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Abstract
This thesis is based on three articles concerning experimental software for
evaluation of reinsurance contracts. In paper A we describe and use the
reinsurance analyser (ReAn), an open-source software for analysis of reinsurance contacts. Moreover, we discuss experimental results, especially the
risk comparison of excess-of-loss and largest claims reinsurance treaties. In
paper B we expand the software including a new excess-of-loss treaty with
upper limit. We perform experimental studies comparing extreme value and
excess-of-loss reinsurance treaties. In paper C, we perform a more in depth
presentation of the software. We introduce new treaties as combinations of
standard treaties. Experimental comparisons are made between these treaties and other extreme value treaties.
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Introduction
Insurance and Reinsurance
In the same way as insurance is a way to transfer uncertain risk from the
insured to an insurance company, reinsurance is a form of risk management
that allows the insurance company to reduce the exposure towards certain
risks. Hence, we can say reinsurance is a form of insurance for insurance
companies. An introduction to reinsurance can be found in e.g., Carter [6],
Strain [24] and Teugels [26].
An insurance company that wants to transfer unwanted risk to a reinsurance
company enters an agreement called reinsurance contract. This contract
states in which way the risk and premium is to be divided between the
companies. Moreover, the reinsurer usually pays a ceding commission as the
insurance company handles the administration of the contracts.
An insurance policy is a contract between the insured and the insurance
company. The insured, also called the policyholder, can receive coverage
depending on need. Insurance is usually divided into the product categories life- and non-life insurance. Non-life or general insurance protects the
policyholder from loss derived form a specific risk. Examples of general insurance include property, health & disability, and commercial insurance. In
life insurance the insurance company (insurer ), pays a sum of money to a
beneficiary (not necessarily the policyholder) in the event of death of the
insured person. The proceeds can be paid as a lump sum or periodically
(annuity). The life policy can be specified in numerus fashions, but usually
fall into one of the two categories: protection or investment.
The insured pays the insurer for taking the risk (expected cost of losses).
This payment, plus additional costs, e.g., administration, etc connected to
the policy, can be paid as a lump sum or regularly over time (premium.
A reinsurance contract (treaty) is an agreement made between an insurer
and a reinsurer to protect the insurance company from possible losses. The
reinsurer will pay for losses the insurer suffers, that is payments to the original policyholder. In reinsurance terms the insurer is also known as the
ceding company, or reinsured. The ceded risk is commonly divided between
several reinsuring parties. The original reinsurer, covering the largest part, is
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known as the leader or lead reinsurer, whereas the reinsurer not involved in
negotiating the structure and price of the treaty are refereed to as following
reinsurers. Coverage is often divided into layers, where claims falling into
layer one are covered by the first line reinsurer, and so on. Reinsurance companies can also purchase reinsurance cover referred to as retrocession. The
ceding reinsurance company is called the retrocedent, and the reinsurer of the
reinsurer is called retrocessionaire.

Different types of reinsurance
A reinsurance contract is an agreement between the cedent and the reinsurer,
which states how each claim Xn is to be shared between the two parties. Each
claim is divided between the first line insurer and the reinsurer:
Xn = XnI + XnR .
The insurer will cover the amount XnI called deducible, retention or insured
amount. The other part of the insurance claim, XnR , the reinsured amount is
paid by the reinsurer.

Facultative and Treaty reinsurance
A facultative reinsurance policy provides the ceding company with coverage
of a single specific insurance risk. The reason why one would enter a facultative contract can be to cover risks that for some reason are not covered
in the ceding company’s reinsurance treaties. This can for example be the
case for coverage of large exposures, e.g., power generating plants, oil rigs,
etc. The reinsurers assess and negotiate a facultative on an individual level
before choosing whether to take the risk or not. Under treaty reinsurance
the reinsurer has an obligation to accept, and the insurer to cede a specified
part of a certain class (portfolio) of risks, and the reinsurers do not evaluate
each risk individually.

8
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Proportional reinsurance
A proportional reinsurance treaty is one where the insurer and reinsurer share
premiums and claims in a specified proportion.
Quota-share is a treaty between the insurer and the reinsurer to share
premiums and claims using an in advanced agreed proportion (a). This can
be applied to individual claims or an entire insurance portfolio. Looking at
each incoming claim (Xn ), this is divided between the parties according to
the following rule:
XnR = a · Xn ,

XnI = (1 − a) · Xn ,

n = 1, 2, . . . .

This means that under a 50% quota-share the ceding company and reinsurer
will share the losses and premiums equally. A graphical presentation of the
claim flow can be seen in Figure 1.
A surplus treaty is defined as a shared coverage in excess of an amount
which is agreed with the insurer. Hence, the reinsurer will share premiums
and risks above this limit, which represents the gross retention of the reinsured company called line.

Non-proportional reinsurance
For non-proportional reinsurance treaties, the risk is not shared by a fixed
proportion. Instead the reinsurance protection covers amounts above (or
within) treaty-defined limits. This means that the reinsurer will not cover
every claim. This usually results in a lower commission than for proportional reinsurance treaties. Non-proportional reinsurance treaties are often
regarded as more complex than proportional as the reinsurer must consider
the risk within the layer of coverage. For non-proportional reinsurance there
is no direct relation between the risk premium and the price of the reinsurance. Premiums can be calculated according to different rules (premium
principles).
An excess-of-loss (XL) treaty is defined by an upper (U ) and lower (M )
retention level. The insurer retains the risk below and above the retention
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levels (spillover ), and the reinsurer will cover the risk within. For each claim
we can divide the insured (XnI ) and reinsured (XnR ) amounts according to
the following rule:
XnR = min{U, max{Xn − M, 0}},

XnI = min{Xn , M, } + max{Xn − U, 0},

n = 1, 2, . . . .

Spillover

Claim flow

There are several variations of excess-of-loss treaties. The most basic type
is the one with an unlimited upper retention level (excess level), here the
reinsurer’s risk is limited only by the size of the claim.

Reinsured
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Figure 2: XL claim flow
A more common use is with an agreed upper excess limit where the reinsurer’s
risk is limited to the size of the layer it will underwrite. See Figure 2 for a
graphical representation.
A stop-loss treaty, is an XL type contract limiting the total loss of an
insurance portfolio to an agreed percentage of the portfolio premium.
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Reinsurance combinations
Combinations of reinsurance has been looked at by several authors. The
combination quota-share stop-loss can be found in Schmitter [22], Centeno
[7] combine a quota-share and excess-of-loss treaty, and the surplus excessof-loss treaty combination is combined in Bektander and Ohlin [?]. The risk
concerning the combination of quota share and large claim reinsurance was
studied by Ladoucette and Teugels [16]. A quota share & excess of loss
combination is a combination of quota-share and excess-of-loss. The claims
are not processed by QS and XL simultaneously. The quota share & excess
of loss combination (QSXL), combines the treaties in such way that each
claim is first processed by the quota share, whereafter the excess of loss will
guarantee that the insurer will only cover a part of the remaining claim. The
risk Xn is in the case of infinite excess level divided according to the following
rule:
XnR = max{a · Xn − M, 0},
XnI = Xn − XnR ,

n = 1, 2, . . . .

This means that the reinsurer covers the amount of the QS processed claim
that overshoots the retention level. For a 50% QS with an excess of loss with
retention M , the reinsurer will cover the part of the claim (Xn ) in excess of
(50% · Xn − M ). See Figure 3, for a graphical representation.
Starting instead with the excess of loss (XLQS), the reinsurer will cover a
proportion of the original claim, after it has been processed with the XL part
of the agreement. We find the claim amount divided between the parties,
XnR = a · min{U, max{Xn − M, 0}},
XnI = Xn − XnR ,

n = 1, 2, . . . .

That is, the reinsurer covers a proportion of the claim amount that falls
within the excess of loss limits.

Extreme value reinsurance
When looking for coverage where there exists a risk of claim inflation or
excessive claims, the extreme value or large claims reinsurance could be an
option.
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Theses more technical reinsurance treaties include the ECOMOR and the
Largest Claim treaty (LC). The ECOMOR treaty can be thought of as an
excess-of-loss treaty with a random retention, covering all claims excess some
previous claim. The LC treaty is similar to the quota share, but the coverage
includes only the largest claims. A detailed review of the LCR and ECOMOR
reinsurance treaties can be found in Ladoucette and Teugels [15] and Teugels
[26].
Under the ECOMOR treaty, first introduced in Thépaut [28], the reinsurer’s
coverage is above a retention level set by the (r+1)th largest of the  previous
claims. On a claim by claim basis, as the size of the claims varies in time,
the retention will follow. As mentioned in e.g., Beirlant [4], we can se the
similarities to an excess of loss treaty, only now the retention is dependent on
the previous claim sizes. This ability will to some extent protect the reinsurer
against claim inflation, as an increase in claim sizes will result in a higher
retention. The reinsured part of the claims need not always be covered to
100% over the retention.
This generalised ECOMOR treaty, allows for the reinsurer to cover a proportion (c) of the originally reinsured claim amount.

∗
0,
Xn < Xn−r
,
XnR =
∗
∗
c(Xn − Xn−r ), Xn ≥ Xn−r , r = 1, 2, . . . .
Assume the reinsurer covers 100% (c) and we look at the () previous claims
where the retention is set by the (r) largest claim. The claims are ordered
∗
∗
∗
in such a way that Xn−
≤ · · · ≤ Xn−1
. The reinsured part
≤ Xn−+1
∗
is determined by the retention set by the size of Xn−r
, see Figure 5. In
the largest claims (LCR) treaty, introduced by Ammeter [2], is also an
agreement on claim by claim basis but where the reinsurer covers the entire
(or proportion (c)) of the claim if this is larger than the (r + 1) − th largest
claim from the  claims that came before Xn . That is,
XnR

=



∗
,
0,
Xn < Xn−r
∗
c · Xn , Xn ≥ Xn−r ,

r = 1, 2, . . . .

This means there is a strong resemblance between the LCR and quota share,
covering only the largest claims.

INTRODUCTION

15

Reinsured

Claim flow

r=2
l=3
c=100%
X* 6
X* 5

M

Deductible

X* 4

X1

X2

X3

X4

X5

X6

Figure 5: ECOMOR claim flow

X7

time

INTRODUCTION

Claim flow

16

X*

r=2
l=3
c=80%

6

Reinsured

X* 5

Deductible

X* 4

X1

X2

X3

X4

X5

Figure 6: LC claim flow

X6

X7

time

INTRODUCTION

17

Reinsurance software
As we have seen, a vast majority of existing reinsurance contracts are complicated and therefore cannot be priced in the closed form. Numerical methods
have to be used instead. As usual, numerical methods have to be realised in
the form of software. Several software packages for reinsurance are available
on the market. The most famous of them are: ReMetrica by Aon Benfield
[1], iWorks by SunGard [25], FIRST (Fully Integrated Reinsurance Solutions
Technology) by Reinsurance Solution LLC citeReLLC, Synergy reinsurance
by Eurobase International Group [10], CedeRight by DataCede [8], Sapiens
Reinsurance by Sapiens [21], HELIX Re/CS by Morning Data [17], Pivot
Point by The Catastrophe Risk Exchange, Inc. [27], among others.
Aon Benfield Analytics is the industry leader in actuarial, enterprise risk
management, catastrophe management, and rating agency advisory. ReMetrica is Aon Benfield’s financial analysis capital modelling software. It is
presently used by many of the world’s leading insurance, reinsurance and
actuarial consulting firms. ReMetrica features over one hundred deterministic i.e., scenario-based and stochastic, modelling components. ReMetrica
includes all traditional reinsurance products and all varieties of insurancelinked securities. It offers an unlimited model size and over 25 statistical
distributions and copulas, for modelling correlations and dependencies.
SunGard’s iWorks Reinsurance Management software is an administrative
toolkit for assumed and ceded reinsurance. SunGard’s iWorks is created to
optimise operations for insurance, including life, health, annuities, pension,
property and casualty, and for reinsurance.
The FIRST System is Reinsurance Solution LLC’s (Windows-based) processing system for ceded reinsurance on a PC platform. FIRST is available
on a modular basis for Property/Casualty and Life/Health.
Synergy RI reinsurance system is designed to support underwriting, claims,
accounts and retrocession using real time management and monitoring of risk
exposure with graphics and reporting functions.
DataCede’s web-based CedeRight handles trading partners, contracts, reinsurance billing, business intelligence and ultimate loss calculations. CedeRight manages reinsurance treaties for ceded, assumed, pools and affiliates, with support for reinsurance structures e.g., excess-of-loss, quota-
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share/Proportional for both treaty and facultative. CedeRight offers realtime access to historical data.
Sapiens solution for Reinsurance is a web-based reinsurance business solution
designed to provide end-to-end processing, from the setup of and definition
of the reinsurance, premium and claims transactions, automatic allocation
of premiums and claims to reinsurance contracts, performing required calculations.
Pivot Point by The Catastrophe Risk Exchange is a Microsoft.Net based
web software for brokers, agencies, and reinsurers to manage their treaty and
facultative business.
The above mentioned software packages belong to the category of commercial
proprietary software.

Analysis of (re)insurance claim flows
We look at the risk between reinsurance contracts. Especially we look at the
ways of comparing standard- and extreme value reinsurance contracts. In
order to make a fair comparison we set the contract parameters in such way
that the proportion of the claims (quota load) shared between the insurer
and reinsurer are equal. Furthermore, we use the same method of sampling
and underlying sample distribution.
The claims are simulated using a (possible) mixture of claim size distributions. The contracts are then evaluated in intervals. For statistical properties and examples of common claim size distributions see e.g., Klugman et al.
[14]. The size of the evaluation intervals are set either by number of claims
or time. As introduced by Andersen [3], we use a model where the claim
sizes and inter-claim times are renewal processes. The time between claims
are from a inter-claim (time) distributions, which again can be a mixture
of distributions. We use claim size and inter-claim distributions of varying
characteristics; from light to heavy tailed. In each interval the simulated
claims are applied to the treaties which are to be compared. We define the
interval insured and reinsured amount as the sums covered within each interval. We use a sample size N of simulated intervals. Moreover we define the
reinsurer’s quota load as the percentage of the interval claim amount covered
on average, e.g.,

INTRODUCTION
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N
Interval reinsured amount
N
Interval insured amount

· 100.

The parameters of the contracts are chosen so that the reinsurer’s quota loads
are equal. This means that there are two steps in comparing the treaties.
First we simulate claims in orders to equalize the quota loads. This is done by
having the quota load fixed for one treaty, and adjusting the parameter(s)
of the other. For treaties with just one parameter (XL, quota share etc)
we use this as a variable. Treaties with more than one parameter we use
a proportionality factor as variable. This is done by first comparing the
estimated quota load using an initial parameter value, with the given quota
load. If the difference is larger than some admissible error, a new simulation
is performed with a new parameter value. This is repeated until the quota
loads are equal, and a comparison of the contracts can be made. A standard
way of evaluating the riskiness of a reinsurance treaty is the variance of the
insured amount (deductable).
Minimization of the variance of the deductable in order to find an optimal
treaty for standard treaties has been looked at by e.g., Pesonen [18], Denuit
and Vermandele [9], Gajek and Zagrodny [11], Kaluszka [12, 13]. Due to the
complex nature of the extreme value treaties1 , these have not been investigated to the same extent. Using the interval (re)insured amounts we compare
the balanced contracts using a set of risk characteristics including,
• Expectation,
• Variance,
• Dispersion of the claims,
• The coefficient of variability,
• Skewness,
• VaR etc.
1

Not having any analytical expressions for the mean or variance of the insured claim
amount.
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The use of Monte Carlo simulation is not only useful looking at extreme
value treaties, which can not be solved analytically, but can also be beneficiary evaluating standard contacts with multiple layers or using mixtures of
underlying distributions.

Simulation algorithms
We let T1 be the time when the first claim arrives, and T1 , T2 , ... the interclaim intervals. We let X1 , X2 , ... be the corresponding sequence of claim
sizes. The number of claims arriving at up to some time t is N (t) = max{n :
Tn ≤ t}. We assume (Xn , Tn ) n = 1, 2, .. are independent identically distributed with non-negative components. Moreover Xn and Tn are independent
random variables with finite expectations with distribution functions F and
G.2 We use the Sparre Andersen claim flow model,(see e.g., Rolski et. al
[20]) which is a generalization of the classical compound Poisson model3 . We
define Zn = T1 + · · · Tn , as the moment of the arrival of the n-th claim. In
order to evaluate the reinsurance treaties we form intervals of claim and time
type. In claim-type evaluation intervals there is a fixed number k = 1, 2, . . .
of successive claims, Im = (Zk·(m−1) , Zk·m ], whereas the time-type evaluation
interval is determined by a time period h > 0 such that Im = (h·(m−1), h·m],
m = 1, 2, . . .. Following Silvestrov et al [23], we define the interval reinsured
R
amount in interval m X̃m
as the sum of the claims in interval m covered
by the reinsurer. The interval deductable4 for the same interval can be obI
R
tained as X̃m
= X̃m − X̃m
, where X̃m is the total interval claim amount. The
reinsurer’s quota load can thus be determined by,
X̃1R + · · · + X̃NR
· 100.
N −→∞ X̃ I + · · · + X̃ I
1
N

QR = lim

In order to compare treaties we have divided the simulation procedure into
three parts;
2
The distribution functions are modelled as possible mixtures of several distributions,
m
F (x) = p1 F1 (x) + · · · + pm Fm (x) and G(t) = q1 G1 (t) + · · · + qk Gk (t), where i=1 pi =
k
j=1 qj = 1.
3
Here N(t) is a Poisson process, and the inter-claim interval distribution is of exponential type.
4
Covered by the insurer.
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1. Estimation of risk measures,
2. Estimation of risk measures and treaty parameters,
3. Comparison of contracts.
Given the claim size and inter-claim distribution along the reinsurance treaty
type, the estimation of risk measures can be created in three steps,
1 Simulate samples X̃1R + · · · + X̃NR and X̃1I + · · · + X̃NI :
1a Simulate T1 , T2 , . . . , and X1 , X2 , . . . from the given distributions.
1b Split the claim according to the treaty into X1R + · · · + XNR and
X1I + · · · + XNI .
1c Form samples according to the evaluation interval X̃1R + · · · + X̃NR ,
and X̃1I + · · · + X̃NI .

2 Estimate the average reinsurer’s quota load.
3 Estimate risk measures and plot histograms.
In the case where we have a given reinsurance quota load, and want to find the
corresponding treaty parameter(s)5 , the algorithm follows the steps below,
1 Finding the contract parameters p 6 :
1a Set p equal to an initial value p0 .
1b Form samples according to treaty and evaluation interval, X̃1R +
· · · + X̃NR , and X̃1I + · · · + X̃NI .

1c Estimate the reinsurer’s quota load QR (p0 ).

1d compare QR (p0 ) to the given quota load Q, if the difference is
smaller than some admissible error, , |QR (p0 ) − Q| <  proceed
to estimation of risk measures. Otherwise, go through steps 1a–1d,
with new value of p0 .
5
If there are more than one unknown parameters, only one is free at a time while the
others are fixed.
6
We assume p to be non-negative and real-valued.
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2. Estimation of risk measures.
Comparing treaties, is done by a combination of the algorithms above. Given
two treaties R1 and R2 , the algorithm is as follows,
1 Estimate the parameters of the treaties R1 and R2 with equal quota loads.
2 form samples according to the evaluation interval, X̃1R + · · · + X̃NR , and
X̃1I + · · · + X̃NI for the two treaties.
3 Estimate risk measures for both the treaties.
4 Plot histograms.
5 Compare the treaties using (3) and (4).

Reinsurance software
The Reinsurance Analyser is an open-source experimental software. The software is written using the Java programming language and the class libraries
SSJ, JFreeshart, and Swing. The graphical user interface is created using the
Swing class library.

Summary of the papers
Paper A
In paper A we introduce the new reinsurance analyser, an experimental Java
application which can be used for analysis and comparison of different types
of reinsurance treaties. We look at how the software works in terms of underlying algorithms but also a short “users guide” explaining the work flow.
We present some experimental studies, including parameter and characteristics estimation for a single treaty, more specifically, the retention level and
characteristics of an excess-of-loss treaty with infinite upper retention. The
output is presented as in the software. Furthermore we look at the comparison between an excess-of-loss and a largest claims treaty.

Paper B
In paper B we extend the list of reinsurance treaties to include the limited
excess-of-loss treaty. Comparisons are made between several treaties including excess-of-loss (with and without limit), largest claims reinsurance and
ECOMOR. The comparisons are made two and two as the software is limited to pairwise comparisons. As the treaties are balanced using the same
reinsured amount the upper or lower retention of the limited excess-of-loss is
fixed, while the other is estimated by the software.

Paper C
In paper C we further extend the list of treaties to include combinations of
treaties. We introduce the excess-of-loss quota share and quota share excessof-loss combinations. A more in depth description of the software and users
guide is included.
We present experimental studies including estimation of risk measures (characteristics) and treaty parameters. Moreover we look at several comparisons
including the combination treaties.

Sammanfattning på svenska
Avhandlingen består av tre artiklar och behandlar experimentell mjukvara
för utvärdering och jämförelse av återförsäkringskontrakt. I artikel A beskriver vi mjukvaran ReAn, en mjukvara för analys av återförsäkringskontrakt. Vi tittar på experimentella resultat, speciellt en riskjämförelse med
kontrakt av excess of loss och largest claims typ. I artikel B utökar vi listan
med inkluderade kontrakt med excess-of-loss med begränsad excessnivå. Vi
utför vidare jämförelser med extremvärdeskontrakt. I artikel C, utför vi en
mer djupgående presentation av mjukvaran. Vi utökar listan med möjlighet
till kombinationer av återförsäkringskontrakt. En experimentell jämförelse
mellan dessa kontrakt och med extremvärdeskontrakt presenteras.
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E-mail: oskar.schyberg@mdh.se/ anatoliy.malyarenko@mdh.se
2
Division of Mathematical Statistics
Department of Mathematics
Stockholm University, SE–106 91 Stockholm, Sweden
E-mail: silvestrov@math.su.se
1

Abstract
We introduce the Reinsurance Analyser, an experimental Java application for analysis and comparison of various types of reinsurance contracts. An approach realised in this program is based on
global stochastic modelling of flows of claims with different types of claim and inter-claim time distributions. These flows are processed with the use of different types of reinsurance contracts. The
parameters of the contracts are balanced by average-(re)insurer-payment type parameters. Then
contracts are compared by additional risk and other characteristics. Using Monte Carlo simulation,
the software provides a comparison between balanced contracts using a set of risk measures, e.g.
value at risk, coefficient of variability etc. We further present the possibility to investigate the risk
transfer within chains of reinsurance treaties (retrocession).
The results of some experimental studies are presented.

1

Introduction

Reinsurance is the means of transferring risk from one, or several, (re)insurance companies
to other reinsurance companies (reinsurers). Reinsurance protects the insured (cedant) against
large losses, either due to a large number of claims, or excessively large claims, e.g. catastrophic
losses. Reinsurance also provide the cedant with the possibility to take on a greater risk than
otherwise would be possible, thus giving a way of offering greater protection to their policyholders. A reinsurance contract states in which way the claim(s) are to be divided between the
cedent and the reinsurance (ceded) company or companies. It is usual that the cedant, does not
enter an agreement with just one reinsurer, and thus lets several reinsurers share a treaty. The
reinsurer who issues the contract is called the lead reinsurer, and the companies not involved in
setting the contract conditions, but still covering the treaty, are called the following reinsurers.
When a reinsurance company itself purchase reinsurance, so called a retrocession, it is referred
to as the retrocedent, whereas a reinsurer of the reinsurer is called the retrocessionaire. We say
that claims covered by lead reinsurer (first line reinsurer) are within layer one, claims covered
by the retrocessionaire (second line reinsurer) of the lead insurer are within layer two and so
on. As we take the viewpoint of the reinsurer, it is natural to try to, given possible lower layer
treaties, enter the contract offering the least risky position for the reinsurer. It is thus of interest
to develop methods of finding the optimal treaty via means of comparison of different contracts
applied to given claim flows.
A common measure of the riskiness of a reinsurance contract is the variance of the deductible, or the reinsured amount. The way of choosing an optimal contract using this measure,
i.e. minimizing the variance of the deductible or reinsured amount, has been investigated for

some classical contracts and combinations of these by several authors. In Malyarenko, Masol,
Silvestrov and Teugels (2006), this is extended, and a possibility of finding the optimal treaty
including large claims reinsurance treaties, e.g. ECOMOR, largest claims etc, using Monte
Carlo simulation is introduced. For a thorough assessment and analytical results concerning the
ECOMOR and LCR treaties see Teugels (2003) and Ladoucette and Teugels (2006).
In this paper, we extend this Monte Carlo based approach to evaluate and compare riskiness
of reinsurance contracts, and introduce a new experimental Reinsurance Analyzer (ReAn) software. The riskiness of a treaty is evaluated on evaluation intervals by a set of risk measures,
e.g variance, dispersion etc. We compare reinsurance treaties in such a way that the percentage
of the average interval reinsured claim amount is equal, using the same evaluation interval and
claim flow. As discussed in Malyarenko, Masol, Silvestrov and Teugels (2006), when using
heavy tailed distributions, we might find that the distribution of the reinsured amount have infinite first or second moment. We therefore consider ratios of the samples to estimate the risk
measures as they can display asymptotic stabilization even for heavy tailed distributions. In our
new version of the ReAn software we have increased the number of different contracts which are
possible to use in comparison, and created a new graphical user interface. Furthermore we are
expanding the software to include the possibility of adding new methods for comparing and/or
evaluating chains of reinsurance via retrocession, and splitting claims between a lead insurer
and following companies. The effort of mathematically model reinsurance chains started with
Gerber (1984), but has been further investigated by among other, Lemaire and Quairiere (1986).
A framework to analyse the distribution of the number of claims and the aggregate claim sizes in
an Excess-of-Loss contracts extended to a reinsurance chain, have been discussed in Albrecher
and Teugels (2008).
The Reinsurance Analyser software can be used to solve three different problem types.
First, the estimation of reinsurance contract parameters (e.g. retention level, proportionality
factor etc), using the average reinsurer’s claim load (quota load). Second, ReAn can estimate
the risk characteristics of a single contract. The last and main problem type is the comparison
of risk between two contracts.
2

Claim Flows and Reinsurance Contracts

In accordance with Malyarenko, Masol, Silvestrov and Teugels (2006), we let , T1 , T2 , . . . be
the inter-claim intervals, where T1 is the moment of the first claim. We let X1 , X2 , . . . be the
sequence of the corresponding claim sizes, and N (t) = max{n : Tn ≤ t}, t ≥ 0 is the total
number of claims arrived to the cedant up to time t. Over that time period the aggregate claim
amount is thus,
N (t)

X(t) :=
Xn , t ≥ 0.
n=1

Furthermore we denote by Zn the moment of the n-th claim such that,
Zn = T1 + T2 + · · · + Tn ,

n = 1, 2, . . . .

Any reinsurance claim, can according to a reinsurance contract between a cedent and reinsurer
as well as between a retrocedent and retrocessionaire, be split up into two parts the deductible

and reinsured amount for the corresponding layer r,
Xn (r) = XnI,r + XnR,r ,

Xn (0) < · · · < Xn (r),

r = 0, 1, 2 . . .

Here
is the deductable payed by the layer r (re)insurer, and XnR,r is the reinsured amount
for that same layer, and r = 0 corresponds to the agrement between the policyholder and first
line insurer. The successive layers form a chain of reinsurance, where every treaty links each
(re)insurance company, except the last, with two other. Along with a premium, Pi , i = 1,2, . . . ,
a possible claim amount depending of the treaty is forwarded. The amount of g(XnR,r ) = XnI,r
is according to some reinsurance treaty kept at layer r. The rest of the reinsured amount XnR,r =
Xn (r) − XnI,r is then forwarded to the next layer. As mentioned in Ladoucette (2006), for the
XnI,r

Figure 1: A reinsurance chain.
excess-of-loss treaty, any interval between an upper and lower retention level is considered a
layer, thus if the upper retention level is infinite, no risk will be transferred to the next layer
reinsurer. With a finite upper retention level, assuming a next line reinsurer has a sufficiently
low lower retention level, takes some risk and can share this with the next line reinsurer etc. We
write the layer r aggregate claim amount X(t, r),
X(t, r) :=

N (t)

n=1

XnI,r +

N (t)


XnR,r ,

n=1

t ≥ 0,

r = 0, 1, 2, . . .

2.1 Claim size and inter-claim interval distributions
The claim flow model is of Sparre Andersen type, see Sparre Andersen (1953), where N(t) is a
renewal process and we assume that for n = 1, 2, . . .,
1. (Xn , Tn ) are iid random vectors with non-negative components,
2. Xn and Tn are independent random variables with finite expectations and distribution
functions F and G.
We model the claim size F (x) and inter-claim interval distributions G(t) as possible mixtures
of distributions,
F (x) = p1 F (x) + · · · + pm F (x),
G(t) = q1 G(t) + · · · + qk G(t),

p1 + · · · + pm = 1,

q1 + · · · + qk = 1.

The probabilities pi and qj are assigned to the distributions, allowing to set a fixed proportion of
claim sizes and inter-claim intervals to the distributions Fi , i = 1, . . . , m and Gj , i = 1, . . . , k,
respectively.

2.2 Reinsurance Types
We divide the reinsurance treaties in two groups, the classic reinsurance, and the extreme values
reinsurance. As was mentioned in the previous section, the treaties below can belong to any
layer of a reinsurance chain.
2.2.1 Classic reinsurance
There is a wide variety of contracts falling into this category. We have focused on some commonly used reinsurance and the combinations of these such as quota-share, surplus, excess-ofloss, stop-loss, quota-share + excess-of-loss, quota-share + stop-loss etc. Classic reinsurance
can be divided into two categories.
• Proportional reinsurance is defined by the proportion e.g. the percentage, of each claim
the reinsurer will cover. This can include a commission paid by the reinsurer to the ceding
company (ceding commission), covering costs and a part of the expected profit. As an
example of proportional reinsurance consider Quota-share with proportionality factor a,

XnR = a · Xn ,
Xnl = (1 − a) · Xn .

• In non-proportional reinsurance the reinsurer only pays part of the claim if it overshoots
some pre-specified retention level. A widely used non-proportional treaty is the Excessof-loss with a retention level M,
 R
Xn = max{Xn − M, 0},
Xnl = min{Xn , M, },

n = 1, 2, . . .

2.2.2 Extreme value reinsurance
If protection against large claims are of importance, large claims or extreme value reinsurance
might be of interest. These type of treaties take into account the sizes of the previous claims
using the dependent ordered statistics of the individual claims,
X1∗ ≤ X2∗ ≤ · · · ≤ XN∗ (t) .
We focus mainly on generalizations of largest claims reinsurance (LCR) introduced by Ammeter (1964), and the excédent du cout môyen relatif (ECOMOR) treaty, first appearing in
Thépaut (1950). For a LCR treaty the reinsurer covers the entire r largest claims from the
claims X1 , X2 , . . . , XN (t) . That is, for each individual claim,

∗
0, if Xn < Xn−r
,
R
Xn =
∗
Xn , if Xn ≥ Xn−r , r = 1, 2, . . .
Looking at the aggregate reinsured claim amount we have,
XnR (t) =

r

i=1

XN∗ (t)−i+1

[N (t)≥r]

(1)

Under ECOMOR reinsurance the reinsurer pays only the part of the r largest claims that overshoots the (r+1)-th largest claim, i.e

∗
0,
if Xn < Xn−r
,
R
Xn =
∗
∗
Xn − Xn−r , if Xn ≥ Xn−r , r = 1, 2, . . .
This can be represented in the aggregate form,
XnR (t) =

r

i=1

(XN∗ (t)−i+1 − XN∗ (t)−r )

[N (t)≥r] ,

r = 1, 2, . . . , N (t) − 1.

(2)

Under certain assumptions for some extreme value distributions Ladoucette and Teugels (2006)
found limiting distributions of (1) and (2) as t → ∞, where they also investigate the asymptotic
behavior of the tail probabilities. Furthermore Ladoucette (2006), approximates risk measures
from the limiting distributions.
In this paper we use a generalization of (2) in such way that the reinsurer pays a proportion c,
of each claim if it exceeds the (r+1)-th largest claim,

∗
0,
if Xn < Xn−r
,
R
Xn =
∗
∗
c · (Xn − Xn−r ), if Xn ≥ Xn−r , r = 1, 2, . . .

In the same way we also generalize the LCR treaty (1),

∗
0, if Xn < Xn−r
,
XnR =
∗
,
c · Xn , if Xn ≥ Xn−r

3

r = 1, 2, . . .

Reinsurance Evaluation

The effect of a reinsurance treaty is evaluated in intervals, called evaluation intervals. We
consider two types of evaluation intervals, namely the claim-type, and the time type evaluation
interval. Monte Carlo techniques are used to estimate risk measurers and/or the percentage of
the claim amount that the current layer reinsurer will cover on average. The latter is used to
calibrate the treaties, by means of estimating the parameters in the contracts that are included
in the comparison. The claim amounts below, can be extended so that the risk is forwarded to
the next line reinsurer via reinsurance of the interval reinsured claim amount.
3.1 Evaluation intervals
In claim type evaluation intervals each interval contains a certain number, k = 1, 2,. . . , of
successive claims.
Im = {Z(m−1)·k , Zm·k }, m = 1, 2, . . .
Time-type evaluation interval are determined by a fixed time period, h > 0,
Im = {(m − 1) · h, m · k},

m = 1, 2, . . .

The claims falling within each interval are split up according to the reinsurance treaties. Let
X̃m be the aggregate interval claim amount for a specific layer.

Xi , m = 1, 2, . . . .
X̃m =
i:t <Zi ≤t

The interval reinsured amount (i.e. the claim amount which partly can be forwarded to the next
layer reinsurer according to some treaty), and interval deductable for any layer is obtained as,
R
=
X̃m



i:t <Zi ≤t

I
R
= X̃m − X̃m
,
X̃m

3.2

XiR ,
m = 1, 2, . . . .

Risk measures

With the sample size N, we use the samples, X̃1R , . . . , X̃NR and X̃1I , . . . , X̃NI to estimate the
reinsurer’s quota load and a set of contract characteristics including,
• expectation
• variance
• dispersion
• value at risk
• coefficient of variation, etc.
The reinsurer’s quota load is obtained as,
limN →∞
X̃1R + · · · + X̃NR
· 100% =
N →∞ X̃ + · · · + X̃
limN →∞
1
N

QR = lim
3.3

R
X̃1R +···+X̃N
N
X̃1 +···+X̃N
N

· 100%.

Solution algorithms

For all problem types the distribution functions F and G, i.e. the claim size and inter-claim distribution, are given along with the current layer type of reinsurance treaty/treaties Ri i = 1, 2, . . .,
sample size, and evaluation interval. If reinsurance chains are considered the algorithms below
are used in such way that the samples of the reinsured claim amounts are forwarded and split
up according to the next layer reinsurance treaty.
3.3.1

Estimation of risk measures

Given the parameters of the treaty R, the algorithm looks as follows,
1. Simulate samples X̃1R + · · · + X̃NR and X̃1I + · · · + X̃NI ,
1a. Simulate T1 , T2 , . . . and X1 , X2 , . . . from the given distributions,
1b. Split the claim according to the treaty into X1R + · · · + XNR and X1I + · · · + XNI ,

1c. form samples according to the evaluation interval, X̃1R +· · ·+ X̃NR , and X̃1I +· · ·+ X̃NI ,

2. Estimate the average reinsurer’s quota load.
3. Estimate risk measures and plot histograms.

3.3.2 Estimation of risk measures and contract parameters
Given the value of the reinsurer’s quota load, the method of finding the risk measures and
contract parameters repeats the algorithm for estimation of risk measures above. A dichotomy
procedure is used to find the parameter(s) of a contract. In the case where several parameters
are unknown, only one, p, is free at a time while the others are fixed. We assume that p is
non-negative and real valued p ≥ 0. The algorithm follows the steps below,
1. Finding the contract parameters,
1a. set p equal to an initial value p0 ,
1b. form samples according to the evaluation interval, X̃1R +· · ·+ X̃NR , and X̃1I +· · ·+ X̃NI ,
1c. estimate the reinsurer’s quota load QR (p0 ),

1d. compare QR (p0 ) to the given quota load Q, if the difference is smaller than some
admissible error , proceed to estimation of risk measures. If not, go through step
1a-1d, with a new p0 .
2. Estimation of risk measures.
In the case of contracts where p is an integer, we have use of our generalisation, i.e. adding
a continuous parameter c. More information on the estimation of parameters of extreme value
reinsurance, see Malyarenko, Masol, Silvestrov and Teugels (2006).
3.3.3 Comparison of Reinsurance Contracts
In order to make a fair comparison between two contracts R1 and R2 , we use the same evaluation
intervals and the same simulated sample. Furthermore, the parameters of the contracts are
chosen so that the reinsurer’s quota loads are equal.
1. estimate the parameters of the treaties R1 and R2 with equal quota loads,
2. form samples according to the evaluation interval, X̃1R + · · · + X̃NR , and X̃1I + · · · + X̃NI for
the two treaties,
3. estimate risk measures for both the treaties,
4. plot histograms,
5. compare the treaties using (3) and (4).
4

Reinsurance Analyser

In the following section we will show how the software is used, and the results of some experimental studies are presented.
4.1 Description of software
The Reinsurance Analyser is written in Java with SSJ and JFreeChart class libraries. It has
a Swing graphical user interface shown in figure 2. The Reinsurance Analyzer main frame
consists of four tabs: the contract, distribution, output and histograms. The latter is reserved for
future development.

4.1.1 The contract window
The contract window (contract tab) is divided into four panels. From left to right there is, a
panel for creating reinsurance structures (tree structure panel), treaty independent parameter
panel and two treaty characteristics panels. On the tree structure panel the user can add and

Figure 2: The contracts window
delete (re)insurance companies in order to form a desired structure of reinsurance treaties. The
lower tree selection window is used for comparison of treaties, where the two highlighted companies or treaties at the start of the simulation are compared. Each added company in the tree
structure is displayed in the corresponding treaty characteristics panels when selected. The
top tree window is linked to the leftmost treaty characteristics panel. In the treaty characteristics panels the user can via dropdown menu chose between a number of reinsurance treaties
and combinations of them and modify treaty parameters. In the treaty characteristics panel the
estimated characteristics and treaty parameters of the selected contract are displayed after simulation. For estimation of parameters the corresponding text field is left empty. The user is given
the option to use premium principles. With the safety coefficient a, 0 ≤ a ≤ 1 the premium P ,
is calculated according to any of the available premium principles,
• expected value principle, P = (1 + a)E[X]
• mean value principle, P = (E[X]2 + V ar[X])1/2
• standard deviation principle, P = E[X] + a · (V ar[X])1/2
• variance principle, P = E[X] + a · V ar[X]

• modified variance principle, P = E[X] + a ·

V ar[X]
E[X]

On the treaty independent parameter panel, the user sets parameters that apply to every contract.
Here the problem type is set to either single contract, i.e. estimation of treaty characteristics

Figure 3: Distribution Panel
and/or the reinsurer’s quota load for a single contract, estimation of parameters where that
parameters of the selected treaty are estimated, and comparison which compares two contract
using that contract characteristics. Furthermore the evaluation interval type, claim or time, and
length of the evaluation interval is set here, along with the sample size and monetary and time
units. The simulation is started by pressing the start button.
4.1.2 The distribution window
On the distribution tab (Figure 3), the user can form mixtures of distributions for both the interclaim interval distribution and the claim size distribution. The two distribution tables are initially empty. The user adds distributions to the table using a dropdown box, where distributions
are sorted into light, heavy, and super heavy-tailed, one at a time. The distribution parameters
and weights for any of the added distributions can be modified in order to fit the users expected
claim flow. To bypass the automatic recalculation of the distribution probabilities the user can
set any probability fixed, in order to create a user defined mixture of distributions.
4.2 Experimental studies
In the experimental studies below, we have used a claim-type evaluation interval with 100 claims
and sample size N = 106 . The monetary unit is set to 1000 EUR, and the time unit is 1 day. The

inter-claim interval distribution is exponential with λ1 = 30, i.e. the expected time between two
successive claims is 1/30 day. We model the claim sizes using a mixture of distributions. An
exponential distribution with weight 0.8 and parameter λ2 = 0.05, and a reciprocal gamma with
weight 0.2 and parameters α = 1.4 and β = 32. This mixture is chosen to describe a realistic
flow where a heavier weight is assigned to the distribution of small or mid-size claims, and a
smaller weight to the distribution generating large claims. All Premiums are excluded from the
simulation .
We present the results of the estimation of contract characteristics and retention level of an
excess-of-loss reinsurance treaty with infinite upper retention level, using a known reinsurance
quota load. Moreover we use the Reinsurance Analyser to compare excess-of-loss with generalised largest claims reinsurance.

Figure 4: Estimation of risk characteristics and retention level for an excess-of-loss treaty given
that the reinsurer covers an average of 45% of the claim amount.
4.2.1

Single contract parameter and characteristics estimation

In this section we present the result of the estimation parameters of a reinsurance contract.
We look at the retention level and characteristics of excess-of-loss with infinite upper retention
level, but the method can be applied to any treaty or combination of treaties which are included
in the ReAn software. The output can be seen in Figure 4. We can see that the Reinsurance
Analyser has estimated the retention level in such a way that the reinsurer will cover 45% of
the claim amount on average to M = 31.3. The characteristics of the ceding company can be
found on the node named Insurance in the upper tree structure panel.

4.2.2 Comparison of contracts
Using the same contract as above, the excess-of-loss, we now compare it to largest claims reinsurance with past sample size l = 100, and number of largest claims r = 8. The reinsurer’s
quota load is set to 35%, and the parameters of the contracts that are to be estimated are left
blank. The contracts that are to be compared are selected at the reinsurance tree structure on
the leftmost panel. The characteristics of the insurers can be found at the root of the selection
tree above any of the two nodes representing the reinsurance companies. The excess-of-loss
retention level M and the proportionality factor of the largest claims reinsurance treaty are first
estimated according to the algorithms in the previous section. The characteristics of the two contracts are then estimated using these parameters, thus ensuring that the average claim amounts
that are covered by the reinsurer are equal for both treaties. The difference in expectation between the treaties are due to an admissible error used when estimating the contract parameters.
A further comparison is found under the output tab, where the ratios of the characteristics of the
selected companies can be found.

Figure 5: Comparison of risk characteristics of two contracts.
4.3 Prospective Development
In this paper we have continued the development of the software ReAn started by Malyarenko,
Masol, Silvestrov and Teugels (2006), recreating the Reinsurance Analyser software, allowing
for further development. As mentioned, the main current development incudes expanding the
software to reinsurance chains treaties where splitting claims between reinsurance companies
is allowed. A method of calibrating the treaties within these chains, in order to make a “fair”
comparison must be found. Adding histograms to the company class, thus providing each

company with a histogram of the (re)insured interval claim amount is currently in development.
A way of looking at the riskiness of reinsurance chains is to look at how the risk transfers
throughout the chain. Hence developing methods to illustrate this could be of interest. This is
to be added to the output tab along with the histograms of the compared companies. Further
into the future possible development can include,
1. A way of speeding up the simulation via more effective algorithms.
2. Further theoretical research regarding the stability of ratios of the risk measures, especially involving distributions with infinite variance.
3. An extended list of reinsurance treaties and risk measures.
4. Alternative algorithms for modelling claim flows can be implemented that is for example
methods for re-sampling claims from historical data.
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Abstract. We present results of experimental studies using the software, the Reinsurance Analyser (ReAn), presented in Schyberg et al[10]. Monte Carlo techniques
are used to estimate risk measures and/or the percentage of the claim amount that
the reinsurer will cover on average. The latter is used to calibrate the treaties, by
means of estimating the parameters in the treaties that are included in the comparison.
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INTRODUCTION

A reinsurance contract in an agreement between a ceding insurance company and a reinsurer, which states how each subject policy will be split between the two parties. Reinsures contracts (or treaties) can be divided into treaties with proportional
covers, and non-proportional covers. Largest claims reinsurance
and ECOMOR belongs to the large claim or extreme value (nonproportional) reinsurance category. As mentioned in Beirlant[3],
the ECOMOR treaty is related to the excess-of-loss, but has the
advantage that it can give the reinsurer protection against unexpected claims inflation. If the claim sizes increases, the amount
covered by the first line insurer will also increase.
A frequently used measure for evaluation the risk of reinsurance treaties is the variance of the deductable. The minimisation of the variance of the deductable, in order to find an optimal treaty, for standard contracts e.g., quota-share, excess-of-loss,

surplus-share etc, have been looked at by several authors, (see for
example Pesonen [9], Denuit and Vermandele[4], Gajek and Zagrodny [5], Kaluszka [6,7]). Choosing the optimal treaty when
the choice includes extreme value reinsurance has not been investigated to the same extent. This is due to the fact that these
contracts do not in general have any analytical expressions for the
mean or variance of the (re)insured claim amount.
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THE REINSURANCE ANALYSER

In this paper, we describe the Reinsurance Analyser, an opensource free software for analysis of both traditional reinsurance
products as well as extreme value type reinsurance structures. We
use an approach based on global stochastic modelling of flows of
claims with using different types of claim and inter-claim time distributions. These flows are then processed with the use of different types of reinsurance contracts. Using the Monte Carlo based
approach, we can handle the complex nature of extreme value
reinsurance. We evaluate the reinsurance forms, using different
risk measures, e.g., variance, value-at-risk, etc. In order to make
a “fair” comparison between contracts, we calibrate the treaties
in such a way that the reinsurer’s quota loads are equal. The
software is written using the programming language Java with
the class libraries SSJ, JFreeChart and Swing.The Reinsurance
Analyser can solve three types of problems: evaluation of single
contracts, estimation of contract parameters or quota loads, and
comparison of contracts.
Following Malyarenko et al[8], we define T1 , T2 , . . . , as the interclaim intervals. We let X1 , X2 , . . . , as the sequence of corresponding claim sizes, and N (t) = max{ n: Tn ≤ t }, t ≥ 0 be the
total number of claims arrived to the first line insurer up to time
t. The total claim amount over the time period (0, t] is thus,
N (t)

X(t) :=



n=1

Xn ,

t ≥ 0.

Furthermore we denote by Zn the moment of the nth claim such
that Zn = T1 + T2 + · · · + Tn , n = 1, 2, . . .. Each claim is divided

between the first line insurer and reinsurer, Xn (r) = XnI + XnR ,
Xn (0) < · · · < Xn (r), r = 0, 1, 2, . . .. The insurer will cover the
amount XnI called deducible or insured amount. The other part
of the insurance claim, XnR , the reinsured amount is paid by the
reinsurer.
We use a Sparre Andersen type claim flow model, where the
aggregate claim amount, N (t), is a renewal process. Furthermore
we assume that for n = 1, 2,. . . ,
1. (Xn , Tn ) are i.i.d. random vectors with non-negative components;
2. Xn and Tn are independent random variables with finite expectations and distribution functions F and G.
We model the claim size F (x) and inter-claim interval distributions G(t) as mixtures of distributions, F (x) = p1 F1 (x) + · · · +
pm Fm (x), p1 + · · · + pm = 1, and G(t) = q1 G1 (t) + · · · + qk Gk (t),
q1 + · · · + qk = 1. The probabilities pi and qj are assigned to the
distributions, allowing to set a fixed proportion of claim sizes and
inter-claim intervals to the distributions Fi , i = 1, . . . , m and Gj ,
j = 1, . . . , k, respectively. We evaluate the effect of a reinsurance treaty using claim type evaluation intervals. These intervals
can be created using a fixed time period, fixed number of claims,
fixed monetary amount etc. In claim type evaluation intervals,
each interval contains a certain number, k = 1, 2, . . . , of successive claims. Im = {Z(m−1)·k , Zm·k }, m = 1, 2, . . .. The claims
falling within each interval are split up according to the reinsurance treaties. Let X̃m be the aggregate interval claim amount.
X̃m =



Xi ,

m = 1, 2, . . . .

i:t <Zi ≤t

The interval reinsured amount and interval deductable are obtained as

R
X̃m
= i:t <Zi ≤t XiR ,
I
R
X̃m
= X̃m − X̃m
,
m = 1, 2, . . . .

With the sample size N , we use the samples, X̃1R , . . . , X̃NR and X̃1I ,
. . . , X̃NI to estimate the reinsurer’s quota load and the set of contract characteristics including, expectation, variance, dispersion,

value at risk, coefficient of variation, etc. We define the reinsurer’s
quota load as the percentage of the interval claim amount that
the reinsurer will cover on average, obtained as,
limN →∞
X̃1R + · · · + X̃NR
QR = lim
· 100 =
N →∞ X̃ + · · · + X̃
limN →∞
1
N
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R
X̃1R +···+X̃N
N
X̃1 +···+X̃N
N

· 100%.

XL & LARGE CLAIMS REINSURANCE

An excess-of-loss (XL) contract is a non-proportional reinsurance agreement where the cedent will cover losses up to a certain amount, the retention M . The reinsurer then covers the loss
that overshoots this retention. If there is no upper bound, the
reinsurer has a risk only limited by the size of the claims. An
individual claim Xn is divided between the insurer and reinsurer
using the retention M ,
XnR = max{Xn − M, 0},
XnI = min{Xn , M },
n = 1, 2, . . . .
However, adding an upper retention, the reinsurer’s risk will be
limited. This is a more standard way to implement the excess-ofloss contract within the industry. This means that the reinsurer
covers excess over the retention M , but the maximum amount
of U . We use the notation U xs M . The cedent will cover the
amount below the retention, as well as the amount that overshoots
the limit (spillover ),
XnR = min{U, max{Xn − M, 0}},
XnI = min{Xn , M, } + max{Xn − U, 0},

n = 1, 2, . . . .

If protection against large claims is of importance, large claims
or extreme value reinsurance might be of interest. These type of
treaties take into account the sizes of the previous claims using
the dependent ordered statistics of the individual claims, X1∗ ≤
X2∗ ≤ · · · ≤ XN∗ (t) . In this paper we focus on generalisations of the
largest claims reinsurance (LCR) treaty introduced by Ammeter
[2] and the ECOMOR treaty, first introduced in Thépaut [11].

Under the LCR treaty the reinsurer covers the entire r largest
claims from the claims X1 , X2 , . . . .XN (t) . We generalise the LCR
in such a way that the reinsurer pays a proportion c, of each of
the rth largest claims,
XnR




=

∗
0, if Xn < Xn−r
,
∗
,
c · Xn , if Xn ≥ Xn−r

r = 1, 2, . . .

Under the ECOMOR treaty the reinsurer’s coverage is above the
(r + 1)-th largest of the l previous claims. The generalised ECOMOR treaty, allows for the reinsurer to cover a proportion of the
originally reinsured claim amount.
XnR
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 0,

=

∗
if Xn < Xn−r
,

∗
∗
), if Xn ≥ Xn−r
,
c · (Xn − Xn−r

r = 1, 2, . . .

EXPERIMENTAL STUDIES

In this section we look at four different contracts, the excess-ofloss, the limited excess-of-loss, the largest claims and the ECOMOR reinsurance treaty. The study is made with the sample size
Excess-of-loss
Cedent
Quota Load % 53.69
Expectation
171.303
25% - quantile 148.393
Median
171.432
75% - quantile 194.419
VaR
247.686
Variance
1126.737
Dispersion
6.577
Coeff. of var. 0.196
Skewness
0.022

Reinsurer
46.30
147.486
28.158
64.043
127.379
1273.44
7499394.274
50848.087
18.568
759.677

LCR
Cedent
50.70
161.95
127.949
158.505
192.195
288.751
2309.729
14.262
0.297
0.436

Reinsurer
49.30
157.668
0.0
73.592
158.617
1329.297
6830456.132
43321.808
16.576
628.825

Table 1. XL[M=30] and LCR[100,10,1] Characteristics.

N = 106 , and the monetary unit 1000 EUR. The claims X1 , X2 ,
. . . are i.i.d. with the distribution given as a mixture of distributions. We use the exponential distribution (80%) with parameter
λ = 0.005, and the reciprocal gamma distribution (20%) with parameters α = 1.4 and β = 32. This mixture is chosen to simulate

a situation where there is a majority of small and middle sized
claims i.e., a heavy weight on the light tailed distribution and
and a smaller weight on the heavy tailed distribution, for excessive claims.
Estimation of risk measures
First we turn our attention to the excess-of-loss contract with an
infinite upper retention level.
The Reinsurance Analyser can provide us with the quota load
for both the reinsurer and first line insurer for all possible retention levels. Looking at a specific retention level of M = 30 we get
the results shown in Table 1.
Comparing these results with the output for a LCR[100,10,1]
contract, again see Table 1, we find that the reinsurer’s quota load
for the excess-of-loss contract (46.30%) is less than the reinsurer’s
quota load for the LCR[100,10,1] treaty.
ECOMOR
Cedent
Quota Load % 68.30
Expectation
217.387
25% - quantile 176.439
Median
213.584
75% - quantile 254.158
VaR
3376.793
Variance
2309.729
Dispersion
15.534
Coeff. of var. 0.267
Skewness
0.41

Reinsurer
31.70
101.054
0.0
13.764
61.034
1202.052
3166469.178
31334.55
17.609
335.525

XL 340 xs 30
Cedent
69.00
221.887
149.145
172.99
197.948
1030.974
1.256553087E7
56630.319
15.976
722.123

Reinsurer
31.00
99.604
28.104
63.961
127.384
466.581
11498.485
115.442
1.077
1.973

Table 2. ECOMOR[100,10,1] and XL 340 xs 30 Characteristics.

Looking at the ReAn output below (Table 2), for an 340 xs
30, we find that the reinsurance quota load is smaller than for
both previous contracts. Compering the risk measures between
the XL and XL limit contracts, we find that some of the risk has
been transferred back to the cedent, after the introduction of the
second retention. The characteristics using the same setup for the
ECOMOR treaty can also be seen in Table 2. As the reinsurance
coverage here starts from the 10-th largest of the previous claims,
we find that the reinsurers quota load is smaller than for the LC
treaty with the same parameters. Of course the treaties can not
be compared without first calibrating the parameters, and using

the same underlying samples.
Estimation of risk measures and contract parameters
Using a reinsurer’s quota load of 40%, the estimated retention
level for the excess-of-loss treaty is M = 37.606. The LCR treaty
corresponding to the same reinsurer’s quota load is found to be
LCR[100,10,0.816]. Here we have l = 100, r = 10 fixed while
estimating the proportionality factor c. The limited excess-of-loss
using an upper retention of U = 100 and the same reinsurance
quota load results in an estimated contract 100 xs 15.231. Solving the inverse problem for this contract we have a fixed upper
retention while estimating the lower.We find that the retention
increases as we let the insurer cover a larger part of the average
claim amount. For an ECOMOR treaty with l = 100 and r = 20
i.e., a reinsurance coverage for the claims overshooting the 20-th
largest of the 100 previous claim, we get proportionality factor
c = 0.98.
EXAMPLE COMPARISON I
We use the following setting; sample size N = 106 , monetary unit
1000 EUR, reinsurance quota load 50% and the claim size evaluation interval of 100 claims. The claims X1 , X2 , . . . are i.i.d.
with the distribution given as a mixture of distributions. The exponential distribution (80%) with parameter λ = 0.005, and the
reciprocal gamma distribution (20%) with parameters α = 1.4
and β = 32. The three contracts included in this comparison

VaR
Variance
dispersion
coeff. of var.

XL
1281.976
3447812.62
21530.056
11.595

XL limit
534.542
12943.379
81.183
0.714

XL/XL limit
2.395
265.464
264.108
16.217

Table 3. XL[26.118] and XL[318.916 xs 14.567] risk measures and ratio.

are the excess-of-loss with infinite upper retention, the limited
excess-of-loss, with upper limit (double the mean claim amount)
and the largest claims treaty, with parameters l = 100, r = 20.
The Reinsurance Analyser displays the results in form of ratios
of risk measures, for both the first line insurer and reinsurer. We
estimate the corresponding contracts parameters,

1. excess-of-loss retention level 26.118 KEUR;
2. the limited excess-of-loss, 318.916 xs 14.569 KEUR;
Table 3 shows the output form the software of the comparison
of the riskiness for the reinsurer, comparing the XL[26.118] and
limited XL[318,916 xs 14.567] contract. We find all risk measure
ratios larger than one, hence we conclude that the XL contract,
using the given distributions etc, is more risky for the reinsurer
than the XL limit contract. Now comparing the reinsurance risk
VaR
Variance
dispersion
coeff. of var.

LCR[100,20]
1065.698
2391376.491
14948.3
9.666

XL limit
533.304
12943.379
81.252
0.715

XL limit/LC[100,20,0.789]
0.50043
0.00540
0.00544
0.07397

Table 4. LCR[100,20,0.789] and XL[318.916 xs 14.567] risk measures and ratio.

measure ratios for the XL-limit and LCR we find, the contract
parameter for,
1. the limited excess-of-loss, 318.916 xs 14.567 KEUR;
2. the largest claims treaty, l = 100, r = 20, c = 0.789.
Since new simulated samples are used in each comparison, the
contract characteristics and risk measures differ. The result of the
comparison is displayed in Table 4. The reinsurance risk measure
ratios are all smaller than one, thus again the XL limit contract
is, using the claim flow described above, less risky from the reinsurer’s point of view.
EXAMPLE COMPARISON II
We use the following setting; sample size N = 106 , monetary
unit 1000 EUR, a reinsurance quota load of 30% and claim size
evaluation interval of 100 claims. The claims X1 , X2 ,. . . are i.i.d.
with the distribution given as a mixture of distributions. The exponential distribution (90%) with parameter λ = 0.005, and the
reciprocal gamma distribution (10%) with parameters α = 1.4
and β = 32. The three contracts included in this comparison are,
1. the limited excess-of-loss, with the cover maximum at 1000KEUR;
2. the ECOMOR treaty, with parameters l = 100, r = 20;

3. the largest claims treaty, with parameters l = 100, r = 20.
The Reinsurance Analyser display the results in form of ratios of
risk measures, for both the first line insurer and reinsurer, and
the comparison is made pairwise. The comparison is made pairVaR
Variance
dispersion
coeff. of var.

LCR[100,20,0.549]
447.264
218522.575
3634.605
7.775

ECOMOR[100,20,0.9872]
708.736
717416.119
12022.105
14.194

LC/ECOMOR limit
0.6311
0.3046
0.3023
0.5478

Table 5. LCR[100,20,0.549] and ECOMOR[100,20,0.9872] reinsurance risk measures and ratio.

wise, and we start by looking at the largest claims and ECOMOR
treaties. We estimate the corresponding contracts parameters;
1. the largest claims treaty, l = 100, r = 20, c = 0.549.
2. ECOMOR, l = 100, r = 20, c = 0.9872 ;
Table 5 shows the output form the software of the comparison
of the riskiness for the reinsurer, comparing the largest claims
LCR[100,20,0.549], and the ECOMOR[100,20,0.9872] treaty.
We find all risk measure ratios smaller than one, we thus assume that the LCR treaty, using the given distributions etc, is
less risky for the reinsurer than the ECOMOR treaty. Comparing the reinsurance risk measure ratios for the XL-limit and LCR
we find, the contract parameter for
1. the limited excess-of-loss, 1000 xs 39.217 KEUR;
2. the largest claims treaty, l = 100, r = 20, c = 0.0.692.
Since new simulated samples are used in each comparison, the
contract characteristics and risk measures differ. The result of
the comparison is displayed in Table 6.

VaR
Variance
dispersion
coeff. of var.
Skewness

LC[100,10]
559.641
488252.883
6376.721
9.126
489.854

XL limit
734.98
1013434.649
13255.737
13.168
494.221

LC/XL
0.7614
0.4818
0.4811
0.6930
0.9912

Table 6. LC[100,10,0.692] and XL[318.916 xs 39.217] risk measures and ratio.

The reinsurance risk measure ratios are all smaller than one,
thus the LCR treaty is, using the claim flow described above, less
risky from the reinsurer’s point of view.
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ANALYSIS OF REINSURANCE PROCESSES USING MONTE CARLO BASED
SOFTWARE
OSKAR SCHYBERG AND ANATOLIY MALYARENKO
A BSTRACT. In this paper we present new results of experimental studies of the reinsurance
processes using the software system Reinsurance Analyser (ReAn), introduced by Silvestrov
et al [18] and Schyberg et al [17]. ReAn uses Monte Carlo techniques to estimate risk measures
and/or claims coverage as well as to compare different reinsurance contracts.

1. I NTRODUCTION
A reinsurance treaty is a contract between the two parties: an insurer and a
reinsurer, that specifies in which way the insurance claims should be divided
between the parties. We divide the contracts into two categories, proportional
and non-proportional reinsurance covers.
In proportional (pro rata) reinsurance the cession of claims to be paid by the
reinsurer is proportional to the insured claim amount. Proportional reinsurance
is most often written as a quota-share, or surplus-share reinsurance, where
the surplus-share reinsurance can be viewed as a version of the quota share.
For a quota-share treaty, the ceded amount is split up between the reinsurer
and cedent in such a way that the reinsurer covers a fixed percentage of each
claim. For the surplus-share treaty the ceding company sets a maximum loss
(a line) and amounts greater than the line is forwarded to the treaty, and split
proportionally. This proportion of the claim covered by the reinsurer can vary
with the size of the claim, the so called variable quota share.
The amount covered by the insurer and reinsurer for non-proportional reinsurance, is defined by the size of the claim and coverage amount. The first
line insurer, i.e., the ceding company, completely covers the amount up to
the deductible, and over the reinsurance coverage. A typical non-proportional
reinsurance treaties is the (per risk) excess-of-loss, in which the insurer covers
the risk excess of some pre-specified retention level, but no more that an upper
limit. Hence small claims are not covered by the reinsurer. The amount cover
by the cedent is referred to as the capacity of the contract.
Several reinsurance treaties can be combined into reinsurance programs. A
common reinsurance program is the combination of quota share and excess
of loss. Here the order in which the treaties are combined is important. In
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the case where quota share is followed by excess of loss, the claim is first
split between the insurer and reinsurer proportionally, whereafter a retention
(excess) is applied to the insured amount. If the program starts with the excess
of loss, the amount of the claim remaining after the possible XL coverage, is
split proportionally. In this paper we refer to the above programs as QSXL and
XLQS respectively.
Largest claims reinsurance and the ECOMOR treaties are also a part of the
extreme value reinsurance category. Extreme value (or large claim) reinsurance contracts take into account the sizes of the previous claims, in such a way
that the contracts cover extreme variations in the claim flow. Mentioned by
Beirlant [11], there are clear similarities between the ECOMOR treaty and the
excess-of-loss. However the ECOMOR treaty can protect the reinsurer in the
case of unexpected claims inflation. That is, if for some reason the claim sizes
increase, the first line coverage will increase. Reinsurance can be purchased
on claim basis (facultative reinsurance), usually to cover large risks.
Contracts that cover more than one claim are referred to as reinsurance
treaties. Reinsurance treaties can be continuous, where the contract is valid
until the cedent or reinsurer exits the contract, or of term type, with a prespecified coverage period.
A frequently used measure for evaluation the risk of reinsurance treaties is
the variance of the deductable. The minimisation of the variance of the deductable, in order to find an optimal treaty, for standard contracts e.g., quotashare, excess-of-loss, surplus-share etc, have been looked at by several authors, (see for example Pesonen [16], Denuit and Vermandele [12], Gajek and
Zagrodny [13], Kaluszka [14, 15]). Choosing the optimal treaty when the
choice includes extreme value reinsurance has not been investigated to the
same extent. This is due to the fact that these contracts do not in general have
any analytical expressions for the mean or variance of the (re)insured claim
amount.
As we have seen, a vast majority of existing reinsurance contracts are complicated and therefore cannot be priced in the closed form. Numerical methods
have to be used instead. As usual, numerical methods have to be realised in
the form of software. Several software packages for reinsurance are available
on the market. The most famous of them are: ReMetrica by Aon Benfield
[1], iWorks by SunGard [2], FIRST (Fully Integrated Reinsurance Solutions
Technology) by Reinsurance Solution LLC citeReLLC, Synergy reinsurance
by Eurobase International Group [4], CedeRight by DataCede [5], Sapiens
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Reinsurance by Sapiens [6], HELIX Re/CS by Morning Data [7], Pivot Point
by The Catastrophe Risk Exchange, Inc. [8], among others.
Aon Benfield Analytics is the industry leader in actuarial, enterprise risk
management, catastrophe management, and rating agency advisory. ReMetrica is Aon Benfield’s financial analysis capital modelling software. It is
presently used by many of the world’s leading insurance, reinsurance and actuarial consulting firms. ReMetrica features over one hundred deterministic i.e.,
scenario-based and stochastic, modelling components. ReMetrica includes all
traditional reinsurance products and all varieties of insurance-linked securities. It offers an unlimited model size and over 25 statistical distributions
and copulas, for modelling correlations and dependencies. SunGard’s iWorks
Reinsurance Management software is an administrative toolkit for assumed
and ceded reinsurance. SunGard’s iWorks is created to optimise operations
for the insurance, including life, health, annuities, pensions, property and casualty, and reinsurance. The FIRST System is Reinsurance Solution LLC’s
(Windows-based) processing system for ceded reinsurance on a PC platform.
FIRST is available on a modular basis for Property/Casualty and Life/Health.
Synergy RI reinsurance system is designed to support underwriting, claims,
accounts and retrocession using real time management and monitoring of risk
exposure with graphics and reporting functions. DataCede’s web-based CedeRight handles trading partners, contracts, reinsurance billing, business intelligence and ultimate loss calculations. CedeRight manages reinsurance treaties
for ceded, assumed, pools and affiliates, with support for reinsurance structures e.g., excess-of-loss, quota-share/Proportional for both treaty and facultative. CedeRight offers real-time access to historical data. Sapiens solution for
Reinsurance is a web-based reinsurance business solution designed to provide
end-to-end processing, from the setup of and definition of the reinsurance, premium and claims transactions, automatic allocation of premiums and claims
to reinsurance contracts, performing required calculations. Pivot Point by The
Catastrophe Risk Exchange is a Microsoft.Net based web software for brokers,
agencies, and reinsurers to manage their treaty and facultative business.
The above mentioned software packages belong to the category of commercial proprietary software.
2. T HE R EINSURANCE A NALYSER
The Reinsurance Analyser is an open-source free experimental software for
analysing reinsurance treaties. The approach is based on global stochastic
modelling, where the treaties are evaluated using flows of claims with different
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types of claim size and inter-claim time distributions. These flows are then
processed with the use of different types of reinsurance contracts. This Monte
Carlo based approach allows to analyse both classical reinsurance treaties and
more complex extreme value reinsurance type treaties.
We model the claim flows with a Sparre Andersen type risk model, with a
inter-claim time renewal process. The distributions of the inter-claim time and
claim size can be modelled as mixtures from a set of distributions with both
heavy and light tails. Each distribution is assigned a weight (or probability),
hence we are able to set probabilities to e.g., excessive claims. We evaluate the
reinsurance forms, using different risk measures, e.g., variance, value-at-risk,
etc. In order to make a “fair” comparison between contracts, we calibrate the
treaties in such a way that the reinsurer’s quota loads, i.e., the percentage average amounts of the claims covered by the reinsurer, are equal. Furthermore
we use the same underlying samples for all treaties in a comparison. The software is written using the programming language Java and class libraries SSJ,
JFreeChart and Swing. We use the Swing class library to create the graphical
user interface (GUI). The GUI is divided into four tab panels, the contracts,
distribution, output and histogram tabs. The first tab, “Contracts” (Fig. 3) is
divided into four sections.
On the left hand side we have two panels for creating reinsurance structures.
Starting with the first line insurer, following reinsurance companies can be
added to the tree pressing the Add button. The lower tree panel is only used
when comparing treaties. After the user specifies type of problem to be solved,
evaluation interval type, monetary units etc, he/she adds the parameters corresponding to each of the contracts in the two rightmost panels.
The Reinsurance Analyser can solve three types of problems: evaluation of
single contracts, estimation of contract parameters or quota loads, and comparison of contracts. The contracts are selected from drop-down boxes, where
the included contracts are divided into three categories: proportional, nonproportional, and large claims. On the distribution tab (Fig. 2), the user chooses
the distributions for the claim size and the inter-claim interval. This is done by
picking distributions from drop-down boxes. Both the weight and the parameters of the distributions can be modified.
After simulation the risk measures and characteristics are displayed in the
contract table (Fig. 3).
The Histogram tab is active after simulation and displays the histograms and
log-histograms of the interval (re)insured claim amount which corresponds to
the contract(s) selected on the contracts tab.
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F IGURE 1. Contract Panel

Following Silvestrov et al [18], we define T1 , T2 , . . . , as the inter-claim intervals. Put Z0 = 0 and denote by Zn the moment of the nth claim arrival:
Zn := T1 + T2 + · · · + Tn ,

n ≥ 1.

We let X1 , X2 , . . . be the sequence of corresponding claim sizes, and
N(t) := max{ n ≥ 0 : Zn ≤ t },

t ≥0

be the total number of claims arrived to the first line insurer up to and including
time t. The total claim amount over the time period [0,t] is thus
N(t)

X(t) :=

∑ Xn,

n=1

t ≥ 0.

A reinsurance contract is an agreement between the first line insurer (cedent) and reinsurer, which states how each claim Xn has to be divided between
the two paries. Each claim is divided between the first line insurer and reinsurer:
Xn = XnI + XnR .

6
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F IGURE 2. Distribution Panel

The insurer will cover the amount XnI called deducible or insured amount. The
other part of the insurance claim, XnR , the reinsured amount is paid by the
reinsurer.
We use the Sparre Andersen type claim flow model, where the aggregate
claim amount, N(t), is a renewal process. Furthermore we assume that for
n ≥ 1,
(1) (Xn , Tn ) are i.i.d. random vectors with non-negative components;
(2) Xn and Tn are independent random variables with finite expectations and
distribution functions F and G.

We model the claim size F(x) and inter-claim interval distributions G(t) as
mixtures of distributions:
F(x) = p1 F1 (x) + · · · + pm Fm (x),

pi > 0,

m

∑ pi = 1,

i=1
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F IGURE 3. Contract Panel after simulation

and
G(t) = q1 G1 (t) + · · · + qk Gk (t),

qi > 0,

k

∑ qi = 1.

i=1

The probabilities pi and q j are assigned to the distributions, allowing to set a
fixed proportion of claim sizes and inter-claim intervals to the distributions Fi ,
i = 1, . . . , m and G j , j = 1, . . . , k, respectively. We evaluate the effect of a
reinsurance treaty using claim type evaluation intervals. These intervals can
be created using a fixed time period, fixed number of claims, fixed monetary
amount etc. In claim type evaluation intervals, each interval contains a certain
number k ≥ 1 of successive claims:
Im = (Z(m−1)·k , Zm·k ],

m ≥ 1.

The claims falling within each interval are split up according to the reinsurance
treaties. Let X̃m be the aggregate interval claim amount:
X̃m =

mk

∑

i=(m−1)k+1

Xi ,

m ≥ 1.

8

OSKAR SCHYBERG AND ANATOLIY MALYARENKO

The interval reinsured amount and interval deductable are obtained as
mk

∑

X̃mR

=

X̃mI

= X̃m − X̃mR ,

i=(m−1)k+1

XiR ,
m ≥ 1.

With the sample size N, we use the samples, X̃1R , . . . , X̃NR and X̃1I , . . . , X̃NI
to estimate the reinsurer’s quota load and the set of contract characteristics
including, expectation, variance, dispersion, value at risk, coefficient of variation, etc. We define the reinsurer’s quota load as the percentage of the interval
claim amount that the reinsurer will cover on average, obtained as
X̃ R +···+X̃ R

limN→∞ 1 N N
X̃ R + · · · + X̃NR
· 100% =
· 100%.
QR = lim 1
X̃N
N→∞ X̃1 + · · · + X̃N
limN→∞ X̃1 +···+
N
The Reinsurance Analyser can be used to solve three types of problems,
• Estimation of risk measures, direct problem;
• Estimation of risk measures and contract parameters, inverse problem;
• Comparing contracts.
For all problem types the distribution functions F and G, i.e. the claim size
and inter-claim distribution, are given along the type of reinsurance treaty Ri ,
i = 1, 2, . . . , sample size, and evaluation interval.
2.1. Estimation of risk measures. Given the parameters of the treaty R, the
algorithm looks as follows.
1: Simulate samples X̃1R + · · · + X̃NR and X̃1I + · · · + X̃NI :
1a: Simulate T1 , T2 , . . . , and X1 , X2 , . . . from the given distributions.
1b: Split the claim according to the treaty into X1R + · · · + XNR and X1I +
· · · + XNI .
1c: Form samples according to the evaluation interval X̃1R + · · · + X̃NR ,
and X̃1I + · · · + X̃NI .
2: Estimate the average reinsurer’s quota load.
3: Estimate risk measures and plot histograms.
2.2. Estimation of risk measures and contract parameters. Given the value
of the reinsurer’s quota load, the method of finding the risk measures and contract parameters repeats the algorithm for estimation of risk measures above.
A dichotomy procedure is used to find the parameter(s) of a treaty. In the case
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where several parameters are unknown, only one, p, is free at a time while the
others are fixed. We assume that p ≥ 0. The algorithm follows the steps below.
1: Finding the contract parameters:
1a: Set p equal to an initial value p0 .
1b: Form samples according to the evaluation interval, X̃1R + · · · + X̃NR ,
and X̃1I + · · · + X̃NI .
1c: Estimate the reinsurer’s quota load QR (p0 ).
1d: compare QR (p0 ) to the given quota load Q, if the difference is
smaller than some admissible error, proceed to estimation of risk
measures. Otherwise, go through steps 1a–1d, with new value of
p0 .
2: Estimation of risk measures.
In the case of treaties where p is an integer, we have use of our generalisation,
i.e. adding a continuous parameter c. More information on the estimation of
parameters of extreme value reinsurance treaties may be found in Silvestrov et
al [18].
2.3. Comparing contracts. In order to make a fair comparison between two
contracts R1 and R2 , we use the same evaluation intervals and the same simulated sample. Furthermore, the parameters of the contracts are chosen so that
the reinsurer’s quota loads are equal.
1: Estimate the parameters of the treaties R1 and R2 with equal quota
loads.
2: Form samples according to the evaluation interval, X̃1R + · · · + X̃NR , and
X̃1I + · · · + X̃NI for the two treaties.
3: Estimate risk measures for both the treaties.
4: Plot histograms.
5: Compare the treaties using (3) and (4).
3. C LASSICAL REINSURANCE CONTRACTS
3.1. Excess of loss. An excess-of-loss (XL) contract is a non-proportional
reinsurance agreement where the cedent covers losses up to a certain amount,
the retention M. The reinsurer then covers the loss that overshoots this retention. If there is no upper bound, the reinsurer has a risk only limited by the
size of the claims. An individual claim Xn is divided between the insurer and
reinsurer using the retention M:
Xn = XnR + XnI ,

10
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where
XnR = max{Xn − M, 0},
XnI = min{Xn , M},

n = 1, 2, . . . .

Spillover

Claim flow

However, adding an upper retention, the reinsurer’s risk will be limited. This
is a more standard way to implement the excess-of-loss contract within the
industry. This means that the reinsurer covers excess over the retention M, but
the maximum amount of U. We use the notation U xs M. The cedent will cover

Reinsured

U

Deductible

M

X1

X2

X3

X4

X5

X6

X7

time

F IGURE 4. XL claim flow

the amount below the retention, as well as the amount that overshoots the limit
(spillover). Again we divide each individual claims between the insurer and
reinsurer,
Xn = XnR + XnI ,
where
XnR = min{U, max{Xn − M, 0}},

XnI = min{Xn , M, } + max{Xn −U, 0},

n = 1, 2, . . . .
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3.2. Quota share. For quota share reinsurance the proportions covered by the
insurer and reinsurer respectably are defined by a fixed percentage. This can
be ba applied to individual claims as well as to an entire portfolio. In the per
claim case we divide each incoming claim Xn as
Xn = XnR + XnI ,
where

XnR = a · Xn ,

n = 1, 2, . . . .

Claim flow

XnI = (1 − a) · Xn ,

Deductible

Reinsured

a=50%

X1

X2

X3

X4

X5

X6

X7

time

F IGURE 5. QS claim flow

4. R EINSURANCE PROGRAMS
ReAn can handle the quota share/ excess of loss combination in both orders.
4.1. Quota share and excess of loss combinations. A quota share & excess
of loss combination (QSXL) combines the treaties in such way that the claim is
first processed by the quota share, whereafter the excess of loss will guarantee

12
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that the insurer will only cover a fixed amount of the remaining claim. Hence
the risk Xn is covered according to
Xn = XnR + XnI ,
where

XnR = max{a · Xn − M, 0},
XnI = Xn − XnR ,

n = 1, 2, . . . .

Reinsured

Claim flow

a=50%

Deductible

M

X1

X2

X3

X4

X5

X6

X7

time

F IGURE 6. QSXL claim flow

Starting with the excess of loss, the cedent will cover a proportion of the
original claim, after it has been processed with the XL part of the agreement.
Looking at this per claim Xn we find that
Xn = XnR + XnI ,
where

XnR = a · min{U, max{Xn − M, 0}},
XnI = Xn − XnR ,

n = 1, 2, . . . .

13

Reinsured by XL

Claim flow

a=50%

Spillover
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Deductible

M

X1

X2

X3

X4

X5

X6

X7

time

F IGURE 7. XLQS claim flow

5. L ARGE CLAIMS REINSURANCE
When looking for coverage where there exists a risk of claim inflation or
excessive claims, large claims reinsurance could be an option. These contract
types takes into account the previous claim sizes, using the ordered statistics
of the past individual claims,
∗
.
X1∗ ≤ X2∗ ≤ · · · ≤ XN(t)

In this paper we focus on generalisations of the largest claims reinsurance
(LCR) treaty introduced by Ammeter [10] and the ECOMOR treaty, first introduced in Thépaut [19].
5.1. Largest claims. Under the largest claims (LCR) treaty the reinsurer covers the entire claim if it is larger than the r-th largest claim among the  previ∗ ≤ X∗
∗
ous claims, ordered in such a way that Xn−
n−+1 ≤ · · · ≤ Xn−1 .
That is, for each individual claim

∗ ,
0,
Xn < Xn−r
XnR =
∗ , r = 1, 2, . . . .
Xn , Xn ≥ Xn−r
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We generalise the LCR in such a way that the reinsurer pays a proportion c, of
each of the (r + 1)th largest claims,

∗ ,
0,
Xn < Xn−r
XnR =
∗ , r = 1, 2, . . . .
cXn , Xn ≥ Xn−r

Claim flow

In this setting we can look at the LCR treaty as a quota share which only
covers the claims if it larger than the. It can thus be looked at as a quota share
treaty covering the largest of some previous claims. This will of cause give
protection against excessive claims in an otherwise stationary claim flow.

X*

r=2
l=3
c=80%

6

Reinsured

X* 5

Deductible

X* 4

X1

X2

X3

X4

X5

X6

X7

time

F IGURE 8. LC claim flow

5.2. ECOMOR. Under the ECOMOR treaty the reinsurer’s coverage is from
the (r + 1)-th largest of the  previous claims. That is the retention is set by
the number of the largest claim r. We can see the similarities to the excess of
loss treaty, only now the retention is dependent on the previous claim sizes.
This will to some extent protect the reinsurer against claim inflation and/or
excessive claims. That is,

∗ ,
0,
Xn < Xn−r
XnR =
∗ , X ≥ X ∗ , r = 1, 2, . . . .
Xn − Xn−r
n
n−r
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The generalised ECOMOR treaty, allows for the reinsurer to cover a proportion of the originally reinsured claim amount.

∗ ,
0,
Xn < Xn−r
R
Xn =
∗ ), X ≥ X ∗ , r = 1, 2, . . . .
c(Xn − Xn−r
n
n−r

Reinsured

Claim flow

r=2
l=3
c=100%
X* 6
X* 5

M

Deductible

X* 4

X1

X2

X3

X4

X5

X6

X7

time

F IGURE 9. ECOMOR claim flow

6. E XPERIMENTAL STUDIES
In this section we present some experimental results. In subsection 6.1
we look at the results of an estimation of the characteristics of the quotashare, LCR, ECOMOR contract and the XLQS reinsurance program, using
the same claim-size distribution for all simulations. In subsection 6.2 we use
a fixed reinsurance quota load and estimate contract/program parameters and
risk characteristics for the LCR and XLQS, using two different distributions.
A comparison of the QSXL and XLQS programs is presented in subsection
6.3, using a fixed reinsurance quota load.
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Quota-share
Cedent
Reinsurer
Quota Load % 70
30
Expectation
117.260
50.254
25% - quantile 77.003
30.001
Median
102.616
43.978
75% - quantile 133.485
57.208
VaR
262.507
112.503
Variance
3286961.693 603727.658
Dispersion
28031.386
12013.451
Coeff. of var. 15.461
15.461
Skewness
811.674
811.674

LCR
Cedent
Reinsurer
54.50
45.50
91.997
76.754
68.426
39.277
83.865
63.356
101.685
91.946
172.248
206.165
961656.611 2163931.188
10453.104 28192.966
10.659
19.165
489.62
489.55

TABLE 1. QS[0.30] and LCR[100,30,0.6] Characteristics.

6.1. Estimation of risk measures. The study is made with the sample size
N = 106 , and the monetary unit 1000 EUR. The claims X1 , X2 , . . . are i.i.d.
with the distribution given as a mixture of distributions. We use the exponential
distribution (70%) with parameter λ = 0.05, and the strict Pareto distribution
(30%) with parameter α = 1.1. Hence, we have a larger weight on the light
tailed distribution than on the heavier one. The underlying samples, from the
claim size distribution, are different for all contracts in the following examples.
First we turn our attention to the quota-share contract. Here, we have the
proportionality factor, which determines the contract. This means that the insurance and reinsurance quota loads are directly proportional to this factor.
The Reinsurance Analyser can provide us with the quota load for both the
reinsurer and first line insurer for all possible proportionality factors. Looking at a specific proportionality factor a = 30% we get the results shown in
Table 1. Comparing these results with the output for a LCR[100,30,0.6] contract, i.e., a contract in which the reinsurer covers 60% of the claim amount of
the 30 largest of the 100 previous claims, again see Table 1. We find that the
reinsurer’s quota load for the LCR contract (45.50%) is greater than the 30%
reinsurer’s quota load for the QS contract. Moreover, due to the structure of
the contact, the risk for the reinsurer, in terms of variance, is much greater for
the LCR contract.
We now look at the ECOMOR contract with the same parameters as for the
LCR contract above, (Table 2). As the reinsurer in this case does not cover
60% of the entire covered claim, only the part overshooting the 30-th largest
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ECOMOR
Cedent
Reinsurer
Quota Load % 66.40
33.60
Expectation
95.348
48.325
25% - quantile 64.828
15.026
Median
84.147
30.451
75% - quantile 106.857
51.599
VaR
214.958
201.745
Variance
596565.843 1340611.584
Dispersion
6256.740
27741.550
Coeff. of var. 8.101
23.96
Skewness
407.719
408.439
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XLQS
Cedent
Reinsurer
39.30
60.69
64.799
100.059
49.462
57.201
59.427
85.909
69.605
123.071
96.966
296.634
732948.167 330764.625
11311.156 3305.7
13.212
5.748
798.326
782.011

TABLE 2. ECOMOR[100,30,0.6] and XLQS[300 xs 20, 0.4] Characteristics.

claim, as one could expect, this results in a lower reinsurance quota load, and
thus some risk transfer from the reinsurer to the insurer.
The characteristics of an XLQS[300 xs 20, 0.4] also displayed in Table 2,
describe a program where the claims are processed with an XL[300 xs 20]
contract followed by a 40% QS.
6.2. Estimation of risk measures and contract parameters. The study is
made with the sample size N = 106 , and the monetary unit 1000 EUR. The
claims X1 , X2 , . . . are i.i.d. with the distribution given as a single and a mixture of distributions. That is, we look at two different scenarios using two
different distributions, for the contracts included in the study. We use a light
tailed exponential distribution with parameter λ = 0.05 (100%) and a mixture
of distributions (50%/50%) adding a heavier tailed Gamma distribution with
parameter α = 2.4 and β = 0.05 to the exponential. In the following examples we use a fixed reinsurance quota load of 60%. Moreover, the underlying
samples, from the claim size distributions, are different for the two contracts.
Starting with the light tailed distribution, the estimated proportionality factor
for LCR contract with fixed l and r is found to be c = 0.714. The corresponding
XLQS program with fixes excess coverage is found to be XLQS[300 xs 30,
0.485]. Adding the Gamma distribution to the exponential, we find due to the
greater variance of the mixed distribution, an increase in the proportionality
factor and risk measures for both contract types.
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A summary of the results of the estimation of the contract characteristics for
the reinsurer is given in Table 3.
Reinsurance characteristics QL 60%
Exp(0.05)
LCR[50,7.140] XLQS[300 xs 30, 0.515]
Expectation
120.096
120.015
25% - quantile
84.650
83.331
Median
115.748
112.083
75% - quantile
150.734
148.108
VaR
250.277
268.301
Variance
2453.348
2475.677
Dispersion
20.428
20.628
Coeff. of var.
0.412
0.415
Exp(0.05)+Γ(2.4,20) LCR[50,0.735] XLQS[300 xs 30, 0.649]
Expectation
203.935
204.048
25% - quantile
148.267
146.116
Median
198.810
194.904
75% - quantile
253.841
251.938
VaR
407.939
426.261
Variance
6132.076
6278.961
Dispersion
30.069
30.772
Coeff. of var.
0.384
0.388
TABLE 3. Characteristics of the contracts with a 60% reinsurance quota load.

6.3. Example comparison. We use the following setting; sample size N =
106 , monetary unit 1000 EUR, reinsurance quota load 60% and the claim size
evaluation interval of 100 claims. The claims X1 , X2 , . . . are i.i.d. with the
distribution given as a mixture of distributions. The exponential distribution
(70%) with parameter λ = 0.05, and the reciprocal gamma distribution (30%)
with parameters α = 1.4 and β = 32. We now look at the reinsurance programs
consisting of quota share and excess of loss i.e, QSXL and XLQS.
We use fixed retention and let ReAn estimate the quota share proportionality
factor. We set an excess limit for the QSXL program at 1000 EUR, and a
coverage 3K xs 30 for the XLQS program. We set the insurer’s quota load
to 40% and reinsurer’s quota load to 60%. ReAs estimates parameters for the
calibrated programs, for the reinsurer,
(1) Quota share [0.44] & excess of loss [1k];
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(2) Excess of loss [3K xs 30] & quota share [0.72];
Using these parameters, ReAn estimates the program characteristics, see Table 4.
QSXL
Cedent
Reinsurer
Quota Load % 60
40
Expectation
152.329
228.615
25% - quantile 91.067
115.2
Median
118.686
150.138
75% - quantile 162.393
205.429
VaR
841.203
1064.126
Variance
17216.757 1.4231397111E7
Dispersion
113.023
62250.542
Coeff. of var. 0.861
16.501

XLQS
Cedent
Reinsurer
40
60
152.322
228.622
112.83
85.192
129.372
134.826
145.817
225.391
186.672
1764.327
7291574.549 1259651.448
47869.398
5509.758
17.727
4.909

TABLE 4. QSXL[0.44;1K] and XLQS[3K xs 30,0.72] Characteristics.

As we want to compare the treaties we turn to the ReAn comparison output.
In table 5, we find the reinsurance risk measures and ratio. We find that the
QSXL program has higher variance and dispersion, but lower value at risk and
coefficient of variability.

VaR
Variance
dispersion
coeff. of var.

QSXL
1064.126
1.4231397111E7
62250.542
16.501

XLQS
1764.327
1259651.448
5509.758
4.909

QSXL /XLQS
6.031
0.011
0.011
3.361377063

TABLE 5. QSXL[0.5585;1K] and XLQS[3K xs 30,0.28] risk measures and ratio.

As we in this paper use an infinite upper retention for the XL part of the
QSXL program, but limited XL risk for the XLQS program, the reinsurer covers all excessive claims when QSXL is in affect. Thus, even though the XLQS
has a greater VaR, the much smaller variance suggests a less risky position for
the reinsurer.
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7. C ONCLUSIONS & PROSPECTIVE DEVELOPMENT
In this paper, we have presented the software “The Reinsurance Analyser”
and the results from experimental studies. Using Monte Carlo simulation we
estimate risk characteristics for both the cedent and reinsurer. Comparing the
riskiness between treaties, they are calibrated in such a way that the estimated
average claim amounts, for the cedent and reinsurer, are equal for the contracts.
Moreover, the same simulated samples are used for both treaties.
The results of the comparison between the contracts are presented as the ratios of the risk measures. A possible future development can include modelling
dependence between the sizes of the claims and the time between claims. A
method of sampling from real historical data can also be included in the software. Additional treaties, reinsurance programs and risk measures can be implemented in the software. Moreover, a way of finding a significantly large
sample size for sufficient precision of the estimated parameters, as this is now
left for to the user. Finding a way of assigning weights to each risk measure,
for determining and in a simplified way of presenting the most risky position
to the user, can be looked into. Possibilities of including scenario analysis type
methods of sampling from distributions with varying claim and/or inter claim
interval intensities, can be looked into.
Finally, developing and including a fully featured help system, is left for the
future.
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