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 ABSTRACT 

 
The presented thesis project is a study on train energy consumption calculation and optimal 
train driving strategies for minimum energy consumption. This study is divided into three 
parts; the first part is a proposed model for energy consumption calculation for trains based 
on driving resistances. The second part is a presentation of a method based on dynamic 
programming and the Hamilton-Jacobi-Bellman equation (Bellman’s backward approach) for 
obtaining optimal speed and control profiles leading to minimum energy consumption. The 
third part is a case study for a Bombardier Transportation case. It includes the presentation of 
a preliminary algorithm developed within this thesis project; an algorithm based on the HJB 
equation that can be further improved in order to be used online in real-time as an advisory 
system for train drivers. 
 
 
 
 
 
Keywords:  Optimal control, train energy consumption, dynamic programming, Hamilton-

Jacobi-Bellman equation 
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1. INTRODUCTION 

 
 
 

1.1. Background 

In our days, almost all of the companies are concerned about going “green”, 
making their products/services and their whole function range more environmental-
friendly. This is happening due to many reasons. These reasons may have to do with 
legal issues, since most of the developed countries have already legislated on this 
direction and have already put limits to the companies regarding parameters like 
waste, resources, emissions and energy. 

Apart from this, there are many other reasons why the companies are moving to 
this direction. Generally it can be said that taking measurements and moving to an 
environmental-friendly direction results in a win/win situation for environment, 
customers and the companies. The scope of this thesis is not to point out these 
benefits. These are mentioned because exactly these issues and concerns are the 
reasons for which this project was started.  

A transformation of this type for a company usually affects all the range of 
functions; from the most obvious ones, like waste management, to more complex 
fields like remanufacturing. 

One of the most important aspects of this issue that must be taken under 
consideration when doing this transformation is energy consumption. It is known 
that generally the energy resources have been violated by humanity especially 
during the past century. The last decades there have been many studies pointing out 
this violation and introducing new ways for energy saving in all the aspects of today’s 
life; from everyday life functions (e.g. green houses) to complex systems (like energy 
saving systems on research projects). 

Almost all of today’s companies have concerns about reduction of energy 
consumption. Reduction of energy consumption might refer to the energy consumed 
during production operations, supply chain-transportation and/or the energy 
consumed during functioning of the products after sales. 

Especially in public transportation, there is a big need for lower energy 
consumption. The main reason why it is urgent to reduce the energy consumption as 
much as possible in transportation is that a vast percentage of earth’s population are 
using public means of transportation which results in this consuming a significant 
amount of energy. Public transportation means are also used for the transportation 
of raw material, finished and unfinished products. It is a mean of transportation that 
is used by many companies in different parts of their functions. This means that, by 
finding ways to make the public transportation more environmental friendly and by 
reducing the energy consumed in transportation, a series of benefits will occur firstly 
for the environment and humanity as a whole, secondly financial benefits for the 
countries and/or the companies that are responsible for these functions and thirdly 
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for the companies that are providing these environmental, energy-saving solutions 
because they will be preferred to others in the market. 

Exactly for these major reasons, but for other minor reasons as well, there are 
lots of studies made on this field with different approaches but all with the same 
scope; meeting the demands (customer satisfaction, satisfying the timetables etc.) 
with the lowest amount of energy consumed possible. 

Bombardier Transportation, as a worldwide leader in the rail-equipment 
manufacturing and servicing industry is highly concerned about environmental issues 
in general and more specifically in energy-saving systems in trains. 

This thesis project was started as the first part of a bigger long-term project. The 
whole project has a view to result in an online advisory system for train drivers that 
will lead to minimum energy consumption. No matter what might have happened 
during the trip, any delays or other problems that might have occurred, the advisory 
system that is to be developed will be able to provide the best solution, the control 
input series that will lead in minimum energy consumption meeting all the 
requirements as long as this is possible. 

By now, there has been great progress in energy-saving techniques for train trips 
but, most of these systems are offline, which means that they give a speed and 
control profile that leads to minimum energy consumption from the start of the trip. 
The major drawback of these techniques is that they do not take under 
consideration all the random parameters that might affect the trip. This obstacle is 
surpassed by using an online system like the one presented here, which gives an 
answer based on a current state that the train is in. 
 

1.2. Problem formulation 

The problem to be solved in this thesis is train movement planning for minimum 
energy consumption. Another way to state this problem is what is the optimal speed 
profile of a train in a specific line for minimum energy consumption and how can this 
get further improved in order to be able to be used online as an advisory system for 
train drivers. 

1.3. Aim and Research questions 

As mentioned above, this thesis project is the start of a bigger project which 
means that, everything was started from zero point. This means that in the start 
many different approaches to the problem were considered until the method that 
was used was decided. This project’s main aim is to build an algorithm that will 
calculate the speed profile of a specific train in a specific line that leads to minimum 
energy consumption. The aim is not an accurate algorithm (since this is not possible 
in the time given), but a preliminary algorithm on which an accurate program that 
can be used in real time as an advisory system for train drivers can be based. Some 
research questions that were to be answered were: 

- How should the energy consumption of a train be calculated? What approach 
should be used since there are different ones? 

- What is the method that should be followed for obtaining train optimal speed 
profile in this project since there are many different ones? 
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- How can a system that can be used online (in real-time) be developed? 
- What is the process (logical steps) that has to be followed to obtain optimal 

speed profile and control series? 
 

1.4. Project limitations 

The biggest limit of this project was the time available. Since it is the start of a 
bigger research project, the expectations were to find a suitable approach to the 
problem, analyze it and make a working algorithm that can be used in real time. 

The algorithm developed is general and can take a number of factors into 
account, including electric losses, altitude resistances, curve resistances etc. 
However, in this thesis, only rolling resistances were modeled in detail due to time 
restrictions. 

The aim of this project was mainly to provide an algorithm that can be developed 
further and result in an accurate advisory system. 

The algorithm gives results regarding the trip between two successive stops. This 
means that the weight load of the train is fixed, given by data from Bombardier and 
does not change during the trip. 

The penalties in the dynamic programming algorithm when a state is not 
possible, like not being in the end of the line at final time, are just big numbers and 
have not been picked according to real measurements. Either ways it is impossible to 
translate for instance the cost of “being late” in energy cost. The penalties issue is 
something that also needs further research. 

Thus, the energy costs that the algorithm is returning may not be fully accurate, 
but respectively the results are both logical and useful.  
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2. RESEARCH METHODOLOGY 

In this part of the report the research methodology followed in this project will 
be presented. This thesis project includes two main types of research; a literature 
review and a case study. The literature review can be considered as a part of the 
case study. This thesis project uses quantitative methods of research. This section of 
this thesis report will be divided in two chapters; the first chapter will include 
reasoning on why this project is purely quantitative while the second part will 
describe the characteristics of this case study and the modes of generalization and 
reasoning used in this report. 

 

2.1. Qualitative or quantitative? 

 
The research method used in this project is purely quantitative. To support this 

statement, the general characteristics of quantitative research procedures will be 
compared to the respective characteristics of the presented project thus identifying 
similarities and proving that this project is using quantitative research methods. The 
general characteristics of quantitative research are given by Johnson(2007). 

 
a) Scientific method 

 
The scientific method in quantitative research is deductive or “top-down”. 
Deductive methods have been used in this project as well, the researcher 
tests hypotheses and theory with data. 
 

b) View of human behaviour 
 
The human behaviour in quantitative research as well as in this project is 
regular and predictable. This comes in contrast with qualitative research 
where the human behaviour is unpredictable, fluid, dynamic, situational and 
personal. 
 

c) Most common research objectives 
 
The research objectives of this thesis project are in general description of the 
case and the theory, explanation of the methods used and application of 
theory and prediction of the results that would be obtained in case this 
theory was applied in practice. These are the most common research 
objectives of quantitative research in general as well (Johnson, 2007) 
 

d) Focus 
 
The main focus in quantitative research which is also the main focus of this 
thesis project is in a narrow-angle target and testing specific hypotheses. 
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After specific assumptions were made, a specific hypothesis/case was made 
and tested in this project. 
 

e) Nature of observation 
 
In quantitative research there is always an attempt to study behaviour under 
controlled conditions. This is the method of observation in this project as 
well, where the conditions of the problem formulated are fully controlled 
(parameters of track, train and method) and, under these conditions, the 
behaviour of the train is studied. 
 

f) Nature of reality 
 
The nature of reality here in this project as well as in general quantitative 
methods is fully objective. What is observed is generally accepted and 
understood. 
 

g) Form of data collected 
 
In quantitative research the form of data collected is quantitative data based 
on precise measurement using structured and validated data collection 
instruments. 
In this thesis project, the data used have been given by Bombardier 
Transportation. The source of the data is automatically proving the precision 
and validity of the measurements and parameters used here. 
 

h) Nature of data 
 
The data used in quantitative research are variables, while in qualitative 
research is mainly words, images and categories. The data used in this project 
are variable values like coefficients, masses, train and track data. 
 

i) Data analysis 
 
The data analysis in quantitative research includes identification of statistical 
relationships and analyzing numerical results while in qualitative research it 
includes searching for patterns, themes and holistic features. 
In the presented project the data analysis is exclusively an analysis on 
numerical results so, from a data analysis aspect as well this project belongs 
to quantitative research. 
 

j) Results 
 
The results in quantitative research are generalizable while in qualitative 
research the findings are particularistic. As far as it matters the 
generalizability of the results obtained in this project, there is a need to go to 



[13] 

 

a bit deeper explanation. This will happen in the second part of this section 
(2.2). 
 

k) Form of final report 
 
The form of the final report in quantitative research is statistical report (e.g. 
with comparison of results, presentation of mean values etc.) while in 
qualitative research the form is of a narrative report with contextual 
description and direct quotations from research participants. Based on these, 
this report belongs to quantitative research from this aspect as well. 

 
       From all the above, the conclusion that can be made is that the presented thesis 
project is a purely quantitative piece of research. In the next chapter the 
characteristics of this case study will be presented together with the modes of 
generalization and reasoning associated with the project. 
 

2.2. Case study characteristics 

 
According to Johansson (2003), a case study should have a “case” which is the 

object of study. The “case” should: 
 
• be a complex functioning unit, 
 
• be investigated in its natural context with a multitude of methods, and 
 
• be contemporary. 
 
The complex functioning unit in this project is the train and its movement on a 

specific line. The case of the train is investigated in its natural context using 
approximations while the study is contemporary as explained also in the 
introduction, since energy-saving train movement is of high interest for all the train 
manufacturers and users. 

Robert Stake (1998) as cited in Johansson (2003) points out that crucial to case 
study research are not the methods of investigation, but that the object of study is a 
case: “As a form of research, case study is defined by interest in individual cases, not 
by the methods of inquiry used”. According to this definition this project is purely a 
case study, since the focus is on a specific case fully explained and defined. 

A very important feature of a case study that has to be explained is the issue of 
generalisation and reasoning. Johansson (2003) states that generalisations from 
cases are not statistical, they are analytical. They are based on reasoning. There are 
three principles of reasoning: deductive, inductive and abductive. Generalisations 
can be made from a case using one or a combination of these principles. 

In this thesis project it can be said that both deductive and abductive reasoning 
has been used. In fact this project is a hypothesis testing where a theory is tested in 
a case and it is validated; this shows deductive reasoning. The mode of 
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generalisation based on deductive reasoning is going from a hypothesis and facts to 
the validation of a theory on optimal control. But this project also includes the 
procedure of synthesising a case; a case is synthesised from facts in the case and a 
principle, theory (Johansson, 2003). This points out abductive reasoning. The mode 
of generalisation associated with abductive reasoning is going from facts and a 
theory to a case (Johansson, 2003). It can be said that this project is mostly based on 
deductive reasoning and the associated generalisation type with some 
characteristics of abductive reasoning. 

As a conclusion in this chapter it can be said that this project is a case study  
made using purely quantitative methods and a mix of deductive and abductive 
reasoning.  

The next section of this report is presenting the theoretical framework of the 
project. 
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3. THEORETIC FRAMEWORK 

In this section, the theoretic part of the presented thesis project will be reported. 
As mentioned above, this project started from zero point and, exactly because of 
this, a big part of the study was the theoretic research. The first issues that had to be 
solved were which method for obtaining an optimal solution should be followed and 
what would be the most appropriate approach for the energy consumption 
calculation for our problem. The research went through different stages, different 
types of models were considered until the one regarded as the most suitable for our 
case was chosen. In this section of the report, only the theory that was finally used 
will be presented, even though this was only the final part of the theoretic research 
and other approaches regarding both energy calculation and the solution to the 
optimal control problem have been seriously considered and studied before ending 
up to this method. 

This section of the thesis project is divided into four chapters. The first chapter is 
briefly giving some information about optimal control in general. The second part of 
this section will be a presentation of the theoretic part of the model used in this 
study, based on dynamic programming. This second part of the theoretic framework 
will be a presentation of the Hamilton-Jacobi-Bellman equation. A simplified form of 
this equation was finally used in the algorithm that will be presented later on in this 
report. In this part, the equation background will be detailed and for the general 
case problem. In the next section (empirics), the way that this equation was used as 
a dynamic programming method will be presented so that the reader will 
understand the approach that was used better. 

The third chapter is presenting the model that was used to calculate the energy 
consumption of the train. This chapter will present the studies that were used as a 
guide together with the final equations used, regarding the formulas that 
Bombardier Transportation uses. In the final part of the theoretic framework, the 
different modes that the train can be in are presented briefly. 

 
 

3.1. Optimal Control Theory 

The optimal control theory is a still growing field of science in our days. Optimal 
control is a powerful tool that gives the ability to deal with complex control 
problems. It requires an advanced mathematical and dynamic programming 
background and is already famous for its adaptability and quality of results. 

Todorov(2006) states that optimal control theory is a mature mathematical 
discipline with numerous applications in both science and engineering. It is emerging 
as the computational framework of choice for studying the neural control of 
movement, in much the same way that probabilistic inference is emerging as the 
computational framework of choice for studying sensory information processing. 

Optimizing a sequence of actions to attain some future goal is the general topic 
of control theory (Stengel (1993); Fleming and Soner (1992) as cited in 
Kappen(2011). It views an agent as an automaton that seeks to maximize expected 
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reward (or minimize cost) over some future time period. One example that 
illustrates this is motor control. As an example of a motor control task, consider a 
human throwing a spear to kill an animal. Throwing a spear requires the execution of 
a motor program that is such that at the moment that the spear releases the hand, it 
has the correct speed and direction such that it will hit the desired target. A motor 
program is a sequence of actions, and this sequence can be assigned a cost that 
consists generally of two terms: a path cost, that specifies the energy consumption 
to contract the muscles in order to execute the motor program; and an end cost, 
that specifies whether the spear will kill the animal, just hurt it, or misses it 
altogether. The optimal control solution is a sequence of motor commands that 
results in killing the animal by throwing the spear with minimal physical effort. If x 
denotes the state space (the positions and velocities of the muscles), the optimal 
control solution is a function u(x, t) that depends both on the actual state of the 
system at each time and also depends explicitly on time (Kappen, 2011). 

Kanemoto(1980) states that although continuous time problems may be solved 
by the conventional techniques such as Lagrange's method and nonlinear 
programming if the problems are formulated in discrete form by dividing time (or 
distance) into a finite number of intervals, continuous time (or space) models are 
usually more convenient and yield results which are more transparent. This is exactly 
the method that was used in the continuous-time problem of train movement. The 
time space given was divided in finite-number time intervals. Even if this method 
provides a much easier approach to the problem, it involves some approximations 
that had to be done. The approximations that have been used will be presented in 
section four (Empirics). 

The general stochastic control problem is intractable to solve and requires an 
exponential amount of memory and computation time. The reason is that the state 
space needs to be discretized and thus becomes exponentially large in the number 
of dimensions. Computing the expectation values means that all states need to be 
visited and requires the summation of exponentially large sums (Kappen, 2011). This 
is where the Hamilton-Jacobi-Bellman equation and more specifically Bellman’s 
backwards approach comes to give the answer. Bellman’s backwards approach is a 
method that is solving the discrete transformation of a continuous-time system 
(Papageorgiou, 2010). Since our problem in its roots is a continuous-time optimal 
control project, the formulation of the general continuous-time optimal control 
problem was considered as essential to present. The equation referring to the 
discretized time approximation problem will be presented in chapter 3.2. 
 

3.1.1 Continuous-Time Optimal Control 

As mentioned above, our basic problem for the train movement control is a 
continuous-time problem, for which a discrete-time approximation is used. For this 
reason, it is essential to explain and present the general continuous-time dynamic 
system and give an example of a formulation. 

Bertsekas(2000) is describing the general formulation of continuous-time optimal 
control as follows. 
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We consider a continuous-time dynamic system 
   

                                                                     (eq. 1) 

  
where x(t) Є Rn is the state vector at time t, ẋ(t) Є Rn is the vector of first order time 
derivatives of the states at time t, u(t) Є U Є Rm is the control vector at time t, U is 
the control constraint set, and T is the terminal time. The components of f, x, ẋ, and 
u will be denoted by fi, xi, ẋi and ui respectively. Thus, the system (1) represents the n 
first order differential equations 

 
      

  
                                       (eq. 2) 

 
We view x(t), ẋ(t), and u(t) as column vectors. We assume that the system 

function fi is continuously differentiable with respect to x and is continuous with 
respect to u. The admissible control functions, also called control trajectories, are the 
piecewise continuous functions {u(t) | t Є [0,T]} with u(t) Є U for all t Є [0, T]. 

In order to be able to deal with the difficulty of this subject, we assume that, 
for any given admissible control trajectory {u(t) | t Є [0,T]}, the system of differential 
equations (1) has a unique solution, referred to as the corresponding state 
trajectory. In a more rigorous treatment, the issue of existence and uniqueness of 
this solution would have to be addressed more carefully. 

We want to find an admissible control trajectory {u(t) | t Є [0,T]}, which, 
together with its corresponding state trajectory {x(t) | t Є [0,T]}, minimizes a cost 
function of the form 

 

                        
 

 
             (eq. 3) 

 
where the functions g and h are continuously differentiable with respect to x and g is 
continuous with respect to u. 
 Bertsekas (2000) gives also a simple example of formulation of a continuous-
time optimal control problem of resource allocation as follows: 

 
A producer with production rate x(t) at time t may allocate a portion u(t) of his/her 
production rate to reinvestment and 1-u(t) to production of a storable good. Thus 
x(t) evolves according to  

 
                 

 
where γ > 0 is a given constant. The producer wants to maximize the total amount of 
product stored 
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Subject to 
 

                             
 
 
The initial production rate x(0) is a given positive number. 
 
The problem formulation in the Bombardier case will be explained in section four 
(Empirics). 
 

3.2. The Hamilton-Jacobi-Bellman equation 

Nikovski et.al.(2012) state that optimal control problems can be solved by solving 
the Hamilton-Jacobi-Bellman equation. In our case, we will use a simplified approach 
of this equation. The approach that was used in this project will be presented in 
chapter 4. Even if the approach that was used in this thesis is better to be explained 
graphically, it is necessary to present the mathematical background of this equation 
before explaining our approach in a much more simplified way. 

 
Bertsekas (2000) is presenting the Hamilton-Jacobi-Bellman equation as follows: 
        

For the general continuous-time optimal control problem presented in chapter 
3.1.1 we will now derive informally a partial differential equation, which is satisfied 
by the optimal cost-to-go function. This equation is the continuous-time analog of 
the Dynamic Programming (DP) algorithm, and will be motivated by applying DP to a 
discrete-time approximation of the continuous-time optimal control problem. 
       Let us divide the time horizon [0, T] into N pieces using the discretization 
interval: 
 

  
 

 
 

       We denote  
 

                        
                        

 
We approximate the continuous-time system by: 
 

                   
 
and the cost function by 
 

                 

   

   

 

 
We now apply DP to the discrete-time approximation. Let 
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       : Optimal cost-to-go at time t and state x for the continuous-time problem, 
 

        : Optimal cost-to-go at time t and state x for the discrete-time 
approximation. 
 
The DP equations are: 
 

                
             

   
                                                

 

Assuming that      has the required differentiability properties, we expand it into a 
first order Taylor series, obtaining: 
 

                       

                                                     
 
Where o(δ) represents higher order terms satisfying               ,    denotes 
partial derivative with respect to t, and    denotes the n-dimensional (column) 
vector of partial derivatives with respect to x. Substituting in the DP equation, we 
obtain: 
 

             
   

                                 

                             

 

       Cancelling            from both sides, dividing by δ, and taking the limit as 
   , while assuming that the discrete-time cost-to-go function yields in the limit 
its continuous-time counterpart, 
 

   
            

                            

 
we obtain the following equation for the cost-to-go function J*(t, x): 
 

     
   

                                               

 
with the boundary condition               
 
       This is the Hamilton-Jacobi-Bellman (HJB) equation. It is a partial differential 
equation, which should hold for all time-state pairs (t, x) by the cost-to-go function 
J*(t, x), based on the preceding informal derivation, which assumed differentiability 
of J*(t, x). In fact we do not know a priori that J*(t, x) is differentiable. However, it 
turns out that if we can solve the HJB equation analytically or computationally, then 
we can obtain an optimal control policy by minimizing its right-hand-side (Bertsekas, 
2000). 
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3.3.1 Description of the HJB equation, forwards and (Bellman’s) 
backwards approach 

 
This chapter will be a simpler explanation of the HJB equation and the different 

approaches regarding forwards and backwards calculations. 
It has to be mentioned here that this explanation is based on a lecture by 

Professor Yi Ma from the University of Illinois. The lecture is included in the course of 
optimal control and is on Dynamic Programming and the HJB equation regarding 
discrete systems. The skeleton of the following chapter is taken from this lecture and 
this is mentioned here because, since this is taken from lecture notes, the 
description is coded in bullets and had to be further explained by the author of this 
thesis. 

So, according to Ma (2008), Bellman’s dynamic programming approach is quite 
general, but it’s probably the easiest to understand in the case of purely discrete 
system. The general form of this equation is: 

 
                                       (eq. 16) 
 
Where      is a finite cardinality N,      is a finite set of cardinality M 

(T,N,M are positive integers). 
This equation is referring to the forwards calculation. It can be supposed (to 

show the relation with the train motion problem) that xk is the speed of the train at 
step k taken from a pool X of possible speed values, and uk is the control input at 
step k taken from a pool U of possible control inputs (like accelerating, coasting etc.). 
If the forward calculation method was used, this equation means that, at each step, 
the optimal speed of the next step is obtained by minimizing a cost function, 
regarding the possible transitions from the current speed and control that can be 
applied. To explain it better, a simple example (two dimensions-speed and time) will 
be presented briefly. 

Suppose that, at a step k, the speed of the train is xk, the pool of speed values X is 
81 values (from 0 km/h to 80 km/h), the control input at a step k is uk and that the 
possible control inputs U are accelerating, coasting and decelerating. The way that 
the forward HJB dynamic programming approach would find the optimal speed for 
the next step k+1 is the following: 

In the start of the track (starting time, k=0) the speed x0=0. At this step it is 
obvious that the only possible control input is accelerating (because current speed is 
zero). Given that the maximum acceleration (speed difference) during one step is 
known (let’s say that the train engine can accelerate at each step maximum 30 km/h, 
leveled straight track), the control u0 is accelerating and the possible transitions are 
30 for the first step (each transition leads to a different speed value, from 1 km/h to 
30 km/h). The HJB equation (eq. 16) would check all the transitions from the given 
point x0 to the next step k+1 including the non-possible transitions. Then for each 
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transition, an energy cost would be assigned. The way that the non-possible 
transitions are avoided is assigning penalties for non-possible transitions, so that 
they will never be considered as optimal. A graphical representation of this simple 
problem is presented in Yi Ma (2008): 

 

 
Figure 1: Discrete time: going forwards (Ma, 2008) 

 

 

 

       Figure 3 shows the most naïve approach where only three transitions are 
possible. In the example given above these transitions are 80 at each step. Ma (2008) 
explains that in this method, starting from x0, all the possible trajectories have to be 
enumerated, the cost for each must be calculated and then they have to be 
compared and select the optimal one for the whole problem. The possible 
sequences that are possible in this problem are actually 81T and to find the cost for 
each of these sequences T terms have to be added. This means roughly MTT 
operations. This makes the calculation of the minimum-cost trajectory complicated 
and almost impossible to define due to the number of calculations needed. 
       Exactly because of the difficulty of the forwards calculation, the best way to treat 
this problem is to start from a fixed final state and go backwards in steps (time). In 
order to use the backward calculation method, at each state a cost-to-go to the 
ending state must be assigned. At k=T, the terminal costs are known. 
       The next step is to go to the previous step k=T-1. For each xT-1 all the possible 
transitions to k=T must be checked and the minimum one has to be chosen, so as to 
have the smallest “cost-to-go” (1-step transition cost plus terminal cost). This 
process must be repeated for all x’s for k = T-2,…,0. When this process is done, an 
optimal path is obtained from each x0 to some xT. This method is providing the 
optimal solutions from each state xk to a fixed final xT that is the desired final state. 
The path that will be obtained from this method is unique unless there are more 
than one paths resulting in the same cost. In the end of the method, for each state xk 
an optimal-cost-to-go will be assigned and an optimal trajectory is possible to be 
assigned. The backward calculation implementation for this simplest case is 
presented graphically in the following Figure 4. 
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Figure 2: Discrete time: going backwards (Ma, 2008) 

 
 
 
A question that usually rises is if the output trajectory is indeed optimal. The 

answer to this is the principle of optimality for this method. 
Principle of optimality: A final portion of an optimal trajectory is itself optimal 

(with respect to its starting point as initial condition). The reason for this is obvious: 
if there is another choice of the final portion with lower cost, we could choose it and 
get lower total cost, which contradicts optimality (Ma, 2008). 

What the principle of optimality does is guarantee that the steps that are 
discarded (going backwards) cannot be parts of optimal trajectories in contrast with 
the forward calculations where nothing can be discarded (Ma, 2008). 

The advantages of the backwards (dynamic programming) approach are (Ma, 
2008): 

 

 The computational effort is clearly smaller than with the forwards approach. 
Furthermore, the backward approach gives an optimal policy for each initial 
condition (and    ). With the forward approach, to handle all initial 
conditions would require an enormous amount of calculations (T*N*MT), and 
still it would not cover some states for k>0. 

 Even more important is the fact that the backwards approach gives the 
optimal control policy in the form of feedback: given x, we know what to do 
(for any k). In the forwards approach, optimal policy does not depend on x 
but on the result of the entire forward pass calculation. 

 
For the simple two-dimensional example used above since it is known that the 

final state’s speed must be zero (xT=0), a cost-to-go of zero is assigned at the states 
were xT is equal to zero (three states because each state is defined by both speed 
and control input). To all the other states at k=T penalty costs are assigned so that it 
will be sure that the final state chosen will always represent zero speed (the train has 
stopped). 
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On the next step, we would have to go backwards to T-1 and check all of the 
states xT-1. For each xT-1 we would have to check all of the possible transitions to the 
time “slice” of T-1 and assign the optimal transition and the related optimal cost-to-
go to the final time slice of T-1. 

In advance, the same method is applied to all the previous time “slices” of T-2, T-
3, …, 0. In the end, an optimal policy and the related optimal cost-to-go to the end 
for every possible state       would have been obtained. The optimality of the 
results relies on the principle of optimality presented above. 

The example that was presented briefly above is a simplified version of the 
approach used in this thesis report to solve the optimal energy consumption 
problem of the case presented in this thesis. The case study that was conducted for 
this thesis report, together with all the approximations done and detailed 
explanation of the procedure followed will be presented in section four of this report 
(Empirics). 
 

3.3. Calculation of energy consumption in trains 

 
The way that the energy consumption is calculated in train motion studies varies 

regarding both to the approach that is used and in the precision of the formulas used 
given the approach. 

After studying different approaches to this particular field, the most suitable one 
was chosen to be the calculation of energy consumption based on the driving 
resistances. This approach is presented to a study conducted by Lindgreen and 
Sorenson (2005). Their proposed model for the calculation of energy consumption 
was studied in details and was one of the main guides that led to the model used in 
the presented thesis project. 

Another study that was taken under consideration when the energy consumption 
equations were being investigated was the doctoral thesis of Lukaszewicz (2001). He 
used the same main idea on calculating the energy consumption, but his formulas 
were more detailed, taking under consideration many more parameters and going 
far in depth in the calculations. This is the most accurate model found in literature, 
but it is not possible in the time given to collect all the different data needed to 
apply this model. A similar approach was also used by Jong and Chang (2005) which 
was also taken under consideration. 

Thus, the main idea for the energy calculation formulas was taken mainly by 
these two studies (Lukaszewicz (2001) and Lindgreen and Sorenson (2005)). For the 
calculation of the forces though, the formulas given by Bombardier were used 
instead. 

The model presented by Lindgreen and Sorenson (2005) is based on the fact that 
the energy needed during a specific trip of a train is the energy needed to overcome 
all the resistances during the motion of the train. 

Firstly, all the different driving resistances must be considered. These are 
presented right below. 
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3.3.1 Driving resistances 

It is known that the formula that relates the sum of forces with the acceleration is 
Newton’s 2nd law: 
 

       

 
In our case, a is the acceleration that the train is experiencing when all the different 
forces F are applied to it. Thus, the connection between the driving resistances and 
motion is given from Newton’s 2nd law as follows (Lindgreen and Sorenson (2005)): 
 
                                           (eq. 4) 
 
Where 
 
FM: the locomotive’s traction force at the wheels 
Frr: the rolling resistance 
FL: the aerodynamic resistance 
Frs: the gradient resistance 
 
These four forces are the ones that are most commonly used in different studies on 
this field. What will actually give us the ability to calculate the energy needed is the 
traction force needed at the wheels which will result in the train overcoming the 
resistances and reach the desired acceleration and speed. 
 
m*a is normally called the acceleration force FA, or acceleration resistance. So the 
equation (eq.4) becomes: 
 

                 
      
                                (eq. 5) 

 
 

3.3.1.1 Curve resistance 

       When a vehicle travels on a curve section of its travelway, external forces act on 
the vehicle. Certain components of these forces tend to retard the forward motion 
of the vehicle. The sum of these components is the curve resistance. In train motion 
this resistance depends on the friction between wheel flange and rail, the wheel 
slippage on the rails (figure 1 (b)), and the radius of curvature (Hoel et.al (2008), p. 
107). 
       Curve resistance is also caused by increasing of tension (direction of tangent of 
the curvature, figure 1 (a)), increase of pressure on the internal track or external one 
and possible bad maintenance on the line (Al Helo, n.d.). 
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Figure 3: Cylindrical rolling movement (Al Helo, n.d) 

               
The formula that gives the curve resistance used by Bombardier is: 
 
 

    
   

     
                      (eq. 6) 

 
Where 
 Frk: total curve resistance 
 mstat: total train static mass (tones) 
 Cr0, Cr1: constant known values 
 R: curve radius (m) 

 
 

3.3.1.2 Aerodynamic resistance 

       The air in front of and around a vehicle in motion causes resistance to the 
movement of the vehicle, and the force required to overcome this resistance is 
known as air resistance. The magnitude of this force depends on the square of the 
velocity at which the vehicle is traveling and the cross-sectional area of the vehicle 
(Hoel et.al. (2008), p.103). 
 

The formula presented in Lindgreen and Sorenson (2005) for the calculation of 
the air resistance in train motion is: 

 
                        

               (eq. 7) 
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Where 
 FL: total aerodynamic resistance (N) 
 v: train’s speed (m/s) 
 vwind: the (head) wind speed (m/s) 
 ρ: air density (kg/m3) 
 CL: drag coefficient 
 Afr: the frontal area (m2) 
 
 

3.3.1.3 Gradient resistance 

 
In a rail vehicle rolling along a straight level track, the force component 
perpendicular to the direction of gravity is zero. However, when the plane of the 
track is inclined (e.g. when the train runs uphill or downhill), a force component F2 
develops parallel to the plane of the track (Figure 2), and in the case of an uphill 
gradient this component is an additional resistance to vehicle motion (Ding et.al, 
2009). 
 

 
Figure 4: Derivation grade resistances (Ding et.al, 2009) 

 
The equation that gives the gradient resistance is (Lindgreen and Sorenson 

(2005): 
 

                      
  

 
                (eq. 8) 

 
 
Where 
 FS: total gradient resistance (N) 
 mtot: train mass (kg) 
 g: acceleration of gravity (9.82 m/s2) 
 a: angle of the gradient 
 Δh is the height difference (m) over the horizontal distance (m) 
 
And the similar equation that Bombardier uses is: 
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               (eq. 9) 

 
Where 

 Frs: total gradient resistance (N) 
 mstat: total train static mass (tones) 
 g: acceleration of gravity (9.82 m/s2) 
 S: gradient (‰) 
 

3.3.1.4 Rolling resistance 

 
       Rolling resistance is the sum of the mechanical forces, exclusive of windage and 
braking, acting to impede the forward motion of a train traveling at constant speed 
on level track under operating conditions. These have been divided into two parts 
which are classified "normal" and "abnormal" (Bernsteen et.al, 1983). 
       Normal Rolling Resistance includes energy losses in the suspension system, 
hysteresis in the soil beneath the tracks, friction within the bearings, and sliding at 
the wheel-rail interface. 
       Hunting, flanging, unequal wheel radii on the same axle, and wheel lift are the 
most important forms of abnormal rolling resistance. Parasitic energy dissipation in 
the draft gear caused by grade changes and train handling is another form of 
abnormal rolling resistance (Bernsteen et.al, 1983). 
 
       The formula presented by Lindgreen and Sorenson (2005) for the calculation of 
total rolling resistance (normal and abnormal) is: 
 

                         (eq. 10) 
 

Where 
 FR: total rolling resistance (N) 
 CR: rolling resistance coefficient 
 mtot: train mass (kg) 
 g: acceleration of gravity (9.82 m/s2) 
 
 
The formula that is used from Bombardier for the calculation of the rolling resistance 
is: 
 

                             (eq. 11) 
 
Where 
 Frr: total rolling resistance (N) 
 arr, b, c: rolling resistance coefficients (depending on weight load) 
 v: train speed (km/h) 
 
 



[28] 

 

 
 

3.3.2 Energy consumption 

 
Based on this approach there are two main ways to calculate the energy 

consumption. The first one is based on distance while the second one is based on 
time. 

 
The energy cost based on distance or time is obtained as follows: 

 

3.3.2.1 Energy consumption calculation based on knowledge of 
driving resistance and distance 

 
 

         
  

  
              (eq. 12) 

 
Where Ftot is the sum of the driving resistances as mentioned above. 
 

3.3.2.2 Energy consumption calculation based on power and time 

       The total power Pe needed can be calculated as (Lindgreen and Sorenson (2005)): 
 

                        (eq. 13) 
 
Where 

  Pe: total power (W) 
  v: speed (m/s) 
  Ftot: sum of the driving resistances (see above) (N) 

 
based on that the energy consumption is obtained by integrating the total power 
needed for the total trip time. This gives (Lindgreen and Sorenson (2005)): 

 

        
 

 
              (eq. 14) 

 
Where 

  E: total energy consumption (J) 
  Pe: total power (W) 
  t: elapsed time (s) 

 
If Pe is constant, the energy consumption is: 
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                     (eq. 15) 
 
       The model that was preferred for this thesis was the one based on time. The 
reason for which this model was preferred together with the final formulation will be 
explained in section four (empirics). 
 

3.4. Train modes 

The different modes that the train can be in are six based on the output power of the 
motor and the motor torque. The output power (P) of the motor is given by: 
 

      
 
Where: 

P: the output power of the motor 
T: the motor torque (tractive effort) 
ω: the motor angular speed 

 
The different modes of the train movement based on speed are shown roughly 

below: 

 
Figure 5: Train modes based on power 

 
 
In this thesis project the modes are separated as: accelerating, constant speed, 

coasting, regenerative braking and mechanical braking. The modes will and the way 
they are defined will be explained in section four (empirics). 
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4. EMPIRICS 

 
In this section of the presented thesis the steps that have been taken throughout 

the study will be explained in details. The way that optimal control theory and the 
Hamilton-Jacobi-Bellman equation were applied to the Bombardier case will also be 
explained in details. The first part of this section will be a presentation on how the 
energy consumption formula was obtained from theory regarding the Bombardier 
case and all the approximations that had to be assumed. 

 

4.1. Driving resistances and energy consumption in the 
Bombardier case 

 

4.1.1 Driving resistances 

 

The long-term goal for the whole research project is a detailed model, taking 
under consideration all the different parameters, which will be able to give optimal 
advice to the train drivers on the actions they should follow in order to reach to the 
next station on time with the lowest energy consumption possible, given the current 
position of the train, the time remaining according to the time tables and the current 
speed of the train. 

Given that this thesis project was time-limited and that the scope of this thesis 
was not a fully detailed model, but a working model that can be improved further, 
not all of the resistances have been taken under consideration. The reason why this 
happened will be explained in the following paragraphs. 

When it comes to the curve resistance (resistance associated with the curves 
(turns) of the track), the ability to calculate it demands a very detailed knowledge of 
the tracks. This information is available for the line that is under study, but the 
process of adding these resistances in our calculations is time-consuming and needs 
to be further studied. This happens because, in order to use the dynamic 
programming model, the track had to be divided into equal distance intervals. This 
means that each of these intervals may include different curves, making the process 
of adding this type of resistances difficult. One way for the curve resistances to be 
taken under consideration is, for a specific line given, to distribute the curve 
resistances equally along the position intervals, and collect an approximated energy 
amount that is needed to overcome these curves. The calculation of this type of 
resistances, as well as the aerodynamic and gradient resistances, were regarded 
from the start as a problem that is to be considered and solved later on this project, 
and are not a part of this study. 
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As far as it matters the aerodynamic resistance, this is generally not taken under 
consideration from Bombardier. This happens because this type of resistance is 
depending highly on the weather and is more or less random throughout the year. In 
fact, even if a detailed and accurate forecast for the wind direction and speed was 
available, still the calculation of the aerodynamic resistance is almost impossible. 
This happens because the train is changing direction through the line when taking 
turns, so the side where the wind is facing the train is changing. It can be said that, 
since the curve resistances are not taken under consideration, the train is not 
changing direction along the line, but even if this assumption is made, the 
aerodynamic resistance will not return realistic results. In order for this type of 
resistance to be reasonable and represent the real value, the direction of the train 
against the wind must be known in details. This is the reason why the aerodynamic 
resistance is not taken under consideration. 

The gradient resistance is actually a major factor of the energy consumption 
formula. Just like the curve resistance, the gradient force needs detailed track data 
which will need to be further processed in order to be used, because of the method 
that was used. As mentioned above, for the formulation of the problem, the track 
had to be divided into equal intervals. Each interval might include different values of 
gradient, a fact that causes a problem when the gradient resistance is to be 
calculated. In order for the gradient resistance to be included to the model that was 
developed, an approximation has to be used. One way to approximate the gradient 
resistance is to go across the line, starting from the first interval, consider the 
gradient changes inside the interval and calculate a unique approximated gradient 
resistance for each interval. The fact that for each position interval, a different 
coefficient would have to be used would make the formulation of the problem much 
more complex. This will be understood better after the detailed explanation of the 
optimal control algorithm that was developed. 

The rolling force is the biggest resistance force during the train motion. The 
coefficients of the rolling resistance equations are different for different weight 
loads of the train. In this study, the train was supposed to be fully loaded so the 
rolling coefficients that were used were the ones associated with a train fully loaded. 
The formula that was used to calculate the rolling resistance in this thesis is the one 
used by Bombardier (eq. 11). 

The acceleration force or acceleration resistance (FA) is coming from Newton’s 
second law. In reality, and in the case under study, this force represents the force 
needed to achieve an acceleration value of a for a train of mass m when no 
resistances are applied to the train movement. This would be the only resistance in 
the ideal case of a straight leveled track (no gradient and curve resistances) with no 
other parameters affecting the train motion. 

It has to be mentioned here that, as described in the theoretic background and 
will be described further later on, the approach used to our problem is a mixture of  
equal-time and equal-distance dynamic programming model, with a main focus on 
equal-time steps. This means that the total trip time between the stations under 
study, had to be divided into equal-time steps. Thus, whenever a calculation has to 
be done, it is done for a time duration of one time step which will be referred to this 
text by the term tstep. This is a realistic approach since all of the transitions that are 
calculated in this project refer to one time step. 
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In this thesis the forces/resistances are calculated as follows: 
 

a) Acceleration force FA (for one time step) 
  

     
               

     
            (eq. 17) 

 
where the term 

 

                    
               

     
               (eq. 18) 

 
is the equivalent constant acceleration that makes the train experience a difference 
in speed of                   for one time step. As mentioned in the previous 
chapters, this comes from the approximation that for each time step the 
acceleration is constant and the speed is linear with time for each time step. 
 

b) Rolling resistance Frr (for one time step) 
 

Since the speed is linear with time for each transition (time step), the rolling 
resistance for each time step can be calculated according to the average step speed 
which is: 

     
               

 
              (eq.19) 

 
So the rolling resistance for each time step will be: 
 
                     

             (eq. 20) 

 
So, in our case it will be: 
 
                          (eq. 21) 
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4.1.2 Energy consumption 

 
       From equations (eq. 13) and (eq. 14) taken from theory the total energy 
consumption of the train can be obtained from: 
 

         
 

 
                 

 

 
          (eq. 22) 

 
 Where 
 
 T: total time duration of the trip (for our case is T=93 seconds) 
 Pe: power consumption 
 Ftot: Total resistances the train has to overcome 
 E: total energy consumption 
 
       Since the speed is supposed to be linear with time for each time step (eq. 22) 
from (eq. 19) becomes: 
 

         
            

 
   

                   (eq.23) 

 
dt is the time step. Given that the total trip time between the two successive 
stations under study is known the time horizon is discretized into equal time steps. 
Therefore, dt will be known and replaced by the term tstep. Now (eq. 23) becomes: 
 

         
               

 
       

                 (eq. 24) 

 
 Where 
 
 E: total energy consumption 
 T: total time duration of the trip 
 Ftot: sum of all driving resistances based on time 
 tstep: time step/interval (10 equal time intervals for a total trip time of 93 
seconds gives a value of 9.3 seconds for each time step) 
 v(t-tstep): starting train speed of each time interval 
 v(t): final train speed of each time interval 
 
As mentioned in the theoretical background, there are two ways by which the 

total energy consumption can be calculated; one based on the driving resistances 
and position and one based on power (which actually comes from the first one since 
total power is calculated from total driving resistances and average interval speed). 
In case that the first approach was chosen, it would be easier to include all the 
secondary resistances in the model. This is a fact because position would be included 
to the objective function and, for different position values, all the different 
resistances would have to be added. The problem that arises when using this 
approach is that the most important constraint which is actually the trip time would 
have to be calculated from the values of position and speed. This, regarding the 
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resistances and the approximations that have been made, would lead to 
approximated time values. 

An approximation that had to be used is that the speed is changing linearly with 
time. This made easier the transformation of the objective (energy cost) function, so 
that the acceleration was translated into speed difference over time. This was also 
an important reason why the calculation was made based on time instead of 
position. For every transition in the dynamic programming model the energy cost 
was calculated, and the position value was calculated from speed difference and 
time using the appropriate approximations and transformations. This process of 
calculations will be explained further later on this report. 

So, based on these formulas, the energy consumption equation becomes: 
 

       
     
               

 

       

 
               

 
      

     
     

 

      
               

     
                  

              
                  

      (eq.25) 
 
       And for one time step (eq. 25) becomes: 
 

          
               

     
                  

                    (eq. 26) 

 

4.2. Distance/position calculation 

 
As it has been described already, in order for this model to be applied, the trip 

between two successive stations had to be divided into equal-time and equal-
distance intervals. Since the model for the energy consumption that was used is 
based on time and does not include distance, at every step (transition) that is made 
in the algorithm the distance covered had to be calculated. The distance covered is 
easy to get obtained by the ordinary equations of accelerated motion with constant 
acceleration. The trip under study covers a total distance of 1.51 km. The track is 
divided into 20 equal-distance steps, so every distance interval represents a distance 
of 75.5 meters. 

Time, distance and current train speed are the dimensions of the 3D matrix that 
holds the energy cost-to-go, a matrix which is the guide to the optimal control 
trajectory calculations. Since distance represents a dimension of a matrix, the 
position values must be integers. This means that every time that the distance 
covered in one time step is calculated, the result has to be rounded to the closest 
integer. Thus, a reasonable variation in the total distance covered is experienced, a 
fact that will be discussed further in the section where the results will be presented. 

For a time step transition from state n-1 to state n from the equations of 
accelerated motion with constant acceleration the position covered can be 
calculated as follows: 
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       And for 1 time step this becomes: 

 

            
 

 
                              (eq. 27) 

 
Where 
 
Xt: final position of the train for one transition 
Xt-tstep: Starting position of the train for one transition 
vt: final train speed for one transition 
vt-tstep: initial train speed for one transition 
tstep: time interval for one transition 
 

       This is the formula that gives the final position of a transition when the starting 
position, starting and final speed, and the time step are known. 

The way by which these transitions are calculated and the whole philosophy 
behind this method will be explained further in the following chapters. 
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4.3. Implementation of the Hamilton-Jacobi-Bellman 
equation, Bellman’s backwards approach 

 

 

In this chapter, the process of finding the optimal solution will be explained in 
details. This part of the presented thesis project will include the following chapters: 

 
 
1) Introduction to algorithm implementation; planning the algorithm, 

description of the matrices associated with the program 
2) Initialization: fixing the final state, filling the ending time-slice of the cost-to-

go matrix, assigning initial penalties 
3) Description of transitions leading to the ending time-slice of the cost-to-go 

matrix 
4) Description of all the possible transitions inside the cost-to-go matrix 
5) Obtaining the optimal final speed for each matrix element 
6) Obtaining the optimal control input for each matrix element 
7) Obtaining the optimal speed and control trajectory given the input (current 

time, position and speed) 
 

 
 

4.3.1 Introduction to algorithm implementation 

 

       This chapter will be an introduction to the model built during this thesis project 
based on the implementation of the backwards Hamilton-Jacobi-Bellman equation 
(dynamic programming approach). 
       As explained before in this report, the main idea behind our algorithm is to build 
a matrix that will hold the minimum cost-to-go (to the end of the line and time) for 
every combination of time elapsed, distance covered and current speed. 
       After this matrix is initialized and filled backwards, it becomes the basic tool by 
which the optimal sequence of control inputs and optimal speed values are 
obtained. The process by which this is achieved will be explained in details. 
       Apart from the cost-to-go matrix there are two more matrices of the same size 
as the    (cost-to-go) matrix that needed to be generated and used. These are the 
optimal control matrix and the optimal next time step speed matrix. These two 
matrices are used in order to make it possible for the program to return results that 
are easy to understand and make the algorithm results easy to understand by people 
that are not familiar with optimal control, such most of the train drivers. 
       This is the main objective of the long-term project as well as for this thesis 
project. The expected result is an algorithm that can be used online, which requires 
an algorithm that is running fast, and gives results that can be immediately used by 
the train drivers. This requires results that are easy to understand and implement. 
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       Both of these objectives are achieved by this algorithm. For the first objective, 
even if the algorithm is running fast (around 10 seconds), there is no need for it to 
run every time the driver is asking for results. This is true because all the matrices 
associated with the program can be built from before (offline) and the results can be 
given online after only reading the matrices. The process of just reading the matrices 
and calculate the optimal speed sequence is much faster (<2 seconds) and can be 
used online. The fact that makes this possible is that the matrices associated with 
the program include every possible state (elapsed time, covered distance and 
current speed), so the results are realistic and for the specific state one might want, 
while the main program is ran offline. The matrices generated refer to a specific trip 
between two successive stations. 
       As far as it matters the second objective, the results of this algorithm could not 
be easier to read and understand than they already are. The program results are 
both the speed that the train should have at every time step from current time until 
the end and the control input by which this speed values will be achieved. 
       It has to be mentioned here that each of the 3D matrices used by this algorithm 
contain in total 11*21*81=18711 elements. This is normal because these are all the 
possible states that the train can be in as long as it is inside the position, time and 
speed boundaries. A time horizon of 93 seconds (which is the expected trip duration) 
is divided in 10 steps of 9.3 seconds each. This results in a total sum of 11 time steps 
(including t=0). 
       Respectively, 20 distance steps for a trip of 1.51 km divided with 20 gives a 
distance step of 75.5 meters and a total of 21 distance steps (including x=0). The 
possible speed values are in total 81 (from 0 km/h to 80 km/h). 
       Precisely because the size of the matrices is that big, the backwards calculation 
seems the only way for a program using this approach to run in reasonable time and 
give results. 
       The number of operations that would be required if the forwards approach was 
preferred would be a huge number which, according to Ma (2008), would be 
something like T*VT*X (population of time values is T (T=11), population of speed 
values is V (V=81) and population of position values is X (X=21). This means that the 
operations needed would be a number of the same class as 2.3*1023.  

With the backwards approach, the operations needed, which is actually the 
number of transitions calculated by the program is roughly T*X*V2. This gives a total 
number of 1.3*106 operations. As it can be easily understood, the backwards 
approach requires a much smaller computational effort than the forwards approach. 
The difference is huge between the computational effort required in these two 
approaches which has a large impact on the computation time needed by the 
program used every time. In fact, it is not sure that an average PC processor could 
manage the forwards calculations in reasonable time limits. 

Here the matrices that are built by the program must be explained a bit further. 
These are the 3D matrices of optimal cost-to-go, optimal next time step speed and 
optimal control input for every input combination, and the arrays that are finally 
returned from the algorithm for optimal speed and control trajectory. 
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a) Optimal cost-to-go matrix (J*) 
 
This is our basic matrix. It has been already explained briefly and will be 

explained further. This matrix holds the minimum cost with which the train can 
reach its destination, given the current state that the train is in (elapsed time, 
covered distance and current speed). 

The way that this matrix was built includes penalties for non-possible or non-
desired states (like non-zero speed at ending time and position). During the 
initialization of the matrix, the desired final state (which is ending time and position 
with zero speed) is assigned a cost-to-go of zero while to all the other states in the 
final time slice a penalty is assigned, a fact that makes sure that the final state will be 
the desired one. So, the initialization of the matrix actually includes assigning costs 
to the final time slice of the matrix. Afterwards the matrix is filled backwards with a 
process that will be explained later on this chapter. 

The optimal cost-to-go (J*) matrix can be understood better by the following 
Figures 6(a) and 6(b). The desired final state which will hold a value of zero cost-to-
go can be seen below marked in red. Every state is represented by a point in the 
following graph. The total number of points is the sum of all the possible states. 
Figure 6(a) gives a better understanding on the number of all the possible states 
while Figure 6(b) shows better the meaning of the term “time slice” that is used 
many times in this report and refers to all the possible states that have the same 
time coordinate. 

 

 
Figure 6(a): Optimal cost-to-go matrix 
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Figure 6(b): Optimal cost-to-go matrix 

 

 

 

 

 

b) Optimal next time step speed value matrix (Vop) 
 
This 3D matrix has the same dimensions as the optimal cost-to-go (J*) matrix. 

This matrix was chosen to be built in order to make it possible and easier for the 
algorithm to return the optimal speed trajectory for all the time steps. 

For every combination of time elapsed, distance covered and current speed, this 
matrix holds the optimal speed value that the train should have after one time step 
(in our case the time step is 9.3 seconds). The optimal next time step speed value 
matrix is a product of the optimal cost-to-go matrix and the way that it is calculated 
by the algorithm will be explained in details. 

The Vop matrix is of the same dimensions as the J* matrix. The desired final state 
which is marked with red in Figure 3(a) and (b) in this matrix holds a speed value of 
0. 
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c) Optimal control input matrix (U) 
 
This 3D matrix, which has the same dimensions as the two previous ones, holds 

the optimal control input for every element. Just like the previous matrices, every 
element of the optimal control input refers to a specific time elapsed, distance 
covered and current speed value. 

 
During the calculation of all the possible transitions, for each transition the 

tractive effort needed by the train is calculated. Based on this force, it is easy to 
define the control by which this transition is made. Since the results are calculated 
using some approximations, the control inputs are also calculated with a reasonable 
approximation. To make this clear, the simplest example of coasting will be 
mentioned. 

In the ideal case, where all the different resistances are calculated, the tractive 
effort and the energy consumption during coasting for a train would be 0. In reality, 
this value is close, but not equal to 0. In the model presented here, the tractive 
effort that the train can give is between 403 kN (during acceleration) and -380 kN 
(during deceleration) based on the train characteristics. Given the approximations 
used and the resistances missing from the calculations, it is supposed that, when the 
tractive effort is between 0 and 10 kN the mode of the train is coasting. Given all the 
approximations used this assumption is totally reasonable in order for the train to be 
in a mode of coasting. 

So, from all the facts mentioned above, it can be said that the control matrix is a 
product of the optimal next time step speed matrix. This will be further explained in 
the next chapters. 

This matrix is of the same dimensions as the previous two matrices. Here, every 
element holds the optimal control input for each possible state. The desired final 
state (zero speed) is holding a control value of 5 (5 holds for mechanical brake). 

It has to be mentioned here that for the Vop and U matrices the final time slice 
(including the desired final state) do not have a reasonable natural meaning. This is 
true because, both of these matrices are referring to the optimal transition from 
each of their elements. Regarding this, a transition from a state in the final time slice 
cannot be expected, because by the final time, the train is expected to be in the end 
of the line stopped. Because of the fact that all of these three 3D matrices are 
calculated in the same subroutine (using the same loop), the final time slice is also 
filled, but it is not used during the calculations of the results by the next subroutine. 

 
 
 
d) Optimal speed trajectory 
 
The optimal speed trajectory is one of the final arrays returned by the program, 

which actually gives the optimal speed sequence from the current time step (as 
defined from the input values) until the final time step when the train arrives to its 
destination with minimum cost. 
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This array is calculated from a subroutine in the program, which is searching 
across the Vop matrix. When the initial point is fixed (given by the user), the program 
goes to the Vop matrix and checks the optimal speed value for the next time step. 
The distance that will be covered given these speed values for a time step will be 
calculated (as shown in chapter 4.2). After that, a new combination of time (which 
will be one time step later), distance (which has been calculated) and current speed 
(taken from the Vop matrix) will be obtained. Using the same steps until the final time 
T, the optimal speed trajectory is calculated. 

 
e) Optimal control trajectory 
 
This array also belongs to the results of the program. This array returns the 

control input trajectory for every time step until the end of the trip, just like the 
optimal speed trajectory. It is calculated by the same subroutine as the optimal 
speed trajectory but it reads the U matrix instead which keeps the optimal control 
input for each combination of current time, position and speed. The points that will 
be selected for the final trajectory are calculated as explained above (next time step 
speed) but in this case, the value that is kept in the U matrix is returned instead of 
the Vop matrix. This process will also be explained in details later on this report. 
 
 
 
 
 
 

4.3.2 Initialization: fixing the final state, filling the ending time-
slice of the cost-to-go matrix, assigning initial penalties 

 

In this chapter, the first step done by the algorithm will be explained. This first 
step includes assigning initial costs to the cost-to-go matrix. Since the calculations 
are done backwards in time, the matrix is initiated backwards also. This means that 
the elements of the matrix that have to be filled first are the ones belonging to the 
final time slice. 

The final time slice is a 21*81 matrix including all the possible speed and position 
values that describe the state of the train at ending time T. Since the desired final 
state is the state (T,X,0), in this state the cost-to-go which will be assigned is zero. 

The rest of the elements that belong to the final time slice, represent either 
different position than the final one at final time, or non-zero speed at final time and 
position. 

For the states that represent non-zero speed at final time and position, a big 
penalty is assigned (big compared to the class of the energy results) for not stopping 
at the end of the line. 

For the states that represent every other position value than the final one (X) at 
ending time, another penalty is assigned for the train not reaching the destination at 
the desired time. 
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Using this method, it is made sure that the only point that the algorithm will 
consider at the final time slice will be the desired final state of (T,X,0). This way it is 
sure that the backwards calculation will be started by the desired point. This is a 
really important step in the algorithm which had to be improved many times in order 
to make sure that the algorithm will start from this point. If another point is chosen 
than the desired one, then the whole algorithm will return non-feasible results (the 
train will not stop at final position, or will not keep the time limits). 

The desired final state to which an optimal cost-to-go of zero is assigned is 
marked in red (Figure 3 (a) and (b)). All the other elements of the final time slice and 
the final position slice have been assigned with a penalty. At final time or position 
there is only one point that must be considered and this is the one that is at final 
time and position with the speed coordinate being zero. 

It has to be mentioned here that the penalty for having non-zero speed at the 
end of the line, is assigned to all the time slices and is associated only with the 
position and not with time. This is based on the fact that, even if this is reached 
earlier, at the end of the line (X) the train must have zero speed or else the train will 
not stop at the station. On the contrary, the penalty for not reaching the destination 
on final time is associated only with the final state so, this particular penalty (P2) is 
assigned only to the final time 3D matrix slice. 

The philosophy behind using penalties is avoiding unwanted states. Another 
state that is not wanted is idling. The term “idling” is referring to the states where 
the train stops inside the line. It is a state which is caused only by random events 
that cannot be considered by the algorithm. In general, “idling” means firstly waste 
of time and secondarily additional energy costs for starting over from zero speed. 
Accelerating again from zero speed is an action that, as mentioned in all similar 
studies, is not energy-saving and is to be avoided. 

For the reasons given above, during this initialization step, another penalty is 
assigned (P3) for the states that are defined by zero speed, excluding the starting 
and final position states where the speed must be zero. 

After the completion of these actions, the initialization phase for our cost matrix 
is finished. 

 
 
 
 
 

4.3.3 Description of the transitions inside the cost-to-go matrix (J*) 

 

Here, the transitions calculated by the algorithm will be described. In this 
chapter, (ts,xs,vs) stands for the starting point of a transition (starting time, position 
and speed value respectively) and (tf,xf,vf) stands for the ending point of a transition 
(ending time, position and speed value respectively) 
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The first transitions of the algorithm calculated are those that are starting from 
the time slice of T-1 (one time step before the end) and are leading to the final time 
slice of T. 

As mentioned above, the desired final state is (t,x,v) = (T,X,0). This desired final 
state has been assigned with a cost-to-go of zero so, the algorithm for the first 
transitions will regard this state as the optimal destination. 

The program has to examine all the elements of the matrix. This is achieved using 
three loops. Since the algorithm is checking the points going backwards in time, and 
the final-time costs are already assigned, the first loop is fixing the time, starting 
from T-1 and ending at t=0. 

 
The process with which all of the transitions starting from the T-1 time slice are 

checked is the following: 
 
a) First a point to be examined is fixed. In order for a transition cost to be 

calculated, there is a need to have two unique points; a starting point and a 
destination point. A unique point is represented by a unique set of (t,x,v). For 
the first step where the transitions leading to final time are calculated, the 
starting points belong to the time-slice of T-1 and the destination points 
belong to the time slice of T. In order to check all the matrix elements, after 
the time loop described above, a second loop is added regarding the position 
values. This second loop is also going backwards in position this time, starting 
by final position x=X and ending at starting position x=0. Right after this loop, 
another loop is added, regarding the speed values this time. This way, all the 
possible starting points will be examined for every t, x and v. 
Regarding the transitions that are leading to final time, the possible starting 
points are those described by the triplet (T-1,xs,vs) for             . 

b) After the starting point is fixed, all of the possible transitions starting from 
this point must be checked. In order for this to be achieved, there is a need to 
examine all the possible destination points. Right after the three loops that 
are giving the starting point, it is possible to check all the possible destination 
points by just adding one more loop, which will check all of the possible 
destination point speed values. There is a need for only one loop, because of 
two reasons: firstly, the time associated with the destination point is already 
known, since all of the transitions refer to a time-duration of one time step. 
This means that the destination point’s time coordinate will be the starting 
point’s time coordinate plus one. For the transitions leading to final time, the 
time coordinate of the possible destination points will be (T-1) + 1 = T. 
Secondarily, the position coordinate of the destination point is calculated 
from the starting and ending speed values, time duration and starting 
position from the distance formula of accelerated motion as shown in eq. 27 
in chapter 4.2. 
After these four loops and the calculation of destination position, every 
starting point will be examined and for every starting point all the possible 
destination points will be considered ending up in calculating all possible 
transitions from every matrix element. A graphical representation showing 
the transitions from one point of the T-1 time slice is shown in Figure 7(a). 
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For the general case of a time slice different than T-1, the possible transitions 
from a starting point to a destination point are shown in Figure 7(b). 
 
 

 
Figure 7(a): Transitions from a point leading to final time slice 

 
 
 
 
 
 
 

 
Figure 7(b): Possible transitions from a point inside the matrix - general case 
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       After a starting and an ending point are obtained, it is time to calculate the 
transition (energy) cost of this particular transition. 
       Since all the possible transitions are considered, first there is a need to check if 
the transition that is considered every time is feasible. Using the values of starting 
and ending position, starting and ending speed and time step value, it is possible to 
calculate the tractive effort that is needed from the train in order to achieve the 
specific transition. The tractive effort needed by the train is obtained by eq.21 using 
also eq. 17 and eq. 20 (chapter 4.1.1). 
       At this point, another 1-dimensional array is introduced to the algorithm. Since 
the destination point of each transition is defined by its speed coordinate, the 
possible destination points from every point of the matrix are of the same 
population as the population of the different speed values. Since the possible speed 
values at any time are 81, for every point of the cost-to-go matrix, 81 transitions are 
possible and are to be calculated. The new array that is introduced here is only used 
inside the loops (locally) and is associated with the starting point of the cost-to-go 
matrix that is examined every time. It is consisted of 81 elements. Each of these 
elements of the array holds the sum of the energy needed for each of the possible 
transitions plus the energy cost-to-go of the destination point associated with each 
of the possible transitions. After this array is filled for a point, the optimization 
happens simply by returning the minimum value of this array. This value is the 
optimal energy cost-to-go from the specific point to the end of the line. If the energy 
cost associated with each of these transitions is defined as e(vf) (calculated by eq. 24) 
then this cost array is defined as: 
 
 

                                                     (eq.26) 

 
 
       In case that a transition between two points is not inside the feasible area of 
available tractive effort, a relatively huge energy penalty for non-possible tractive 
effort (penalty P4) is assigned to the specific transition. In this case it would be: 
 

                                            

 
And 
 

                      

 
       If the transition under investigation is feasible the next step is to check the mode 
the train is in when this specific transition occurs. The mode is obtained by the 
tractive effort needed for the transition and the starting and ending speed values of 
the transition. Then, having decided the mode associated with each transition, it is 
possible to calculate the energy cost-to-go of the starting point by adding the 
transition cost to the cost-to-go value of the destination point. The way that the 
mode is decided and the energy cost is obtained is the following: 
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a) Coasting 
 
       The train mode by which a transition is achieved is coasting when the 
tractive effort needed for the transition is between 0 kN and 10 kN. This is an 
approximation which has already been explained before. In the ideal case 
coasting would happen if the tractive effort needed for a transition was zero. 
Regarding the approximations used, the tractive effort will almost never be 
precisely zero in the presented algorithm. 
       When a train is in coasting mode, the energy consumed is zero. This 
means that whenever a transition is achieved by coasting, the energy cost-to-
go that is to be assigned to the associated element of the local array is simply 
the optimal energy cost-to-go of the ending point of this specific transition. 
So, when the mode of a transition is coasting the cost associated with the 
starting point is obtained by: 
 

                   

 
Because in this case: 
 

        

 
b) Acceleration 

 
       The mode of the train is acceleration when the tractive effort needed for 
the transition is between 10 kN and 403 kN (maximum tractive effort that the 
train can give). 
       When the train is in acceleration mode, the energy cost-to-go assigned to 
the associated local array elements is the energy cost-to-go of the destination 
point plus the energy cost of the transition given by eq. 24. So, in this case 
the cost associated with the starting point is obtained by: 
 

                         

 
Where from eq. 24 
 

               
     

 
           

 
Here 
 FA: Acceleration force (N) 
 Frr: Rolling resistance force (N) 
 vf: Final step speed value (m/s) 
 vs: Initial step speed value (m/s) 
 tstep: Time step (sec) 
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c) Constant speed 
 
       The mode of the train is constant speed when the speed coordinate of 
the starting point is equal to the speed coordinate of the destination point 
(vs=vf). 
       When the train is in constant speed mode, the energy is calculated with 
exactly the same way as in acceleration mode but, since the speed is 
constant, the acceleration force is zero so the energy comes only from the 
rolling resistance in the case under study here. A fact that is to be mentioned 
is that, since the transitions are defined by the final speed, only one out of 
the 81 transitions considered for each point will refer to constant speed 
mode and that is when the ending speed is the same as the starting one. For 
this reason, this mode is rarely appearing in the final results. So, in the 
constant speed case, the cost associated with the starting point in the local 
array is: 
 

                         

 
Where in this case 
 

          
     

 
      

     

                       

 
Here 
 Frr: Rolling resistance (N) 
 vf: Final transition speed (m/s) 
 vs: Initial transition speed (m/s) 
 tstep: Time step (sec) 

 
d) Braking 

 
       The train is in braking mode when the tractive effort needed for a 
transition is less than 0 kN. Most of today’s trains have the ability under 
specific circumstances to regenerate energy and return it to the grid. Roughly 
it can be said that there are two different types of braking; regenerative 
braking and mechanical braking. 
 
i) Regenerative braking 
 
       The train can regenerate during braking as long as the speed is greater 
than 7 km/h. This means that, for the algorithm presented here there are two 
conditions in order for it to go into regenerative braking during one 
transition; first the tractive force must be between 0 kN and -380 kN and 
second, the starting and the ending speed of the transition must be greater 
than 6 km/h. 
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       Returning energy to the grid is translated into negative energy 
consumption. The train can roughly return to the grid 70% of the energy that 
is associated with the braking transition. This means that during regenerative 
braking: 
 

                             

 
 
When 
 

                           

 
ii) Mechanical braking 
 
       The train is in mechanical braking mode when the tractive effort is 
between -380 kN and 0 kN and the starting and final speed of the transition 
are less than 6 km/h. 

During mechanical braking the train is actually neither saving nor 
consuming energy. There are some minor losses but they are not taken under 
consideration. So, during mechanical braking: 

 

                   

 
When 
 

              

 
iii) Partial regenerative braking 

 
The mode partial regenerative braking refers to the braking cases when 

the starting speed of the transition is more than 6 km/h and the ending 
speed of the transition is less than 6 km/h. 

In this case the train can regenerate power until the speed goes down to 
6 km/h. After that the train uses mechanical braking and does not return any 
power to the grid. Thus, in this case, the energy is calculated as if the final 
speed of the transition was 6 km/h and 70% of it is returned to the grid. 

The calculation of energy is done as in regenerative braking mode with 
the adjustment mentioned in the previous paragraph. 
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4.3.4 Finding the optimal solution and optimal next step speed for 
each matrix element (obtaining the Vop matrix) 

 
       After all of the possible transitions from one matrix element are calculated, the 
next step is to configure which transition gives the optimal energy consumption. 
       For every matrix element, all the transitions described in 4.3.3 are calculated. 
After the loop regarding to the final transition speed is terminated (all the possible 
destination speed values are considered) the locally used C(Vf) array (see chapter 
4.3.3) is filled with the energy cost-to-go values corresponding to the final transition 
speed. 
       At the next step, the minimum value of this array is chosen and is saved in the 
cost-to-go matrix as the minimum cost-to-go from the associated starting point. 
       In order for the program to be able to return the speed profile results, apart 
from the minimum energy for every possible state, there is a need to return the 
optimal next step speed for every possible state. 
       This is achieved by the same minimization command in Matlab simply by 
returning the minimum value’s position in the array C(Vf). The position of the 
optimal solution in the array is actually the corresponding optimal final speed of the 
array. 
       By following these procedures, the program fills the two main arrays of this 
algorithm which is the cost-to-go array and the next time step optimal speed array. 
The next step is to calculate by which control each of the transitions will be achieved. 
This is described in the next chapter. 
 
 
 

4.3.5 Finding the optimal control input for every possible state, 
filling the Uop matrix 

 
       The optimal control input for each matrix element is defined based on the 
tractive effort associated with the optimal transition tractive force that was obtained 
before. 
       When the tractive effort that is associated with the optimal transition from each 
matrix element, the related control input is: 
 

a) Acceleration 
Acceleration mode is chosen when the tractive effort is a positive value. 
Based on the tractive effort value boundaries, acceleration happens when 
the tractive force is between 10 kN (regarding approximations) and 403 kN. 
The control input representing acceleration mode is 1. 
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b) Constant speed 
Constant speed mode is chosen simply when the initial and final speed of a 
transition are of the same value (vs=vf). The control input representing 
constant speed is 2. 
 

c) Coasting 
Coasting mode is assigned when the tractive effort is between 0 kN and 10 
kN. Ideally, coasting means zero energy consumption but, based on 
approximations, 0-10 kN tractive force value can be regarded as coasting. The 
control input representing coasting is 3. 
 

d) Braking 
Braking mode is chosen when the tractive force is a negative value. Braking 
mode is associated with tractive force values belonging to the range 0 kN 
until -380 kN (given the maximum decelerating power from Bombardier). 
There are two different types of braking; regenerative braking and 
mechanical braking. A combination of these two modes is the partial 
regenerative braking. 
1) Regenerative braking 

Given that the control is braking, if the starting and final transition speed 
values are above 6 km/h the mode that the train is in is regenerative 
braking. The control input representing regenerative braking is 4. 

2) Mechanical braking 
Given that the train is in braking mode, if the starting and final speed 
values are less or equal to 6 km/h the train mode is mechanical braking. 
Mechanical braking is represented by a control input of 5. 

3) Partial regenerative braking 
If the train is in braking mode, the starting transition speed is above 6 
km/h and the final transition speed is below 6 km/h then the mode of the 
train is partial regenerative braking. In this case the train is using 
regenerative braking until the speed gets a value of 6 km/h, after that the 
train goes to mechanical braking mode. The control input representing 
partial regenerative braking here is also 4. 

 

4.3.6 Obtaining the optimal speed and control trajectory 
corresponding to the input 

 
       In order now to gather the optimal solution (speed profile), based on the input 
(which is current time, position and speed) the program is reading the optimal next 
time step speed (Vop) matrix. In order to explain how this is done an example has to 
be given. 
       Suppose that the train is in the start of the line, at starting time and with zero 
speed. The algorithm in this case will go to the corresponding element of the Vop 
matrix and obtain the speed that the train must have after one time step. For this 
example it will read that the optimal speed after one time step is 35 km/h. 
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       Next, the program will calculate the distance that the train will cover in one time 
step as explained in eq.27. The result for the distance is rounded to the closest 
integer in order to find the next element that the algorithm has to go in to get the 
next step speed. The rounding is happening because distance is a dimension of the 
Vop matrix, so it has to be an integer. This adds a noise in the results concerning 
total distance that is covered by the train. 
       After the result is obtained and rounded to the closest integer the algorithm 
goes to the Vop matrix element that corresponds to second time step, distance 
covered equal to the rounded result and speed equal to 35. This will give a next time 
step speed of 77 km/h. The same process is repeated until the final time step and 
distance where the speed is zero. The results will be presented in a separate section 
of this report. 
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5. RESULTS 

In this section the results from this thesis project will be presented. Together 
with the presentation of the algorithm and the speed profile results for different 
cases that were obtained from the program in Matlab, the main research questions 
will be answered respectively with the work done during this project. 

The first chapter of this section will be a presentation of the algorithm 
summarized flow chart corresponding to the program that was built in order to 
obtain the train optimal speed profiles. This is a presentation of the logical steps that 
have to be followed in order to reach to the desired solution. 

The second chapter will be an explanation on how this program can be used 
online in real time as an advisory system. 

The third and main chapter of this section will be a presentation of the numerical 
results obtained by the program that was built in Matlab. 
       The validation of the results will be attempted in the same chapter. The 
validation is based on the feasibility of the results and the principle of optimality that 
is associated with the method that was followed. 
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5.1. Algorithm flow chart 

The following flow chart is presenting the logical steps that were followed in 
order to obtain optimal speed profiles regarding minimum energy consumption. So, 
the algorithm flow chart is: 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

         Start 

Assign a cost-to-go of 0 

to the desired final state 

in J matrix 

for v=1,2,…,80 

Inputs: 

Train mass, resistance 

coefficients, penalties, 

time step, distance 

step 

for t=01,2,…,10 

for v=0,2,…,80 

for x=0,1,2,…,19 

 

 

for t=0,1,2,…,10 

for x=1,2,…,19 

 

for v=0,1,2,…,80 

for x=1,2,…,20 

Assign penalty for non-zero speed in 

the start and end of time 

 

 

Assign penalty for non-zero speed in 

the start and end of line 

 

 

Assign penalty for not being at final 

position at final time 
 

Assign penalty for not being on 

starting spot at the starting time 
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for t=10,9,…,1 

for x1=20,19,…,0 

for v1=80,79,…,0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     no 

 

 

 

      yes 

for v2=80,79,…,0 

 

 

 

 

 

 

 

 

 

 
   yes 

no 

     no 

 

               

   yes 

Convert speed,  

Calculate tractive force, 

rolling resistance force, energy 

need of transition, final 

transition position 

 

is x feasible? 

is tractive force  
possible? 

find train mode based on 

tractive force, calculate 

the associated energy and 

save it in C(81) in 

position C(v2) 

Assign 

penalty P4 to 

C(v2) 

Assign 

penalty 

P2 to 

C(v2) 

find minimum element 

C(v2) of array C(81) and 

its position in the array 

Set J(t-1,x1,v1)=min C(80) 

Set optimal destination speed vop of  

(t-1,x1,v1) equal to position of minimum 

element in array C(81) 

Calculate tractive force, rolling 

resistance force and energy based on 

optimal destination speed vop 

is x2 

feasible? 

set Vop(t-1,x1,v1)=vop 

find train mode based on 

tractive force and save 

associated control input to 

element U(t-1,x1,v1) of U 

matrix 

set U(t-1,x1,v1)=5 

set Vop(t-1,x1,v1) 

equal to minimum 

possible next step speed 

(maximum available 

deceleration) 
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read input given from 

user (tk,xk,vk) 

(current time, position 

and speed), set 

V(tk)=vk, X(tk)=xk, 

Xac(tk)=xk*(distance 

step) 

for t=tk,…,9 

 

 

V(t+1)=Vop(t,X(t),V(t)) 

 

Uop(t)=U(t,X(t),V(t)) 

Calculate current position based on 

optimal speed (saved in Xac(t+1)) 

Output: 

V(t), t=tk,…,10 

Uop(t), t=tk,…,10 

Xac(10) 

Finish 
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5.2. Possible online usage of the program 

 

The answer to the question if this program can be used online is yes. Of course 
the fact that this is a preliminary algorithm which is not accurate means that the 
results are not 100% realistic so, the program has to be further improved in order to 
give accurate results. In the case though that this algorithm gets further improved, 
with the improvements that are proposed in the next sections of this report, this 
program is absolutely possible to be used online. 

In order for an advisory program to be able to be used in real time it must be 
able to run in the minimum possible time, especially when it deals with lines like in 
this project where the total trip time is 93 seconds. 

As it has been explained in the previous chapters and can be seen in the 
algorithm flow chart, one part of the program is calculating all the matrices used in 
the optimization process, the main of which is the minimum cost-to-go matrix (J). 
The program takes about 10 seconds to run. Regarding that the total trip time here is 
1.5 minutes, this is a huge amount of time until the advice is given to the driver. 

The biggest advantage of this method is that the matrices do not have to be built 
every time advice is needed. Since the J,U and Vop matrices are including all the 
possible states that the train can be in, they can be built offline and used online. The 
program can return the matrices offline and another program (similar to the last part 
of the program presented) can run online and just read these matrices and give the 
optimal solution regarding the current state. The computational time needed to read 
the matrices and return optimal solution is less than two seconds. This means that 
an accurate model using this approach is absolutely possible to be used online as an 
advisory system for train drivers. This is the beauty of the dynamic programming 
approach and this is one of the main reasons for which this method was chosen for 
this problem. 
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5.3. Numerical results 

 
 
In this chapter the results that were obtained from the algorithm will be 

presented. The results that will be presented are for different input values regarding 
the current state of the train. For every current state here, the speed trajectory will 
be presented together with the graph of the profile (t,v(t)). Other measurements 
that will be presented for each input triplet is the energy needed or saved until the 
end of the line, and the approximated total distance covered since there is a 
deviation from the original target (1.51 km). 

 

5.3.1 Speed and control trajectories 

 
 
 

 State (0,0,0) 
 

The input of the program is (0,0,0) when the train is in the start of the line, at 
starting time and with zero speed. 

 

 
Figure 8: Optimal speed profile for state (0,0,0)(whole trip) 

 
This is the speed profile based on time. Based on distance the speed profile for the 
whole trip is: 
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Figure 9: Speed profile for state (0,0,0) based on distance 

The speed and control value trajectory is (with the related time): 
 
t(sec) 0 9.3 18.6 27.9 37.2 46.5 55.8 65.1 74.4 83.7 93 

v(km/h) 0 36 78 75 72 69 65 62 59 30 0 

u 1 1 3 3 3 4 3 3 4 4  
note: u=1 is acceleration, u=2 is constant speed, u=3 is coasting, u=4 is regenerative and partial regenerative 
braking and u=5 is mechanical braking 

 
 
 
The energy consumption in this case is 2.6*107 J. This is a value that has to be 
compared with the other results and not to be taken as real energy consumption 
because of all of the approximations used. 
 

 State (1,4,30) 
 
This is a case in which the train is “ahead” compared to the time that it is in. In this 
case the current time is 9.3 seconds, current position is 302 meters from start and 
current speed is 30 km/h. 
 
 

 
Figure 10: Optimal speed profile for state (1,4,30) 

 
The speed and control trajectories in this case are: 
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t(sec) 9.3 18.6 27.9 37.2 46.5 55.8 65.1 74.4 83.7 93 

v(km/h) 30 58 55 52 50 48 46 44 30 0 

u 1 3 3 3 3 3 3 4 4  

 
The remaining energy consumption in this case is 0.45*107 J. As mentioned above in 
this case the train is at a position which is further than it would normally go in 9.3 
seconds. This means that the train does not have to accelerate to a higher speed 
than 58 km/h and then coast and break until the end of the line. The energy value 
has a big difference because a big part of the acceleration has already been done so 
a big amount of energy has already been consumed. Energy is now consumed only 
for the first 9.3 seconds. After that the train coasts with zero energy consumption 
until the final parts of regenerative and partial regenerative braking where the train 
saves energy. 
 
 

 State (2,3,30) 
 
The input for the program is (2,3,30) when the current time is 18.6 seconds, the 
current position is 226.5 meters and the current speed is 30 km/h. 
 

 
Figure 11: Optimal speed profile for state (2,3,30) 

 
The speed and control trajectory in this case are: 
t(sec) 18.6 27.9 37.2 46.5 55.8 65.1 74.4 83.7 93 

v(km/h) 30 72 75 72 69 64 59 30 0 

u 1 1 3 3 4 4 4 4  

 
The energy consumption in this case is 1.8*107 J. 
 
 

 State (3,4,40) 
 
This a state in which the train is behind in position compared to current time. In this 
case the train at current time 27.9 seconds is at a position 302 meters from starting 
position with a current speed of 40 km/h. 
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Figure 12: Optimal speed profile for state (3,4,40) 

 
 
The speed and control trajectories in this case are: 
 
t(sec) 27.9 37.2 46.5 55.8 65.1 74.4 83.7 93 

v(km/h) 40 80 78 75 72 69 30 0 

u 1 3 3 3 3 4 4  

 
The energy consumption for the remaining trip in this case is 1.1*107 J. In this case 
where the train is behind it can be seen that it accelerates until maximum speed of 
80 km in order to meet the timetables and at the same time coast and regenerate as 
much as possible. 
 

 State (4,8,55) 
 
When the current time is 37.2 sec, the current train position is 604 meters from the 
start of the line and the current train speed is 55 km/h, the input for the program is 
(4,7,55). 
 

 
Figure 13: Optimal speed profile for state (4,7,55) 

 
 
The speed and control trajectories in this case are: 
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t(sec) 37.2 46.5 55.8 65.1 74.4 83.7 93 

v(km/h) 55 75 72 69 65 30 0 

u 1 3 3 4 4 4  

 
In this case the train saves energy equal to 107 J. This energy result is expected since 
the train has already consumed almost all of the energy needed to accelerate. The 
remaining acceleration is only for the first interval and is an acceleration of 20 km/h. 
After that, the train is coasting and braking with regenerative and partial 
regenerative braking, thus saving more energy than consuming for the rest of the 
trip remaining. 
 
 
 

 State (5,10,25) 
 
This is a case where the train in the middle of the trip time horizon and in middle 
position has a low speed of 25 km/h. 
 
 

 
Figure 14: Optimal speed profile for state (5,10,25) 

 
 
 
The speed and control trajectories in this case are: 
 
t(sec) 46.5 55.8 65.1 74.4 83.7 93 

v(km/h) 25 63 75 72 30 0 

u 1 1 3 4 4  

 
 
The associated energy consumption here is 1.99*107 J. 
 
 
 

 State (6,15,35) 
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In this state the current time is 56 seconds, the current train position is 1130 meters 
from the start of the line and the current speed is 35 km/h. In this case the train is a 
bit ahead in position since there are still 35 seconds remaining to cover only 380 
meters that are left. For this reason the train is not expected to accelerate to a high 
value of speed. 
 

 
Figure 15: Optimal speed profile for state (6,15,35) 

 
The associated speed and control trajectories in this case are: 
 
t(sec) 55.8 65.1 74.4 83.7 93 

v(km/h) 35 45 43 30 0 

u 1 3 4 4  

 
In this case the train returns energy equal to 0.4*107 J. As expected, the train only 
accelerates until the speed of 45 km/h since it is ahead in position. 
 

 State (7,14,80) 
 
In the case that the current time is 65 seconds (28 seconds remaining), the train 
position is 1060 meters from the line start (450 meters remaining) and the current 
speed is the maximum one (80 km/h) the optimal speed profile is: 
 

 
Figure 16: Optimal speed profile for state (7,14,80) 
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The speed and control trajectories in this case are: 
 
t(sec) 65.1 74.4 83.7 93 

v(km/h) 80 72 30 0 

u 4 4 4  

 
In this case the train returns energy equal to 5*107 J. In this case the train only saves 
energy, since the remaining actions include only regenerative and partial 
regenerative braking. 
 
 
 
 
 
 
 
 

       5.3.2 Approximated total distance covered 

 
       After gathering the results for the optimal speed profiles from the Matlab 
program, it is easy to calculate the approximated total distance covered by the train. 
It is characterized as approximated since the total distance is calculated using the 
average transition speed (V2 – V1). 
       Having the starting and final transition speed, the time duration of the transition, 
and the starting position (given by the user), the program calculates the distance 
covered after every step, and returns the sum of the values of the distance covered 
in all steps plus the starting position. The formula used is the known formula of 
accelerated motion (eq. 27). 
       In this chapter, there will only be a presentation of the deviation from the 
desired result for 30 different cases. The discussion about the reason behind this 
deviation, as well as all the different attempts done in order to minimize it will be 
discussed in the next section of this thesis report (Analysis). 
 
So, the approximated total distance covered for 30 different cases is: 
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Table 1: Total distance covered for 30 cases 

Illustrated in a graph the total distance covered for the 30 cases examined are: 
 

state x (Km)

(0,0,0) 1,41

(1,4,30) 1,33

(2,3,30) 1,4

(3,4,40) 1,4

(4,8,55) 1,48

(5,10,25) 1,41

(6,15,35) 1,48

(7,14,80) 1,42

(8,17,30) 1,49

(3,6,40) 1,46

(5,13,60) 1,45

(2,7,50) 1,35

(4,9,64) 1,44

(6,13,70) 1,46

(7,17,25) 1,45

(7,15,58) 1,44

(3,9,25) 1,4

(7,16,40) 1,49

(6,13,32) 1,39

(5,9,67) 1,43

(2,2,40) 1,41

(3,8,20) 1,37

(4,9,50) 1,33

(5,7,80) 1,41

(5,14,40) 1,5

(6,12,62) 1,44

(4,12,32) 1,46

(4,10,53) 1,39

(6,9,80) 1,4

(3,7,67) 1,46
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Figure 17: Total distance covered for 30 cases 

 
The average distance covered for these cases is: 
 

                   
 
This means that the average error (difference from the original target) is: 
 

                                           
 
And the typical deviation by the average distance covered is: 
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6. ANALYSIS 

In this part of this report, the whole work accomplished during this project will 
be discussed. 

This section is divided in three chapters. The first chapter will be a discussion on 
the approach used to achieve the targets of this project. The second chapter will 
include a discussion on the implementation of theory, as far as it matters the theory 
of driving resistances (energy consumption calculation) as well as the theory of 
dynamic programming and the HJB equation. In this second chapter there will be an 
evaluation on the implementation of theory; parts that are included, parts that are 
not included and approximations on theory implementation. 

The final chapter of this section will be a discussion on the results taken from the 
program. This chapter will be a discussion on the speed profile results, the energy 
consumption results, the total distance covered according to speed profiles, the 
steps taken so far in order to improve results, validation of results, and possible next 
steps that have to be taken in order to improve results. 
 
 

6.1. Approach used in solution 

 
As it has been made clear in the previous chapters, the approach used in this 

project is based on dynamic programming. There are numerous different approaches 
that can be used for this specific problem of train energy-saving motion. 

In fact, before the dynamic programming approach was considered as the most 
suitable for this specific project, many other different approaches were considered 
such as models based on genetic algorithms, models based on different searching 
methods, models based on simulation, models based on trial and error, and many 
more. 

The dynamic programming approach and more specifically, the model based on 
Bellman’s backwards approach on HJB equation was considered in the end as the 
most appropriate one for many reasons. Firstly, previous studies on the similar field 
have shown that methods based on dynamic programming have achieved very 
promising results. Many of the latest studies on train motion are using models based 
on dynamic programming, and there is generally a rising interest in similar 
approaches in contrast with other methods, like genetic algorithms, which seem to 
appear more in older studies and not so much in recent ones. 

One of the biggest advantages of this approach is that the problem is actually 
solved analytically, considering all the possible states that a train can be in. This, 
under the appropriate conditions, can give the best possible results one can ask from 
a model. Other methods like simulation models or trial and error models are 
basically based on observation and are difficult to be proven as accurate or prove the 
optimality of the results. 

Given the method that is used, there are many different ways to implement 
theory. The formulation of the objective functions, the possible states, the 
dimensions of the problem, the discretization of data, the penalty assignment as well 
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as many other parameters vary among studies based on the dynamic programming 
approach. The implementation of the dynamic programming theory will be discussed 
in the next chapter (6.2). 
 
 

6.2. Implementation of theory 

 

In this chapter, the way that theory was applied in the specific case of this 
project will be discussed. The implementation of theory refers mainly to two 
different parts of this project; energy consumption calculation and Bellman’s 
backwards approach on discrete-time optimal control. 

 

6.2.1 Energy consumption calculation 

 
       Regarding the energy consumption calculation, the approach used in this thesis 
project based on driving resistances seems to be the most appropriate one. In case 
that all of the different parameters are known and taken under consideration, 
together with all the different losses that might occur and the electrical 
transformations on the grid, a model based on driving resistances can be fully 
accurate. 
       In this thesis, as mentioned in previous chapters, not all of the resistances have 
been taken under consideration. Regarding this, the theory on driving resistances 
has been applied using one main approximation; the train in our case is moving on a 
straight levelled track which means that resistances like the curve and gradient 
resistance are not taken under consideration. These approximations had to be used 
because, given the time available for this project, the process of adding all the 
different resistances and losses in the model would not be possible inside the time 
limits, while the process of debugging the algorithm would also require a long period 
of time. It has to be mentioned here that all the data needed in order to include all 
the different parameters in the project were available from Bombardier 
Transportation, but it was decided to better solve the straight levelled track first, and 
include all the different resistances (make the program accurate) later on the whole 
research project so, these resistances would not be a part of this thesis project. 
       The process of adding all the different parameters is possible on this program, 
but it might require changes in basic features of the model, like the cost matrices. 
For instance, in order to add gradient resistances to this model, the gradient 
resistance forces would have to be levelled along the distance intervals. Possibly 
smallest distance intervals would have to be chosen and a unique gradient resistance 
would have to be assigned to each interval. The same applies for the curve 
resistances as well. Another parameter that was not taken under consideration is the 
Jerk factor, which is the maximum change in acceleration over time. Since the 
acceleration is supposed in this model to be constant for each time interval, this 
factor could not be taken under consideration. In order for this to become possible, 
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the motion formulas that have to be used must be more accurate, making not only 
the Jerk constraint possible to apply, but generally giving more accurate results from 
all aspects. 
       The main target of this project was to present a model that can be improved 
later on the research project in order to be used by Bombardier. The scheduling of 
the research project has a much wider horizon than the four months available for 
this thesis project. 
 

       6.2.2 Implementation of dynamic programming theory 

 
       As mentioned above, after the method that is to be followed is decided, the way 
that the theory is implemented to each specific problem can vary significantly. There 
are many different ways to formulate and implement a specific part of theory. The 
best outcome can be gathered if different ways of implementing a specific topic of 
theory are considered and/or implemented and tested. 
       When it comes to the HJB equation and bellman’s backwards approach, a 
fundamental decision that may change the whole algorithm is the dimensions of the 
cost-to-go matrix. In this thesis, the dimensions of the cost matrix that were chosen 
were time, position and speed. Another system that could be chosen is for instance 
time, speed and control input or time, position and control input. Every different 
option in this formulation has advantages and disadvantages. 
       The advantage of the model used here compared for instance with a model that 
would include time, position and control input is that with the formulation used here 
the program is considering all the different speed values that can be the current and 
future train speed. Control was considered as an option but the major problem that 
was found was that a train can accelerate for instance to 70 km/h or to 30 km/h. If 
the control was chosen as a decision variable, probably each control would mean a 
specific acceleration/deceleration, a fact that does not represent reality. 
       The biggest disadvantage of the formulation used in this thesis is that position 
had to be approximated at every step. Based on the approximation that acceleration 
is constant at every transition, specific difference in speed with given starting 
position is associated with only one destination position value. This is why the 
distance covered at every transition had to be calculated based on the other 
parameters and then rounded to the closest integer in order for the right energy 
value to be assigned to the right element of the cost matrix. In order to fix this 
deviation in position that occurs there are some steps that were followed and 
proposals for further improvement that will be presented later in this section. 
       The usage of a next time step speed matrix was not based on a previous model. 
It was the only way found by the author of this thesis in order to find a way to return 
the optimal speed profiles based on the cost matrix. The same applies for the control 
matrix. The control input is calculated based on the other parameters and was not a 
decision variable. 
       By using this method, the transitions calculated by the algorithm are much less 
than in the case were all the points would be considered as possible destination 
points. 
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       Another model parameter that had to be decided was the discretization of data. 
The easy part of the discretization process was the speed values which were logically 
divided in 81 different values, from 0 Km/h to 80 Km/h. The difficult part was the 
decision on how to discretize the time and distance horizons. More intervals possibly 
mean bigger accuracy in the results, but also lead to bigger computational effort 
needed by the processor. If, for instance, the choice was to use 41 position intervals 
instead of 21, the transitions that the program would have to calculate would be 
double and the computation time would rise significantly. After different populations 
of steps were considered and tested, the most appropriate discretization parameters 
were picked. 
       The values of the penalties used were also a problem that had to be discussed. 
The final decision was made based on the class of the energy results given by the 
program. If, for instance, the energy consumption for a trip without going into 
penalty states was of a class of 107 then the penalties should be of a higher class, like 
of a class of 109 or 1010 thus ensuring that the program will never consider these 
states as possible destinations, apart from the cases that this is not possible, in 
which a high penalty should be assigned to the total cost. 
       Based on these facts, the way that the dynamic programming theory was applied 
to this project is reasonable. Other approaches on the same theory would be helpful 
to be tested, but this process requires the building of many completely different 
algorithms. 
 
 

6.3. Numerical results discussion 

 
In this chapter, the numerical results obtained by the program will be discussed. 

The different results that will be discussed are the energy results, the total distance 
results and the speed profile results. The steps followed in order to improve the 
results will also be mentioned as well as proposals for further improvements. 

 

6.3.1 Energy consumption results 

 
Given the approximations used in this model, the energy results cannot be fully 

accurate. The fact that not all the resistances are taken under consideration may 
have resulted in a significant deviation from the real energy consumption values 
giving lower consumption than the one this specific trip would require while the 
constant acceleration assumption might have caused also a significant deviation 
from reality. 

This deviation though does not mean that the results of this program are not 
useful. The energy consumption results are reasonable. This is a fact because the key 
to reach the optimal speed profiles is the relation between the energy consumption 
values and not the values themselves. Based on that and on the fact that the same 
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approximations are playing the same role in all the energy consumption results, the 
comparison between the different possible transitions can be considered as fully 
reasonable and the value of the speed profiles is not fully affected by the 
approximations and assumptions used. 

 

6.3.2 Total distance results 

 
       As it can be seen in chapter 5.3.2 a deviation on the total distance covered by 
the train is experienced regarding the different starting states of the train. This 
comes from the fact that the model is based on time and not on distance. For every 
transition calculated by the program the distance had to be calculated and rounded 
to the closest integer, a fact that causes a deviation in the total distance results. 
Another factor that may reflect on the distance results is that distance had to be 
approximated again when the speed profile results are to be returned by the 
algorithm. 
       Based on all the approximations and assumptions, an average deviation of 85 
meters, given that the train length is 133 meters can be considered as reasonable 
and the results can be considered as feasible. A fact that should always be 
considered is that the target is an advisory system for the train drivers and not an 
automatic pilot system. This means that a small deviation in the total distance result 
would be eliminated by the driver actions by, for instance, using smaller deceleration 
during braking in the last interval. 

 

       6.3.2.1 Steps followed to fix deviation 

 
       This deviation in the total distance covered by the train during the building and 
debugging process of the algorithm has been changed. Fixing the total distance 
covered included changes in the algorithm that returned results and actions that did 
not change anything in the results. Some of the actions taken in order to fix the total 
distance results were: 
 

a) Changes in initialization/assigning of penalties 
 

The initialization of the cost matrix turned out to be a very important stage of the 
algorithm. During the building process of the algorithm the initialization part was 
changed many times. This had a major effect on all the results of the algorithm 
including the total distance covered. There is still an issue of assigning two different 
penalties to the same state, a fact that is essential based on the states that the 
penalties refer to. 
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The values used in penalties, as explained above, had also a high impact on all of 
the algorithm results. The penalties had to be big enough so that the algorithm 
would never consider the states assigned with penalties as optimal destinations. 

 
 
 
b) Changes in the loops 
 
Another type of changes that was made in order to improve the total distance 

results was changes in the loops used inside the algorithm including minor changes 
like going backwards in position instead of forwards, to more fundamental changes 
like the position range that had to be checked by the algorithm. 

Changing the position range checked lies mainly on the decision on whether the 
last position slice should be checked by the algorithm or not. It is known that at final 
position the algorithm should only consider zero speed and final time as a possible 
state. Moving in this direction, proper penalties had to be assigned. If transitions 
from the final position slice states were considered in the loops, there would be a big 
possibility of eliminating the penalties assigned during initialization and replacing 
them with values that could be regarded as minimum. This would affect the results 
significantly for every possible state in a way that feasible results would never be 
returned. 

 
 
c) Changes in energy calculation 
 
This type of changes is based on whether the energy of every transition should 

be calculated based on time (which means calculating energy for the real difference 
in position) or based on the rounded to the closest integer value of position. The first 
way seems to give more accurate results, but it means that actually the destination 
state is always approximated and the energy consumption refers to a state close to 
the point under investigation but not exactly this point. 

Finally it was decided to calculate energy based on time (or real distance 
covered). This choice turned to give better results than the other one. 

 
d) Minor changes inside the algorithm 
 
Numerous minor changes were done inside the algorithm in order to improve 

the distance deviation. These changes may refer to formulas used, to the range of 
tractive force defining a control, and many others that are impossible to document 
since it was a constant process of trying to find possible errors or improvements. 
Some of them turned out to improve the results, while others did not help at all, or 
even made the results worse and had to be cancelled. 
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6.3.2.2 Possible actions for further improvement 

 
       According to the author’s personal opinion, the best possible solution to the 
distance deviation problem is to base the algorithm in both time and distance. The 
algorithm now is totally based on time and position is calculated at every step. When 
the problem was formulated to fit the dynamic programming method, an  algorithm 
based on both time and position was considered as the best alternative but huge 
problems appeared in the implementation process. While trying to implement this 
formulation, the speed had to be eliminated from the formulation, a fact that could 
lead to bigger accuracy problems of the algorithm. 
       An approach that could give better results could be checking all the possible 
transitions based on time and position and calculate the associated speed difference 
for every transition. This though, exactly because of the number of possible states, 
would lead in many conflicts inside the cost matrix, regarding all the states that are 
marked with a penalty and all the possible transitions from each state. 
       A third approach that could be chosen in order to improve this deviation is base 
the algorithm totally on position and let the total time vary. This was an issue that 
was under discussion in the start of the project, and the model preferred was the 
one based on time. The time-based model was preferred mainly because of the fact 
that the outcome of the model should consist of results based on time (instructions 
on what to do as time goes by. After the completion of the project, it can be said 
that this approach could return more accurate results, but this cannot be sure unless 
this alternate approach is implemented. The implementation of any other approach 
can only be done by developing a totally new algorithm from scratch and 
improvement of the results cannot be assured. 
       One change that could lead in more accurate results is the possibility of not 
rounding the distance results to the closest integer. This automatically means that 
the distance could not be a dimension of the cost matrix. A way to eliminate 
rounding distance in every transition is one possible topic for further research. 
 

      6.3.3 Total trip results for different total time values 

       This is a type of a sensitivity analysis. The question that is to be answered here is 
what would the speed profile look like if the total trip time would be 200 or 300 
seconds instead of 93 seconds. The time steps will still be 10 so, the speed profiles 
given here are based on time and the associated time steps are 20 seconds and 30 
seconds respectively. 
 
tstep=20 sec 
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       When the total trip time is 200 seconds the time step is equal to 20 seconds. This 
means that the speed values that the algorithm is returning are the speed vales that 
the train should have every 20 seconds. The associated graph is: 
 
 

 
Figure 18: Optimal speed profile for initial state (0,0,0) and total trip time 200 sec 

 
       In this case, the train does not need to accelerate to high speed values, exactly 
because the total trip time is more than double now (200 sec) and the distance that 
has to be covered is the same (1.51 km). 
 
tstep=30 sec 
 
       In the case that the total trip time is 300 seconds which means that the time step 
is 30 seconds and the total distance is still 1.51 km the optimal speed profile based 
on time is given by the program as: 
 

 
Figure 19: Optimal speed profile for initial state (0,0,0) and total trip time 300 seconds 

 
       In this case, the train accelerates to even smaller speed values since there is 
much more time available for the same distance. 
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       From these two graphs it can be said that the algorithm is adoptable regarding 
changes in total trip time. The results seem to be logical here as well, since it is 
expected when there is much more time available for the same line the train to 
move slower. 

       6.3.4 Speed profile results-Validation 

       The speed profiles for different initial states are the desired outcome of an 
advisory system for train drivers. The results must lead in minimum energy 
consumption and this is actually what is under discussion when it comes to the 
validation of the results. 
       The validation of the model and the results includes two main questions; firstly if 
the speed profiles are feasible and secondarily if the results are optimal. 
       The speed profile results are feasible since the train arrives to the destination, 
even with a reasonable deviation, when following the proposed profiles. 
       The optimality of the results comes from the principle of optimality presented in 
chapter 3.3.1. What actually this principle of optimality states is that, at every stage 
of the algorithm, if there was another solution that could lead to smaller energy 
consumption, this would have been chosen by the algorithm instead. The 
minimization is taking place in numerous stages and at each of these stages the 
transition that leads to minimum energy consumption was chosen, a fact that shows 
optimality. 
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7. CONCLUSIONS AND RECOMMENDATIONS 

7.1. Conclusion 

 
The main target of this thesis project was to find out which method should be 

followed in order to calculate the speed profile that leads to minimum energy 
consumption for a given trip, and to build a preliminary algorithm based on the 
Hamilton-Jacobi-Bellman equation and more specifically Bellman’s backwards 
approach that can be further improved and end up in a real-time advisory system for 
train drivers. Another target of this thesis was a model that can be used in order to 
calculate the energy consumption for a given trip of a train. 

The main achievements of this thesis project are: a) the development of an 
accurate model that can be used to calculate energy consumption in trains based on 
the driving resistances and b) a preliminary algorithm that returns the optimal speed 
profile for minimum energy consumption in the ideal case of a levelled track taken 
under consideration the forces of rolling resistance, the acceleration force and the 
tractive force needed by the train. What is not achieved in this project, which was 
not possible inside the time duration of a thesis project, is a) a model that takes 
under consideration all the different parameters and losses which would end up in a 
more accurate algorithm and b) a model that would be based both in time and 
distance which would lead in a higher accuracy in the results for the total distance 
covered for each of the cases under investigation. Also interaction with the power 
grid might affect the motion of the train as voltage may drop during rush hours and 
thus give new limitations on maximum acceleration. 

The speed profiles returned by the algorithm are validated based on their 
feasibility and the principle of optimality referring to the method used. What is not 
verified and is not expected to be fully accurate are the values of the energy 
consumption for each trip examined. As mentioned in the analysis section, the 
energy values are not the real ones since not all of the resistances are taken under 
consideration, but what matters most is the comparison between the energy 
consumption values of different cases and not the absolute value of energy 
consumed. Regarding this, since the same formulas are used for the energy 
consumption calculation throughout the algorithm, the relation between the energy 
consumption results can be considered as reasonable and accurate. 

 
 

7.2. Recommendations 

 
In order for the program to be able to be used online in real-time as an advisory 

system for train drivers, accuracy is required in both energy consumption calculation 
and the calculation of the speed profiles. 

A future work on the same case could: 
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a) Use the least possible number of approximations and assumptions in energy 

calculation and algorithm implementation. This means that the acceleration 
should not be considered as a constant value through every step. As far as it 
matters the energy consumption calculation, all the different possible 
resistances should be included in the future algorithm that will be able to be 
used in real time. It is also essential to take under consideration all the 
different losses that might occur during train motion such as the electrical 
losses, or losses that might occur while the power is transferred from the 
motor to the train wheels. 

b)  Compared with the algorithm presented on this thesis, a future accurate 
algorithm should focus more on accuracy of the total distance covered, 
eliminating the approximations that were used in this project. This means 
that there is a need to find a better way of calculating the covered distance 
and/or base the algorithm in both time and distance. 

c) Be adjustable. An advisory system must be easy to be adjusted by the user 
according to the train type, the track data and all the different parameters 
that may be needed. The advisory system must be easy to be adjusted by the 
user; if a single change in one parameter requires changes in the algorithm, 
then the advisory system will not be useful. 

d) Another significant change that could improve the method is using time 
difference from current time instead of total time elapsed. This would create 
a band of states around a “nominal” timetable, which should reduce the 
number of states and furthermore the execution time of the program 
significantly. The same could be done with the speed, so that the speed will 
be actually the speed difference from the “nominal” speed at a certain time. 
Possible application of this “trick” in the position variable could fix the 
deviation in total distance problem also. 
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9. APPENDICES 

 
Matlab code 
 
% this is an attempt to implement the simplest case of our algorithm in 
% matlab 
%our global function will take as inputs the triplette of current t,x and v 

and will 
%return the optimal control and speed trajectory for the remaining time 

steps 

  
function out = optimal_control(ts,xs,vs) 
m=305000;    %static mass for AW4 load 305 tonnes or 305000 kg 
aRR=8547;    %rolling resistance coefficient(N) for AW4 load 
b=64.2;      %rolling resistance coefficient(N/(km/h)) for AW4 load 
c=2.2452;    %rolling resistance coefficient(N/(km/h)^2) for AW4 load 

  
P1=10000000000;   %penalty 1 for having non zero speed at final time and 

position 

  
P2=20000000000;   %penalty 2 for being at a different position than the 

final 1 at final time T 

  
P3=40000000000;   %penalty for having zero speed at a different state than 

final/starting time and position (idling) 

  

  
P4=80000000000;   %penalty for non-possible traction force 

  
tstep=9.3;      %time step is 9 sec.table 9 on pdf we find that until the 

first stop it is 1.51km and 1:33 sec trip time.thus trip time is 93 sec 

divided by 10 steps we have 9.3 sec every step 

  
xstep=75.5;     %respectively, 1510 meters divided by 20 give a distance 

step of 75.5 meters 

  
J = ones([11 21 81]);   %initialization of matrices 

  
Vop = ones([11 21 81]); 

  
%INITIALIZATION-ASSIGNING ZERO COST-TO-GO TO DESIRED FINAL DESTINATION 
%POINT 

  
J(11,21,1)=0; 

  

  
%INITIALIZATION-ASSIGNING PENALTIES TO UNWANTED STATES 

  

  
for v=2:81 
    for t=1:11 

         
        J(t,21,v) = P1; %assigning penalty for non-zero speed at final 

position 
        J(t,1,v) = P1;  %assigning penalty for non-zero speed at starting 

position 
    end 
end 
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for t=1:11 
    for x=2:20 
        J(t,x,1)=P3;%assigning penalty for idling (zero speed inside the 

line) 
    end 
end 

  
for v=1:81 
    for x=1:20 
        J(11,x,v)=P2;%assigning penalty for being at different position at 

final time 
    end 
end 

  
for v=1:81 
    for x=2:21 
        J(1,x,v)=P2;%assigning penalty for being at different position at 

starting time 
    end 
end 

  
%MAIN 
for t=11:-1:2 
    for x1=20:-1:1 
        for v1=81:-1:1  %after this loop we have fixed a starting transition 

point checking all the matrix elements apart from final position slice which 

has already been initialized 
            for v2=81:-1:1 
                    v1c=(v1-1)*10/36;    %we are converting speed, In the 

cost matrix dimension v = 1 represents 0 km/h and v=81 stands for 80km/h so 

we subtract 1 and multiply by 10/36 to convert it into m/s for our 

calculations 
                    v2c=(v2-1)*10/36; 

                     
                    fA = m*(v2c-v1c)/tstep;  %calculation of acceleration 

force,we use converted speed to m/s 

                     
                    fRR = aRR+b*((v1+v2-2)/2)+c*(((v1+v2-2)/2)^2);    %we 

use average transition speed to calculate rolling resistance.RR is 

calculated using the speed in km/h 

                     
                    fT = (fA+fRR);  %total tractive effort needed for the 

transition 

                   
                    xpr2 = ((v1c+v2c)*tstep)/2;  %calculation of final 

transition position based on speed difference 

                     
                    xp2 = xpr2/xstep; 

                     
                    x2 = x1 + round(xp2);   %calculation of final transition 

position, this is the corresponding x dimension of the destination matrix 

element 

                     

                     

                     
                    if x2<=21 
                        if fT<=403000 && fT>=-380000    %available tractive 

effort 

                             
                            if fT>10000      %we are in acceleration 
                               C(v2)= J(t,x2,v2) + fT*((v1c+v2c)*tstep)/2; 

                             
                            elseif v1==v2     %we are in constant speed 
                               C(v2) = J(t,x2,v2) + fT*((v1c+v2c)*tstep)/2; 
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                            elseif fT>=0 && fT<=10000    %we are in coasting 
                                        C(v2) = J(t,x2,v2); 

                             
                            elseif fT<0 %we are in decceleration 

                             
                                if v1>7 && v2>7     %we are in regen 

braking, 6km/h is represented from v=7 in the matrix we put >7 instead of 6 
C(v2) = J(t,x2,v2) + 

0.7*fT*((v1c+v2c)*tstep)/2; 

                                     
                                elseif v1<=7   %we are in mech brake 
                                                C(v2) = J(t,x2,v2); 

                                     
                                elseif v1>7 && v2<=7    %we are in partial 

regenerative braking 
                                  fA=m*(6*10/36-v1c)/tstep;  %we can only 

regenerate until the speed gets 6km/h so we calculate all the resistances 

with a final speed of 6 km/h 
                                  fRR=aRR+b*((v1-1+6)/2)+c*(((v1-1+6)/2)^2);  
                                  fT=(fA+fRR);     
                            C(v2) = J(t,x2,v2) + 0.7*fT*((v1c+v2c)*tstep)/2; 
                                end 
                            end 
                        else 
                            C(v2)= P4;   %assigning penalty for non-possible 

tractive effort 
                        end 
                    else 
                        C(v2) = P2; %penalty for going further than the 

final position 
                    end 
            end 

      
                [A,I]=min(C);   %returning the minimum-energy transition for 

each of the starting points(all matrix elements), and the corresponding 

speed dimension (final transition speed) 

                 
                J(t-1,x1,v1)=A; %The minimum cost-to-go energy from each of 

the possible position is the minimum value of this array 

                 
                vop=(I-1)*10/36;    %the optimal final transition speed from 

each of matrix elements is the position of the minimum element in the array 

-1 

                 
                v1co=(v1-1)*10/36;  %We are out of the previous loop, so we 

have to convert starting speed again 

                 
                fA=m*(vop-v1co)/tstep;  %and the resistances as well, here 

we calculate the resistances and energy associated with the optimal 

transition from each matrix element 

                 
                fRR=aRR+b*(v1+I-2)/2+c*(((v1+I-2)/2)^2);  

                 
                fT=(fA+fRR); 

                 
                xp2 = x1 + ((v1co+vop)*tstep)/(2*xstep);    %calculating 

final x for the optimal final transition speed, thus assigning the right 

energy and speed value to the right elements of the J,Vop and U matrices 

                 
                x2 = round(xp2); 

                 
                if x2<=21 
                        Vop(t-1,x1,v1) = I;    %this is to return the speed 

(in matrix dimension units(km/h))until which we will accelerate 
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                        if fT>10000      %we are in acceleration 
                            U(t-1,x1,v1)= 1;   %u=1 is acceleration 
                        elseif v1co==vop     %we are in constant speed 
                                U(t-1,x1,v1) = 2;  %U=2 is constant speed 
                        elseif fT>=-10000 && fT<=10000    %we are in 

coasting 
                                    U(t-1,x1,v1) = 3;  %U=3 is coasting 
                        elseif fT<-10000  
                                if v1>7 && v2>7 %we are in regen braking, 

for same reason as above we put >7 instead of 6 
                                        U(t-1,x1,v1) = 4;  %U=4 is regen 

brake 
                                elseif v1<=7 && v2<=7 %we are in mech brake 
                                            U(t-1,x1,v1) = 5;  %U=5 is mech 

brake 
                                elseif v1>7 && v2<=7 %we are in partial 

regen brake 
                                                U(t-1,x1,v1) = 4; 
                                end 
                        end 
                else 
                        U(t-1,x1,v1) = 5;%if the final position is out of 

bounds 
Vop(t-1,x1,v1) = round(v1-(380000/m)*tstep*36/10); 

%deccelerate as much as possible 
                end 
                if Vop(t-1,x1,v1)<=0 
                        Vop(t-1,x1,v1)=1; 
                end 
        end 
    end 
end 

  
%GATHERING OPTIMAL SOLUTION 
tk = ts + 1;    %inserting the inputs taken from the keyboard, this is 

current time 
xk = xs + 1;    %inserting the inputs taken from the keyboard, this is 

current position 
vk = vs + 1;    %inserting the inputs taken from the keyboard, this is 

current speed 
V(tk) = vk;  
X(tk) = xk;  
Xac(tk)=(xk-1)*xstep;   %actual position in line based on the input 

  
for t=tk:10 
    V(t+1) = Vop(t,X(t),V(t));  %reading the Vop matrix and returning the 

optimal speed trajectory 
    xp(t+1) =((V(t)+V(t+1)-2)*(10/36)*tstep)/(2*xstep); %calculate the 

correspondingfinal position(part of reading of the matrices) 
    X(t+1) = X(t) + round(xp(t+1)); 
    Uop(t) = U(t,X(t),V(t)); %reading the U matrix and returning optimal 

control trajectory 
    Xac(t+1) = Xac(t)+ xp(t+1)*xstep;   %calculating total distance covered 

from speed profile 
end 

  

 
%out = Uop(tk:10); 
out = V(tk:11)-1; 
%out = J(tk,xk,vk); 

 
end 

 
 


