norm ≤ 2 from

(a) L2(R) to H2(S),

(b) L2(ω1) to H2(ω1),

(c) L2(ω2) to H2(ω2).

Even though the operator R maps functions in S to functions on R so that
B = R−1 is most natural as an operator mapping functions on R to functions on
S, it is of some interest to consider it also as an operator on spaces of functions on
R. To do this, we use the Hadamard three lines theorem, and in order to use that,
we map the weighted H2-spaces into the unweighted ones (cf. [11, Theorem 2.1]).

Lemma 1.7.1. The following hold:

(a) If f ∈ H2(ω1) and ϕ(z) = 1/(cosh π
4 z), then the operator mϕ defined by

mϕf(z) = ϕ(z)f(z) (1.106)

is an isometric isomorphism onto H2(S).

(b) If f ∈ H2(ω2) and ψ(z) =
√
ω2, then the operator mψ defined by

mψf(z) = ψ(z)f(z) (1.107)

is a bounded isomorphism onto H2(S) with norm
√

π/2.
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We then have the following result.

Theorem 1.7.16. If the operator T as an operator on functions on the real line
is defined by Tf(x) = Bf(x), x ∈ R, then T is linear and bounded on

(a) L2(R) with norm 1.

(b) L2(ω1) with norm less than or equal to 2
√
2.

(c) L2(ω2) with norm less than or equal to
√
2π.

1.7.5 Chapter 6

This chapter extends the investigation in Chapter 5 of the boundedness properties
of the operators B = R−1 and S = JR−1 to the spaces Lp(R), Lp(ω1) and Lp(ω2),
where 1 ≤ p < ∞, and as before ω1(x) = 1/(2 cosh π

2x) and ω2 = x/(2 sinh π
2x).

In Sections 6.3–6.5, it is proved that both operators are bounded on Lp(R) and
Lp(ω1), and estimates of the norms are obtained. This is achieved by first proving
boundedness for p = 2 and weak boundedness for p = 1, and then using interpola-
tion to obtain boundedness for 1 < p ≤ 2. To obtain boundedness for 2 ≤ p <∞,
duality is used in the translation invariant case, while the weighted case is partly
based on the methods developed by M. Riesz [99] for the conjugate function op-
erator. The last part of this chapter, Section 6.6, uses the theory of weighted
inequalities presented by Hunt, Muckenhoupt, and Wheeden [54] for the conju-
gate function operator on the unit circle to prove that the operator S is bounded
on Lp(ω2) for 1 ≤ p <∞. The main results are the following.

Theorem 1.7.17. For 1 < p <∞, the operator B is linear and bounded from

(a) Lp(R) to Hp(S),

(b) Lp(ω1) to Hp(ω1).

Theorem 1.7.18. For 1 < p <∞, the operator S is linear and bounded on

(a) Lp(R),

(b) Lp(ω1).

Theorem 1.7.19. Let 1 ≤ p <∞ and ω2 = x/(2 sinh π
2x). There exists a constant

Cp, depending on p, such that the following hold:

(a) If f ∈ L1(ω2) and ES
λ = {x ∈ R : |Sf(x)| > λ}, then∫
ES

λ

ω2(x)dx ≤ C1

λ

∫ ∞

−∞
|f(x)|ω2(x)dx. (1.108)

(b) If f ∈ Lp(ω2), then∫ ∞

−∞
|Sf(x)|pω2(x)dx ≤ Cp

p

∫ ∞

−∞
|f(x)|pω2(x)dx. (1.109)
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[120] Szegö, G. (1975), Orthogonal Polynomials, Amer. Math. Soc. Colloq. Pubb.
23, Fourth Edition.

[121] Szwarc, R. (1991), Convolution structures associated with orthogonal poly-
nomials, Department of Mathematics, University of Wisconsin-Madison.

[122] Tao, T. (2011), An introduction to measure theory, Graduate studies in
mathematics, 126.

[123] Thorin, O. (1938), An extension of a convexity theorem due to M. Riesz,
Kungl. Fysiogr. Sällsk. i Lund Förh, 8 166–170.

[124] Tomiyama, J. (1996), C*-Algebras and topological dynamical systems, Re-
view math. Physics 8 741–760.

167



Reordering in Noncommutative Algebras, Orthogonal
Polynomials and Operators

[125] Totik, V. (2005), Orthogonal Polynomials, Surveys in Approximation The-
ory, 1 70–125.

[126] Van-Brunt, A., Visser, M. (2015), Special-case closed form of the Baker–
Campbell–Hausdorff formula, J. Phys. A: Math. Theor., 48: 225207

[127] Varvak, A. (2005), Rook numbers and the normal ordering problem, J. Comb.
Theory, Ser. 112, 292–307.

[128] Viskov, O. V. (1991), On the ordered form of a non-commutative binomial,
Russ. Math. Surv., 46, 258–259.

[129] Viskov, O. V. (1994), A commutative-like noncommutative identity, Acta
Sci. Math. (Szeged), 59, 585–590.

[130] Viskov, O. V. (1995), On the R.A. Sack theorem for translation operators,
Dokl. Math., 51, 79–82.

[131] Viskov, O. V. (1996), Expansion in powers of a noncommutative binomial,
Inst. Math., 216, 63–69.

[132] Viskov, O. V. (1998), An approach to ordering, Inst. Math., 57, 69–71.

[133] Viskov, O. V., Srivastava, H. M. (1994), New approaches to certain identities
involving differential operators, J. Math. Anal. Appl., 186, 1–10.

[134] Zeng, J. (1992), Weighted derangements and the linearization coefficients of
orthogonal Sheffer polynomials, Proc. London Math. Soc., 65 1–22.

[135] Zygmund, A. (1956), On a theorem of Marcinkiewicz concerning interpola-
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