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Jevgeņijs Carkovs, Professor, Riga Technical University, Riga, Latvia

Monte-Carlo method in financial engineering 40
Raul Kangro, Associate Professor, University of Tartu, Tartu, Estonia

Lectures on cubature methods in financial engineering 48
Anatoliy Malyarenko, Associate Professor, Mälardalen University, Västerås, Sweden

Runge–Kutta methods in financial engineering 66
Katya Mishchenko, Lecturer, Mälardalen University, Västerås, Sweden

Volatility prediction and straddle strategy on FORTS market 80
Artem Rybakov, Master student, Mälardalen University, Västerås, Sweden

Out-of-sample GARCH testing 87
Vadim Suvorin, Master student, Mälardalen University, Västerås, Sweden

NIG-Lévy process in asset price modelling 93
Dean Teneng, PhD student, University of Tartu, Tartu, Estonia



2

This page remains empty by convention.



Editors’ introduction
Jevgeņijs Carkovs∗ Anatoliy Malyarenko† Kalev Pärna‡

Current global financial crisis clearly shows how wrong treatment and interpretation of
financial indicators, poor risk management, and implementation of risky financial instruments
without careful theoretical and simulation studies can cause extremely hard and destructive
consequences. A key lesson that many experts have put in the force is that transparency in
the financial market has to be enhanced. It is statistics that is one of the cornerstones of the
transparency.

Modern global banking and insurance regulations like the Basel Accords or Solvency II
do require more penetrating use of modern probabilistic and statistical methods in finance and
insurance. Banks, insurance companies, and other financial institutions need in specialists
who are able to take up a leading role in using new methods. On the other hand, academic
sector requires specialists who are able to create new mathematical methods.

Mälardalen University (Sweden), Riga Technical University (Latvia) and University of
Tartu (Estonia) organised courses “Exploring the world of financial engineering" for teachers
and students of the above higher education institutions under financial support of the Nord-
plus Framework mobility project HE-2010_1a-21005. These courses take place in the city
of Västerås (Sweden) on May 9–May 13, 2011. In this book, we present the material of the
courses’ lectures.

Vladislav Belous presents an introduction to Malliavin calculus. A goal is set to introduce
and motivate the topic in such a simplified manner, so that a 2nd-year master student would
be able to understand the basics, without having to dwell too deeply into functional analysis
and stochastic calculus.

The classical Black–Scholes model does not take into account the past of the price process
under consideration. In other words, the price process immediately forgets its own past. To
overcome this problem, Jevgeņijs Carkovs proposes a simple model with stochastic delay
differential equation and investigates its asymptotic behaviour and stability.

The aim of the short course by Raul Kangro is to discuss some questions about applying
Monte-Carlo methods in mathematical finance that are often not covered in detail in introduct-
ory courses about the method. No prior knowledge of Monte-Carlo methods is required but
familiarity with basic Probability Theory is assumed.

Cubature methods on Wiener space become more and more popular. Anatoliy Malyarenko
presents a pedagogical introduction into the above area of research. In particular, he describes
in details some areas of mathematics that are necessary for understanding the cubature meth-
ods but are often omitted in study plans.

∗Riga Technical University, Latvia
†Mälardalen University, Sweden
‡University of Tartu, Estonia
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4 Jevgeņijs Carkovs, Anatoliy Malyarenko, Kalev Pärna

Nowadays, a number of mathematical problems that pertain to the area of financial engin-
eering are formulated and solved through the systems of ordinary differential equations. Apart
from that, it appears to be impossible to derive close form solutions for some of those systems.
Therefore, numerical methods for solving differential equations are a unique tool for finding
approximate solutions.

The paper by Katya Mishchenko is devoted to some of the most common and well-studied
numerical method, namely a family of explicit Runge–Kutta methods. The paper touches upon
both theoretical aspects such as derivation of Runge–Kutta schemes of 2- 4 order of accuracy,
and the numerical implementation of the Runge–Kutta method for approximating a solution
of some specific problem in financial engineering.

Artem Rybakov applies a dynamic one-day-ahead RTS index volatility prediction to straddle
(volatility trading) strategy. Clustering effect is employed to detect arbitrage opportunities.
The half of the signals generated allows to gain profit from transactions.

The contribution by Vadim Suvorin is focused on examining GARCH models with dif-
ferent lags on variety of financial time series. The first part describes an eduction of the
best forecasting ability model with the help of out-of-sample criterion. The second section
portrays series of tests that were performed in order to investigate statistical significance of
chosen model. The third one gives several inferences about correlation between statistical and
economic significance.

Dean Teneng explores the basic properties of NIG-Lévy process, supports the claim that
NIG-Lévy process is a better model for asset prices and presents a basic R code that can be
implemented.

Proceedings are prepared under financial support of the Nordplus Framework project HE-
2010_1a-21005. The editors would like to thank all authors for their contribution.

Vasterås, May 2011



A very basic introduction to Malliavin calculus in
financial engineering

Vladislav Belous

Abstract

An introduction to Malliavin calculus is presented. A goal is set to introduce and
motivate the topic in such a simplified manner, so that a 2nd-year master student would be
able to understand the basics, without having to dwell too deeply into functional analysis
and stochastic calculus. This, of course, is possible only at the expense of generality and,
in some cases, rigour. Example of applying such minimal theory of Malliavin calculus to
Monte-Carlo computation of the “greeks” is also presented.

1 Wiener space
Consider the probability space (Ω,F ,P). Here Ω = C0[0,T ] is the space of all continuous
functions ω : [0,T ]→ R satisfying ω(0) = 0, and F is the σ -field generated by sets of the
form

{ω ∈Ω | ω(t1) ∈ B1, . . . ,ω(tk) ∈ Bk},

where k ∈ N, 0 ≤ t1 < · · · < tk ≤ T , and Bi ∈B, i = 1, . . . ,k are Borel sets on R. It can be
shown ([1]) that F is the same σ -field as one generated by open subsets of C0[0,T ] using the
supremum norm. Finally, let the set function P : F → [0,1] satisfy

P{ω(t1) ∈ B1, . . . ,ω(tk) ∈ Bk}=

=
∫

B1×···×Bk

ρ(t1,x1)ρ(t2− t1,x2− x1) . . .ρ(tk− tk−1,xk− xk−1) dx1 · · ·dxk,

where

ρ(t,x) =
1√
2πt

exp
(
−x2

2t

)
.

Then, using Kolmogorov’s extension theorem, P can be uniquely extended into a probability
measure on (Ω,F ). The resulting triplet (Ω,F ,P) is called the Wiener space.

In a certain sense, Wiener space can be considered to be the “home space” for Brownian
motion. Indeed, it is easy to see that the stochastic process Bt defined by Bt(ω) = ω(t),
together with filtration {Ft}t∈[0,T ] defined similarly to F above, but with T replaced by t, is
Brownian motion with its natural filtration.

Random variables existing in (Ω,F ,P) can be thought of as functionals of Brownian
motion paths ω . This gives a hint to why Malliavin calculus (or infinite-dimensional stochastic
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6 Vladislav Belous

analysis in general) is sometimes referred to as the stochastic calculus of variations. Note that,
if required, (Ω,F ,{Ft}t∈[0,T ],P) will be implicitly extended into a somewhat larger space.

Concluding, let L2(Ω) denote the space of square-integrable random variables equipped
with the norm ||X ||2L2(Ω) = E|X |2. Similarly, let L2(Ω× [0,T ]) denote the space of square-

integrable functions f : Ω×[0,T ]→R equipped with the norm || f ||2L2(Ω×[0,T ])=
∫ T

0 E| f (s)|2 ds.

2 Malliavin derivative
The approach used in this chapter is very close that of [3]. Let P be the set of all random
variables X : Ω→ R of the form

X = p(θ1, . . . ,θn), (1)

where p is a n-variate polynomial and for all i = 1, . . . ,n

θi =
∫ T

0
fi(t)dBt for some fi ∈ L2[0,T ]. (2)

Note that fi inside the Itō integral in (2) is a deterministic function. In such cases, integrals
like (2) are also called Wiener integrals (cf. [2]).

It can be shown, that P is dense in L2(Ω), meaning that any X ∈ L2(Ω) can be arbitrarily
well approximated (in L2(Ω)-norm sense) by random variables from P .

Definition 1. For X ∈P , given by X = p(θ1, . . . ,θn), the Malliavin derivative is defined by

DtX =
n

∑
i=1

fi(t)
∂ p
∂θi

(θ1, . . . ,θn) . (3)

Note that DtX is a function from Ω× [0,T ] to R, i.e. a stochastic process.

In order to extend the definition from P onto a larger set, consider the following norm
defined on P:

||X ||1,2 = ||X ||L2(Ω)+ ||DtX ||L2(Ω×[0,T ]) . (4)

Now let D1,2 denote the closure of P under norm (4), i.e. D1,2 consists of all the limit points
of all the sequences in P . Thus, if X ∈D1,2, then there is a sequence Xn ∈P such that

Xn→ X in L2(Ω)

and
DtXn converges in L2(Ω× [0,T ]).

This gives reason to the following definition:

Definition 2. For X ∈D1,2 the Malliavin derivative is defined as the limit

DtX := lim
n→∞

DtXn in L2(Ω× [0,T ]),

where Xn ∈P and Xn→ X in L2(Ω).
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Note how the construction of Malliavin derivative is similar to the typical construction of
the Itō integral in the sense that one first defines Malliavin derivative (3) for “simple” random
variables of the form (1), and thereafter extends the definition by an approximation process.

Example. Let X =
∫ T

0 χ[0,s](t)dBt = Bs. Using (3) it is easy to conclude that DtX = DtBs =
χ[0,s](t). This result will be used later in computation of the “greeks”.

Example. Let X =
(∫ T

0 dBt

)
= B2

T . Again from (3) follows that DtX = Dt
(
B2

T
)
= 1 · 2BT =

2BT . Same result will be derived differently in the next chapter.

3 Wiener-Itō chaos expansion
In univariate calculus on R differentiation and integration are, perhaps, the central notions,
and one of the most useful results is the Taylor series:

f (x) = f (0)+
1
1!

f ′(0)x+
1
2!

f ′′(0)x2 +
1
3!

f ′′′(0)x3 + . . . ,

where f : R→ R is an analytic function. Is there an analogous result for probability spaces
(Ω,F ,{Ft}t∈[0,T ],P)? First temporarily define

In(α) =
∫ x

0

∫ xn

0
. . .
∫ x2

0
α dx1 . . .dxn,

where, by convention, I0(α) = α and I1(α) =
∫ x

0 α dx1. It is easy to see, that In(α) = 1
n!αxn,

and Taylor series can be written in the form:

f (x) =
∞

∑
n=0

In

(
f (n)(0)

)
, (5)

and the for the derivative of f ′(x):

f ′(x) =
∞

∑
n=1

nIn−1

(
f (n)(0)

)
. (6)

It turns out that a similar expansion is possible for random variables. Let L2
sym([0,T ]

n)
denote the space of real-valued deterministic square-integrable symmetric functions of n vari-
ables, where symmetric means f (t1, . . . , tn) = f (tσ1 , . . . , tσn) for all permutations σ . For fn ∈
L2

sym([0,T ]
n) define In( fn) as the iterated n-fold Itō integral

In( fn) = n!
∫ T

0

∫ tn

0
. . .
∫ t2

0
fn(t1, . . . , tn)dBt1 . . .dBtn .

A detailed introduction to such integrals and the related Wiener-Itō integrals can be found in
e.g. [2] and [3].

The following result can now be presented:
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Theorem 1. Let X ∈ L2(Ω) be a FT -measurable random variable, then there exists a se-
quence { fn}∞

n=0, fn ∈ L2
sym([0,T ]

n) for each n, s.t.

X =
∞

∑
n=0

In( fn) (convergence in L2(Ω)).

Proof of Theorem 1 can be found in [3] and [2]. The analogy with (5) is obvious. Next
result provides the analogy with (6):

Lemma 1. Let X ∈ L2(Ω) have chaos expansion X = ∑
∞
n=0 In( fn). Additionally, assume

∑
∞
n=1 nn! || fn||2L2

sym([0,T ]n)
< ∞. Then X is Malliavin differentiable, with DtX having chaos ex-

pansion:

DtX =
∞

∑
n=1

nIn−1( fn(·, t)),

where In−1( fn(·, t)) is understood as an (n− 1)-fold iterated Itō integral w.r.t. the first n− 1
variables, and t is left as a free parameter.

Remark. Theorem 1 together with Lemma 1 can, in fact, be used as the definiton of Malliavin
derivative and Definition 2 then becomes a proposition.

Example. In the previous chapter it was shown that Dt
(
B2

T
)
= 2BT . Is this result consistent

with Lemma 1? First, by direct computation, I2(1) = 2!
∫ T

0
∫ t2

0 dBt1dBt2 = 2
∫ T

0 Bt2 dBt2 = B2
T −

T . Thus the chaos expansion of B2
T is B2

T = T + I2(1). By Lemma 1, Dt
(
B2

T
)
= 2I1(1) =

2
∫ T

0 dBt = 2BT , as expected.

The analogies with “usual” calculus do not end here. The following results are available
(see [3]):

Lemma 2. Let X1, X2 and X1X2 be Malliavin differentiable, then

Dt(X1X2) = X1DtX2 +X2DtX1.

Lemma 3. Let X be Malliavin differentiable and g ∈C1(R) have bounded derivative, then

Dtg(X) = g′(X)DtX .

Lemma 4. (Integration by parts) Let X, Y be Malliavin differentiable and g ∈ L2[0,T ], then

E
[

X
∫ T

0
g(t)DtY dt

]
= E

[
XY

∫ T

0
g(t)dBt

]
−E

[
Y
∫ T

0
g(t)DtX dt

]
Remark. There is also a result similar to the fundamental theorem of calculus, but it requires
the notion of Skorohod integral, which will not be presented here.
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4 Monte-Carlo computation of the “Greeks”
Consider an option on an underlying stock described by a stochastic process St , t ∈ [0,T ].
Computation of the fair price of such option is one of the most important applications of
financial mathematics. For example, let St be driven by the following stochastic differential
equation (in risk-neutral probability):

dSt

St
= rdt +σdBt , (7)

where St is stock price at time t, r – risk-free interest rate, σ – volatility, and Bt – Brownian
motion. For the precise meaning of the above SDE the excellent textbook [4] is recommended.

Very often one is interested not only in option prices, but also in the sensitivities of these
prices, i.e. the change of the price after slight perturbation of model parameters or initial
values. Let u denote the option price. The following sensitivities (denoted by Greek letters1)
are often of interest: delta ∆ = ∂u

∂S0
, vega ν = ∂u

∂σ
, rho ρ = ∂u

∂ r , gamma Γ = ∂ 2u
∂S2

0
and others. For

a good introduction to option theory and applications of “greeks” in particular see [5], [6].
For the following example, suppose ∆ is of interest, and assume the price of the option can

be expressed as an expectation u(S0) = e−rTEp(ST ), where S0 is initial stock price, p(·) is the
payout function. Several Monte-Carlo approaches for computing ∆ = ∂u

∂S0
are available:

• (Method I) Approximate the partial derivative with finite difference:

∆≈ u(S0 + ε)−u(S0)

ε
.

This method is likely to fail miserably at computing ∆ with any reasonable precision.

• (Method II) Take finite difference inside expectation:

∆≈ e−rTE
[

p(Sε
T )− p(ST )

ε

]
,

where Sε
T refers to development of the stock price with initial value Sε

0 = S0 + ε . Note
that Sε

t and St use the same Brownian motion path.

• (Method III) If the density of ST is known and equals f (x;S0), then, assuming certain
regularity conditions, one can use

∆ = e−rT ∂

∂S0

∫
p(x) f (x;S0)dx = e−rTE

[
p(ST )

∂

∂S0
ln f (ST ;S0)

]
.

However, this method required that f (x;S0) is known and is reasonably efficient to com-
pute.

1Vega is actually not a letter of the Greek alphabet, but it is already a tradition to refer to all sensitivities as
“greeks”
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Using Malliavin calculus another method can be derived. Recall that the solution to (7) is
given by

St = S0 exp
[(

r− σ2

2

)
t +σBt

]
=: φ(Bt).

It is easy to see, that ∂ST
∂S0

= ST
S0

. Also, applying the chain rule (Lemma 3) and using DtBT = 1
(see first example in Section 2) gives

Dt p(ST ) = p′(ST )Dtφ(BT ) = p′(ST )σST DtBT = p′(ST )σST .

Now multiplying the first and last expressions by g(t) ∈ L2[0,T ], integrating both sides w.r.t.
t and taking expectations gives

E
[∫ T

0
Dt p(ST )g(t)dt

]
= E

[
p′(ST )σST

∫ T

0
g(t)dt

]
. (8)

In the integration by parts formula (Lemma 4) take X ≡ 1. This gives the following duality
formula

E
[∫ T

0
g(t)DtY dt

]
= E

[
Y
∫ T

0
g(t)dBt

]
Taking Y = p(ST ) and applying the above duality formula to (8), one gets

E
[

p(ST )
∫ T

0
g(t)dBt

]
= E

[
p′(ST )σST

∫ T

0
g(t)dt

]
. (9)

On the other hand, ∂

∂S0
Ep(ST ) =E

[
p′(ST )

∂ST
∂S0

]
=E

[
p′(ST )

ST
S0

]
. Hence, if g(t) above is taken

to be g(t) = 1
σS0T , then (9) becomes

E
[

p(ST )
BT

σS0T

]
= E

[
p′(ST )

ST

S0

]
,

and the Malliavin estimator for ∆ is derived:

∆ =
∂

∂S0
e−rTEp(ST ) = e−rTE

[
p(ST )

BT

σS0T

]
. (10)

Remark. Although in this derivation it was assumed that p(·) is continuous, formula (10) holds
also for piecewise-continuous payout functions.

Malliavin estimator is especially useful in case of binary options, the payout function of
which is, in fact, not continuous.

Example. Consider payout function p(s) = χ{s≥E}(s). Let T = 1, r = 0.05, σ = 0.40, S0 = 90,
E = 100. The exact delta is ∆ = 0.009954. Using Method II with 105 samples and ε = 0.5
gives estimate ∆̂ = 0.009931 with standard error of estimate 4.34×10−4. If ε = 0.05 is used
instead, then ∆̂ = 0.009893 with standard error of estimate 1.37×10−3. If Malliavin estimator
(10) is used instead, then ∆̂ = 0.009960 with standard error of estimate 4.95×10−5. Not only
is the last estimate is more accurate, but there is also no need to deal with discretization error
and bias caused by it.
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5 Conclusion
Denis R. Bell in his book [7] (the first edition of which came out in 1987) connects the birth of
Malliavin calculus with Paul Malliavin’s paper [8], which came out in 1976 and had no relation
to finance. In 2006 the book [9] by Malliavin and Thalmaier came out, that specifically deals
with the applications of the theory in mathematical finance.

Today the subject is continuously developed by researches from different disciplines and
this, perhaps, is what actually makes the subject more difficult to study, as considerable know-
ledge from several disciples is required to be able to fully understand the different approaches
to theory and applications.

This text serves as a quick tour of Malliavin calculus for those who would like to know
what the topic is about and decide, whether they would like to study it further.

The way the topic is presented here is certainly not the most general. There are many
directions of generalization: using multidimensional Brownian motion, Lévy processes, the
approach of Hida [10], and others. Significantly more complete treatment of Malliavin calcu-
lus can be found in [3], [9], [11].
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Time asymptotic of delayed stochastic exponent
Jevgeņijs Carkovs∗

1 Introduction
Recent decades have intensively developed the branch of modern economics concerning the
price dynamics analysis and elaboration of a rational algorithm of investor behaviour, taking
into account the financial market statistical uncertainty. Has appeared, that it is not enough
to know smooth dynamical performances of financial flows, reached by moving-average pro-
cedure, but also is necessary to analyse extremely complicated and bad predictable chaotic
price oscillations. This made many researchers use Itô stochastic calculus for modelling price
dynamics.

As an example one can specify the well-known Black–Scholes option-pricing formula
[21] used not only by scientists in the theoretical financial economics but also by most of
brokers for gambling on a stock exchange. Most frequently used in mathematical finance
mathematical model for price evolution is Stochastic exponent or Geometric Brownian motion
(see, for example, [8], [20] and reference there), which is defined by scalar linear stochastic
differential equation

dx(t) = bx(t)dt +σx(t)dw(t) (1)

where w(t) is standard Wiener process or Brownian motion. The solution of this equation is
constant-sign stochastic process and with probability one there exists a number

λ := lim
t→∞

ln |x(t)|
t

= b− σ2

2
(2)

which is called Lyapunov index for equation (1). For any x(0) 6= 0 if 2b 6= σ2 process x(t)
with probability one tends to 0 (for 2b < σ2) or to infinity (for 2b > σ2). One can find also
Lyapunov q-index

λq := lim
t→∞

lnE{|x(t)|q}
qt

= b+
(q−1)σ2

2
(3)

and to be sure that Lyapunov p-index is upper bound for Lyapunov index for any p > 0,
besides

lim
q→0

λq = λ (4)

But, as it has been indicated in [6], [10], and [11], modeling the price process by a geometric
Brownian motion has been criticized because this model does not taken into account the past of

∗Lectures are prepared under financial support of the Nordplus Framework project HE-2010_1a-21005.
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analysing process. The above authors contend that in reality index evolution price depends on
its past and for dynamical analysis one should deal with stochastic delay differential equation
of type

ds(t) = [as(t)−bs(t−1)]dt +σs(t−1)dw(t) (5)

The same problem arises when analising a price dynamics at a single-component market . Let
us remind, that in classical single market model a price equilibrium can be achieved by the
equality of demand to supply. To control a price p(t) at the time moment t the manufacturer
can enter the market with supplied quantity dependent on p(t−h) because he needs for that a
time h > 0. For equation (5) one can also proof that there exist Lyapunov index (2), Lyapunov
q-index (3), and to derive formula (4) [2]. Unfortunately, to calculate λ or λq for (5) is very
complicated problem. As it has been shown in [6] and in [2] for time asymptotic analysis
of (5) with λ2 one can successfully apply integral equation for the second moments. This
method gives necessary and sufficient mean square exponential decreasing condition ([6], [2])
but in very complicated form involving improper integrals. For example a condition of second
moment E|x(t)|2 exponential decreasing for simplest linear stochastic equation with delay

dx(t) = bx(t−1)dt +σx(t−1)dw(t) (6)

has a form

−π

2
< b < 0, σ

2 <
1
π

∞∫
0

dz
(z2 +2bsinz+b2)

(7)

In our lectures we will discuss more powerful method for time asymptotic analysis of general
type linear stochastic delay differential equations with drift and diffusion as linear continuous
functionals dependent on section of solution xt := {x(t +θ), −h≤ θ ≤ 0}

dx(t) = f (xt)dt +g(xt)dw(t) (8)

where

f (xt) =

0∫
−h

x(t +θ)dF(θ), g(xt) =

0∫
−h

x(t +θ)dG(θ),

F(θ), and G(θ) are functions of bonded variation. Like [6], [10], and [11] we will refer to
this linear stochastic functional differential equations as delayed geometric Brown motion or
delayed stochastic exponent. Natural phase space for this random dynamical system is space
of continuous functions C([−h,0]). Not so difficult to prove [2] that equation (8) defines on
space C([−h,0]) homogeneous continuous Markov process with weak infinitesimal operator

(Lv)(ϕ) := lim
s→+0

E{v(xs/x0 = ϕ)}− v(ϕ)
s

(9)

Our approach is close to derived by R.Khasminsky [12] stochastic modification of the Second
Lyapunov method. Like [6] we also assume (8) to be a result of stochastic perturbation of
deterministic differential equation, defined by a drift of stochastic differential equation

d
dt

x̂(t) = f (xt) (10)
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But for further analysis we will use an algorithm of the Second Lyapunov method (see, for
example, [4], [17], [2])) in conformity to analysis of (8) as perturbed equation (10). Now
to apply the Second Lyapunov method one should chose dependent on continuous func-
tion ϕ(θ) sufficiently smooth functional v(ϕ), replace argument ϕ with the solution of (8)
x(t + s, t,ϕ) starting from ϕ at time t, and calculate Lv which is called an averaged Lyapunov
derivative along solutions of (8). The same steps one can make, calculating Lyapunov de-
rivative L0v along solution of unperturbed linear functional differential equation (10). The
difference (Lv)(ϕ)− (L0v)(ϕ) is dependent on perturbation g(ϕ). This function should help
us with dynamical analysis of system (8). Naturally, to successfully apply the above de-
scribed method one has to chose a functional v(t,ϕ), which permits not only to calculate the
Lyapunov derivative along solutions of (10) (L0v)(t,ϕ) but also to estimate the difference
(Lv)(t,ϕ)− (L0v)(t,ϕ) in a form convenient for further analysis. Besides, used for asymp-
totic stability analysis of (8) functional should have [1] "infinitesimal limit as |ϕ| → 0", that
is, lim
||ϕ(0)||→0

sup
t≥0

v(t,ϕ) = 0 and "infinite limit as ||ϕ|| → ∞", that is, lim
||ϕ||→∞

inf
t≥0

v(t,ϕ) = ∞

({Lyapunov–Krasovsky functional}). That is why for perturbation analysis of linear FDE (8)
[1] recommends to apply continuous quadratic (by ϕ) functionals, which

• satisfy inequalities |ϕ(0)|2 ≤ v(t,ϕ) for all t ≥ 0 and continuous functions ϕ;

• permit sufficiently simple calculate the Lyapunov derivative(L0v)(t,ϕ) by virtue of un-
perturbed system (10) .

We will refer to these functionals as Lyapunov-Krasovsky quadratic functionals. Of course it
will be very helpful to have a such quadratic functional, which in the best way takes into ac-
count performances of unperturbed equation (10) and perturbations g(ϕ) in (8). Our approach
is based on solving of the Lyapunov equation

(L0v)(ϕ) =−u(ϕ) (11)

for a given quadratic functional u(ϕ). We shall do this starting in next section with studying
of the space C∗(Q) of the countable additive symmetric measures on square Q := {−h≤ θ1 ≤
0,−h≤ θ2 ≤ 0} partially ordered by specially constructed cone. Then in the third section we
shall analyse specially constructed semigroup of linear continuous operators [3], defined by
linear functional equation in the space C∗(Q). The forth section derives the Lyapunov equa-
tion for linear deterministic functional differential equation (10) as an operator equation in
C(Q). As it will be proved in 5th section the solutions of this equation help us to find quad-
ratic functionals which may be successfully used for time asymptotic analysis of stochastic
functional differential equations. Sixth section explains how the proposal method one can
apply also to analysis of derived in [6] and [2] second moment integral equations for (8).
Besides we shall see in this section that having a above mentioned quadratic functional one
can calculate integrals of type (7) explicitly. More detail one can make the acquaintance with
proposal algorithm of Lyapunov–Krasovsky functional construction looking over an example
in the 7th section. The last section contains detail analysis of price equilibrium for stochastic
model of Marshall–Samuelson adaptive market which has been mention in passing at the very
beginning of Introduction.
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2 The cone of positive quadratic functionals
By Riesz theorem the set of linear continuous functionals C∗(Q) is isometrically isomorphic
to the space of countably additive functions of Borel subsets of square Q. The scalar product
of elements q ∈ C(Q) and µ ∈ C∗(Q) is defined by the equality

[µ, q] :=
∫∫
Q

q(θ2,θ1)µ(dθ1,θ2) (12)

Since the integral in the right-band side of the last equality has sense for any measurable
symmetric function q ∈ B(Q) also as well we keep the above notation for this case. Each
elements µ ∈ C∗(Q) can be viewed as a linear continuous operator acting from the space
C([−h,0]) to the space cnn according to the rule

(µϕ)(A) :=
0∫
−h

µ(A,dθ)ϕ(θ)

where A is an element of the σ -algebra of Borel subsets of the segment [−h, 0]. Denote by
< l,ϕ > the scalar product of the element l ∈ C∗([−h,0]) and ϕ ∈ C([−h,0]):

< l, ϕ >:=
0∫
−h

l(dθ)ϕ(θ)

Using the above formula we may introduce a bilinear functional on C([−h,0]) defined by an
arbitrary µ ∈ C∗(Q) by the equality

< µϕ, ψ >:=
∫∫
Q

ϕ(θ2)ψ(θ1)µ(dθ1,θ2) (13)

Similarly, if q ∈ C(Q)) and x ∈ C∗([−h,0]) then we introduce an operator q : C∗([−h,0])→
C([−h,0]) acting according to the rule

(qx)(θ)) :=
0∫
−h

q(θ ,s)x(ds)

and define a bilinear form in C∗([−h,0])

< x,qy > (θ)) :=
∫∫
Q

q(θ1,θ2)x(dθ1)y(dθ2)

for any x,y∈C∗([−h,0]). The right-hand side of later equality also has sense for any bounded
function and will be used for these q as well. For arbitrary two elements ϕ,ψ ∈ C([−h,0])
and x,y ∈ C∗([−h,0]) one can define its tensor products

∀θ1 ∈ [−h,0],∀θ2 ∈ [−h,0] : (ϕ⊗ψ)(θ1,θ2) := ψ(θ1)ϕ(θ2),

∀A ∈ Σ[−h,0],∀B ∈ Σ[−h,0] : (x⊗ y)(A,B) := x(A)y(B),
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and easily verify the following equalities

∀µ ∈ C∗(Q) [µ, ϕ⊗ψ] = < µϕ, ψ >,

∀q ∈ C(Q) : [ϕ⊗ψ, q] = < x, qy >,

[ϕ⊗ψ, x⊗ y] = < y, ϕ >< x, ψ > .

Lemma 1. The set

K := {q ∈ C(Q) :< x, qx >≥ 0 ∀x ∈ C∗([−h,0])}

is almost reproducing cone [5] in C(Q), that is,

1) ∀q1 ∈K, ∀q2 ∈K : q1 +q2 ∈K;

2) ∀q ∈K, ∀α ≥ 0 : αq ∈K;

3) q ∈K and −q ∈K imply q = 0;

4) C(Q) is a closure L (K) of a set of linear combinations of elements of K.

Proof. The assertions 1)-3) are trivial corollary of the definition of K. Let us denote

K0 = {ϕ⊗ψ, ϕ ∈ C([−h,0]), ψ ∈ C([−h,0])}

and let L (K0) ⊂ L (K) be the linear hull of K0. It is clear that L (K0) contains the unit
function, the product of two elements of L (K0) is again element of L (K0). Besides for
any two different points {θ (1)

1 ,θ
(1)
2 } ∈ Q and {θ (2)

1 ,θ
(2)
2 } ∈ Q one can select such functions

q1,q2 ∈K0 that q1(θ
(1)
1 ,θ

(1)
2 6= q2(θ

(2)
1 ,θ

(2)
2 (the set separates points of Q). Hence by the well

known Stone-Weierstrass theorem [18] it follows L (K0) = C(Q) and proof is completed.

Not so difficult to be sure that a norm in C(Q) is monotone with respect to cone K, i.e.,
q ∈ K, p ∈ K imply an inequality ||q|| ≤ ||q+ p||. Along with K we consider the conjugate
cone [5] K∗

K∗ := {µ ∈ C∗(Q) : [µ, q]≥ 0, ∀q ∈K}

Each element µ of cone K∗ is symmetric matrix-valued measure and defines positive quadratic
functionals < µϕ,ϕ > on the space C([−h,0]) or Bn([−h,0]).We will refer to this cone the
cone of positive quadratic functionals. It is clear that the elements of K∗ satisfy inequalities

< µϕ, ψ >2 ≤ < µϕ, ϕ >< µψ, ψ >, (14)
2|< µϕ, ψ > | ≤ α < µϕ, ϕ >+α

−1 < µψ, ψ > (15)

for any ϕ, ψ ∈ C([−h,0]) and α > 0. We will say that µ ∈ K∗ is strongly positive quadratic
functional if equality < µϕ, ϕ >= 0 implies ϕ = 0. By definition cone K∗ is reproducing [5],
i.e., for any µ ∈ C∗(Q) one can find such µ1,µ2 ∈K∗ that µ = µ1−µ2.
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3 Resolving semigroup for linear FDE in the space C(Q)

For any linear continuous operators A∈L(C([−h,0])), B∈L(C([−h,0])) and any ϕ ∈C([−h,0]), ψ ∈
C([−h,0]) we define operator tensor product by equality

(A⊗B)(ϕ⊗ψ) := (Aϕ)⊗ (Bψ)

and linearly extend this on the set

C0(Q) := L ({ϕ⊗ψ,ϕ, ψ ∈ C([−h,0])})⊂ E

keeping the notation A⊗B. Since ||(A⊗B)(ϕ ⊗ψ)|| = ||Aϕ||||Bψ|| it can be easily shown
that ||A⊗B||= ||A||||B|| and to prove the following assertion:

Lemma 2. If the sequences of linear continuous operators {Am,m ∈ N} ∈ L(C([−h,0])),
{Bm,m ∈ N} ∈ L(C([−h,0])) converge in the strong operator topology to some operators A
and B, then the sequence of its tensor products {Am⊗Bm,m ∈ N} ∈ L(C(Q)) converges in
strong operator topology to some linear continuous operator, which also will be denoted as
the tensor product A⊗B.

Using this result we will introduce the linear continuous semigroup
{S(t), t ≥ 0} on the space C(Q) defined by linear FDE (10). Let us remember [1] [3] that
this equation assigns on the space C([−h,0]) continuous semigroup {X(t), t ≥ 0} of class C0
defined by the equalities

∀t ≥ 0, ∀ϕ ∈ C([−h,0]), ∀θ ∈ [−h,0] : (X(t)ϕ)(θ) = x(t +θ ,ϕ),

where {x(t,ϕ)} is the solution of (10) with initial condition x(s,ϕ) =ϕ(s), s∈ [−h,0]. Denote
S(t) := X(t)⊗X(t).

Lemma 3. The operator family {S(t), t ≥ 0} is strongly continuous semigroup on C(Q) with
infinitesimal operator A defined on q∈D(A) as a function with elements {(Aq)(θ1,θ2), j,k÷
1,n} given by equalities

(Aq)(θ1,θ2) =

=



(
∂

∂θ1
+ ∂

∂θ2

)
q(θ1,θ2), if −h≤ θ1 < 0,−h≤ θ2 < 0,

∂

∂θ1
q(θ1,0)+

0∫
−h

q(θ1,θ)dF(θ), if −h≤ θ1 < 0,θ2 = 0,

∂

∂θ1
q(0,θ2)+

0∫
−h

q(θ ,θ2)dF(θ), if θ1 = 0,−h≤ θ2 < 0,

0∫
−h

q(0,θ)dF(θ)+
0∫
−h

q(θ ,0)dF(θ), if θ1 = 0,θ2 = 0.

Besides, for t ≥ h the operator S(t) is compact.

Proof. Because S(t) = X(t)×X(t) the assertions of Lemma are simple corollary of corres-
ponding properties of strongly continuous semigroup {X(t)} and calculating of infinitesimal
operator A on an arbitrary element q ∈D(A)∩K0.
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Theorem 1. The spectrum σ(A) of operator A has the following properties:

1) for any b ∈R the set {ℜz≥ b}∩σ(A) is empty or consists of a finite number of points;

2) for any point spectrum point α ∈ Pσ(A) the rootsubspace of the operator A−αI is
finite dimensional;

3) σ(A) = Pσ(A);

4) the number supℜ{σ(A)} := ω0 is an eigenvalue of the operator A and defines type of
the semigroup {S(t)}, i.e., ω0 = lim

t→∞

1
t ln ||S(t)||;

5) Ker(A−ω0I)∩K = /0.

Proof. The first and the second assertions of Theorem follow the well known equalities for
strongly continuous semigroup [3]: exp{tσ(A)} ⊂ σ(S(t)) and Pσ(S(t)) = exp{tPσ(A)}.
Suppose that 3) is not true, i.e., there exists α0 = γ0 + iβ0 ∈ \σ(A)Pσ(A). It follows from 1)
that A has only a finite number of eigenvalues with real part ℜα0 = γ0 : α1 = γ0 + iβ1,α2 =
γ0 + iβ2, ...,αm = γ0 + iβm. Let us choose a t0 ≥ h, that is, incommensurable with each of the
numbers 2π/(βk−β0),k÷1,m. The equalities σ(S(t0)) = Pσ(S(t0)) = exp{t0Pσ(A)} imply
that exp{t0α0} is equal to one of the numbers exp{t0αk}, k÷1,m, i.e., (β0−βk)t0 is a maltiple
of 2π which contradicts the choice of t0.
We proceed to prove the fourth statement of the theorem. Since

max{|z| : z ∈ σ(σ(S(h)))}= exp(max{ℜαh : α ∈ σ(A)}

we have

ω0 = lim
m→∞

1
mh
||(S(h))m||= 1

h
ln lim

m→∞
||(S(h))m||1/m

=
1
h

lnmax{|z| : z ∈ σ(σ(S(h)))}= max{ℜα : α ∈ σ(A)}.

The well known Krein–Ruthman Theorem [5] states that a compact operator leaving as in-
variant almost reproducing cone in Banach space has a positive real eigenvalue that is equal
to its spectral radius. Therefore for all t ≥ 0 the operator S(t) has the largest (in module) ei-
genvalue rt and as it has been proof early rt = exp{tω0}. Let ω0 /∈ σ(A) and {ω0 + iβ1,ω0 +
iβ2, ...,ω0 + iβm} be all eigenvalues of operator A whose spectrum point real part is equal ω0.
Choosing t ≥ h incommensurable with 2π/βk,k÷ 1,m we obtain a contradiction and thus,
statement 4) is proved.
By the same Krein–Ruthman Theorem [5] an eigenelement q(t) ∈ K such that S(t)q(t) =
eω0tq(t) for all t ≥ h corresponds to rt . Using the number t chosen earlier we have

Ker
(
S(t)− eω0tI

)
=

⋃
j∈N

Ker
(

A−
(

ω0−
2π( j−1)

t

)
I
)

= Ker(A−ω0I),
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since 2π/t /∈ {β1,β2, ...,βm}. Therefore, q(t) ∈ Ker(A−ω0I)∩K and proof of Theorem is
completed.
Corollary 2. The operator family {S(t), t ≥ 0} forms a weakly continuous semigroup with
weak infinitesimal operator A∗.
Proof follows definition of conjugate operator semigroup [3]. Let v(t, ϕ) be a sufficiently
smooth functional family on the space C([−h,0]) and x̂t(s,ϕ)(θ) := x̂(t+θ ,s, ϕ), θ ∈ [−h,0]
is solution of (8) with initial condition x̂(s+θ ,ϕ) = ϕ(θ),−h≤ θ ≤ 0. Following [1] we will
define Lyapunov derivative of v(s, ϕ) by virtue of (8) by formula

(L v)(s, ϕ) := lim
t→s+

v(t, x̂t(t,ϕ))− v(s, ϕ)

t− s
(16)

Corollary 3.For any µ ∈ D(A) the quadratic functional v(ϕ) :=< µϕ, ϕ > has Lyapunov
derivative L0v by virtue of 10 and (L0v)(ϕ) is also quadratic form given by equality

(L v)(ϕ) =< A∗µϕ,ϕ > (17)

Proof follows the definition of semigroups {X(t)} and {S(t) = X(t)⊗X(t)}:

lim
t→+0

v(xt(ϕ),xt(ϕ))− v(ϕ,ϕ)
t

=

lim
t→+0

< µX(t)ϕ,X(t)ϕ >−< µϕ,ϕ >

t
= lim

t→+0

[µ, S(t)ϕ⊗ϕ]− [µ, ϕ⊗ϕ]

t

= lim
t→+0

[S∗(t)µ, ϕ⊗ϕ]− [µ, ϕ⊗ϕ]

t
= lim

t→+0

〈
S∗(t)µ−µ

t
ϕ, ϕ

〉
.

4 Lyapunov equation for quadratic functionals
The cone K∗ enables to introduce a partial ordering in the space C∗(Q): we write µ . ν if
µ−ν ∈K∗, i.e., [µ, q]≥ [ν , q] for all q ∈K.

Lemma 4. . µ .0 if and only if < µϕ,ϕ >≥ 0 for all ϕ ∈ C([−h,0]).

Proof follows the cited above Stone-Weierstrass theorem [18] and Mercer’s theorem, accord-
ing to which any element q ∈K may be represented as a uniformly convergent series

q =
∞

∑
m=1

λmϕm⊗ϕm,

with nonnegative λm and ϕm ∈ C([−h,0]) for any m ∈ N. Therefore elements µ ∈ K∗ may
be identified with positive quadratic functionals < µϕ, ϕ >. Further we will frequently use
positive quadratic functional δ0 defined by equality

< δ0ϕ, ϕ >= |ϕ(0)|2

for all ϕ ∈ C([−h,0]). For example the set K∗0 of quadratic Lyapunov–Krasovsky functionals
can be specified by an formula:

◦
K∗ = {µ ∈K : ∃c > 0,µ . cδ0;
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Theorem 2. The following assertions are equivalent:

a) the trivial solution of (10) is exponentially stable;

b) the type of semigroup {S(t)} is negative, i.e.,

ω0 := lim
t→∞

1
t

ln ||S(t)||< 0;

c) for all q ∈K there exists nonnegative function Uq ∈K defined by potential U of semig-
roup {S(t)}, i.e.,

Uq :=
∞∫

0

S(t)qdt; (18)

d) there exists Lyapunov–Krasovsky functional µ ∈D(A∗)

such that −A∗µ ∈
◦
K∗;

e) the operator A has no nonnegative real eigenvalues.

Proof of the theorem is accomplished according to the diagram:

d)
↙ ↘

a)→ b)→ c)
↑ ↙
e)

a)⇒ b) Since ||S(t)|| ≡ ||X(t)||2, the type of semigroup {S(t)} is negative follows the expo-
nential stability of (10).

b)⇒ c) Owing to the completeness of the space C(Q) the negativity of the type of semig-
roup implies the convergence of integral (18) for any q ∈ C(Q)⊃K.

c)⇒ e) Let us assume that e) is not true. By Theorem 1there exists such number ω0 ≥ 0
and q0 ∈ K that Aq0 = ω0q0. But in this case S(t)q0 = q0 exp{ω0t} and, therefore, integral
(18) is divergent.

e)⇒ b) It follows immediately from assertion 4) of Theorem 1.
c)⇒ d) Let us define positive functional

µ := δ0 +U∗(2δ0 +{F⊗F}.δ0

where F(dθ) is a measure from right part of (10). By AUq =−q for all q ∈D(A) it follows
that

[A∗δ0, q] = [δ0, Aq] = 2
0∫
−h

q(θ ,0)dF(θ)
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and therefore

−[A∗µ, q] = 2
0∫
−h

q(θ ,0)dF(θ)+2[δ0, q]+ [{F⊗F}.δ0, q]≥ [δ0, q].

and d) is proved.
d)⇒ a) We may take v(ϕ) =< µϕ, ϕ > with above defined µ and to be sure that

(L v)(ϕ) =< A∗µϕ, ϕ >≤−|ϕ(0)|2.

The assertion a) follows Theorem 1 and proof is completed.
Corollary 4. The trivial solution of (10) is exponentially stable if and only if for any ν ∈ K∗0
there exists a solution µ ∈K∗ of equation

A∗µ =−ν (19)

Proof. By statement 4) of Theorem 1 the necessity follows from point b) of Theorem 2, the
invertibility of A, the equality

∞∫
0

[ν , S(t)q]dt = [ν ,−A−1q] = [(A∗)−1
ν , q] = [µ,q]

and the invariance of K with respect to S(t) for all t ≥ 0.
Sufficiency. Let µ ∈ K∗ satisfies (19). By definition of semigroup {S∗(t)} one can write out
the following inequalities

0≤< S∗(t)ϕ, ϕ > = < µϕ, ϕ >+

t∫
0

< S∗(s)A∗µϕ, ϕ > ds

= < µϕ, ϕ >−
t∫

0

< S∗(s)νϕ, ϕ > ds

≤ < µϕ, ϕ >−
t∫

0

< S∗(s)δ0ϕ, ϕ > ds

for all t ≥ 0, and because the semigroup {S∗(t)} leaves cone K∗ as invariance, the last integral
in the right hand side of the above formula is monotone nondecreasing function in t for any
ϕ ∈ C([−h,0]). Therefore

0 <

∞∫
0

[δ0, S(s)ϕ⊗ϕ]ds =
∞∫

0

< S∗(s)δ0ϕ, ϕ > ds≤ ||µ||||ϕ||2
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for any ϕ ∈ C([−h,0]). The cone K by construction is almost reproducing in E and therefore
the above inequality holds for any q ∈ E instead of ϕ⊗ϕ including for eigenelement q0 ∈K,
corresponding to type ω0 of semigroup {S(t)}, which satisfy an equality S(t)q0 = etω0q0.
Thus

0 <

∞∫
0

[δ0, S(s)q0]ds =
∞∫

0

esω0[δ0, q0]ds≤ ||µ||||q0||

and number ω0 has to be negative and proof is completed.
Remark 1. Applying results of Theorem 2 and Corollary 5 one can easily prove that the trivial
solution of (10) is exponentially stable if and only if there exists strongly positive quadratic
functional µ satisfying the Lyapunov equation

A∗µ =−δ0. (20)

Remark 2. Equations (19) and (20) may written as Lyapunov equations (11) with Lyapunov
derivative L by virtue of system (10) for quadratic functionals u0(ϕ) :=< δ0ϕ,ϕ >= |ϕ(0)|2,
u(ϕ) :=< νϕ,ϕ >, and v(ϕ) :=< µϕ,ϕ >:

(L v)(ϕ) = −u(ϕ), (21)
(L v)(ϕ) = −u0(ϕ) =−|ϕ(0)|2. (22)

5 Itô substitution with quadratic functionals
Let us consider Stochastic Functional Differential Equations (SFDE)

dx(t) = { f (xt)+a(t)}dt +b(t)dw(t), (23)

where α(t) and β (t) are Ft-adopted processes having a second moment at any t > 0.

Theorem 3. If µ ∈D(A∗) then quadratic functional < µxt ,xt > with µ ∈D(A∗) has stochastic
Ito differential

d < µxt ,xt >=< A∗µxt ,xt > dt + (24)
+

{
2 < µ1,xt > α(t)+δ (µ)|β (t)|2

}
dt +

+ 2 < µ1b(t),xt > dw(t) (25)

for any solution x(t) of SFDE (23), where δ (µ) :=< µ1,1 > ..

ProofBecause a complete proof of the above formula requires a lot of pages with cumber-
some calculations [2] we will only roughly discuss the main steps leading to a final result.
Not so difficult to proof that for any s ≥ 0 and ϕ ∈ C([−h,0]) there exists unique process
x(t,s,ϕ) satisfying (23) and initial condition x(s+θ) = ϕ(θ), θ ∈ [−h,0]. Using the solution
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y(t,s,ϕ) of the same initial problem for (10) one can decompose the solution of (23) in a form
x(t,s,ϕ) = y(t− s,0,ϕ)+ x(t,s,0), that is more convenient for deriving formula (24). First of
all we should proof that process z(t) := v(xt) has a stochastic Ito differential that is, proof [14]
a validity of formula

z(t)− z(s) =
t∫

s

m(t)dt +
t∫

s

g(t)dw(t)

with some Ft-measurable random processes m(t),g(t) for any t > s from an arbitrary inter-
val [T1,T2]. Taking a portion Γ = {t j, j = 1,2, ...,N} of the above segment with diameter
|Γ| = max j{|t j+1− t j|} one can decompose an increment z(t)− z(s) as a sum of increments

z(t j)−z( j−1), that is, z(t)−z(s) =
N
∑
j=1

(z(t j)−z( j−1)), and to analyse an asymptotic of random

variables {z(t j)− z( j−1), j = 1,2, ...,N} with |Γ| → 0. By definition of process z(t) the above
increments may be presented in following form

z(t j)− z( j−1) = v(xt j(t j−1,xt j−1(s,ϕ))− v(yt j(t j−1,xt j−1(s,ϕ))+
+ v(yt j(t j−1,xt j−1(s,ϕ))− v(xt j−1(s,ϕ)) (26)

In view of decomposition x(t,s,ϕ) = y(t,s,ϕ)+x(t,s,0) the first increment may be calculated
as a sum of infinitesimal terms

v(xt j(t j−1,xt j−1(s,ϕ)) − v(yt j(t j−1,xt j−1(s,ϕ)) =
=< µxt j(t j−1,0),xt j(t j−1,0)> + 2 < µxt j(t j−1,0),yt j(t j−1,xt j−1(s,ϕ)>

Not so difficult to proof [2] that the solution of equation (23) with zero initial condition is
given by equality

x(t j +θ , t j−1,0) = 1(θ)

 t j∫
t j−1

α(t)dt +

t j∫
t j−1

β (t)dw(t)

 ,

where

1(θ) :=

{
0 if −h≤ θ < 0,
1 if θ = 0

and I is n-dimensional matrix unit. Therefore, because [1] v(yt j(t j−1,xt j−1(s,ϕ))−v(xt j−1(s,ϕ))=
(L0v)(xt j−1(s,ϕ))(t j− t j−1)+o(|Γ|), and by definition of stochastic integral [14] one can re-
write the above increment in a following asymptotic form

v(xt j(t j−1,xt j−1(s,ϕ))− v(yt j(t j−1,xt j−1(s,ϕ)) =

=
{
(L0v)(xt j−1(s,ϕ))+2 < µ1α(t j−1),xt j−1(s,ϕ)>

}
(t j− t j−1)+

+2 < µ1β (t j−1),xt j−1(s,ϕ)> (w(t j)−w(t j−1))+

+< µ1β (t j−1),1β (t j−1)> (w(t j)−w(t j−1))
2 +o(|Γ|) (27)
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As it has been shown in previous section for chosen quadratic functional one can write Lya-
punov derivative in a following form

L0 < µϕ,ϕ >=< A∗µϕ,ϕ >, (28)

Substituting in (27) equality (28), asymptotic equality (wk(t j)−w(t j−1))
2 = t j− t j−1+o(|Γ|)

[14], summing quantities (26), and tending partition diameter |Γ| to zero, one can complete a
proof of formula (24).

6 Mean square decreasing of delayed stochastic exponent
The linear functional differential equation theory very often uses solution H(t) of the equation

d
dt

H(t) =
0∫
−h

H(t +θ)dF(θ). (29)

satisfying initial condition H(θ) = 1(θ). If any solution of (10) asymptotically decrease we
may apply Laplace transformation to H(t):

H̃(λ ) =

∞∫
0

e−tλ H(t)dt

for any complex number λ with nonnegative real part. The simple calculation permits to find:

H̃(λ ) =

λ −
0∫
−h

eθλ dF(θ)

−1

. (30)

Therefore, by the well-known Plancherel theorem [1], we can write the equality

∞∫
0

|H(t)|2dt =
1

2π

∞∫
−∞

|H̃(iω)|2dω. (31)

This number one can use to derive necessary and sufficient conditions for exponential decreas-
ing of second moment of any solution of (8). Let ϕ ∈ C([−h,0]) , x(t,s,ϕ) be a solution of
(8) satisfying initial condition

θ ∈ [−h,0] : x(s+θ ,s,ϕ) = ϕ(θ) (32)

and x̂(t,s,ϕ) be a solution of (10) with the same initial condition (32). Not so difficult to prove
(see, for example, [6], [2]) that

θ ∈ [−h,0] : x(t +θ ,s,ϕ) = x̂(t +θ ,s,ϕ)+
t∫

s

H(t +θ − τ)g(xτ(s,ϕ))dw(τ) (33)
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Integrating both sides of this equation from −h to 0 by dG(θ), squaring and taking math-

ematical expectation one can write for mg(t) := E


∣∣∣∣∣ 0∫
−h

x(t +θ ,s,ϕ)dG(θ)

∣∣∣∣∣
2
 an integral

equation

mg(t) = mgx(t)+
t∫

s

hg(t− τ)mg(τ)dτ (34)

where hg(t) =

∣∣∣∣∣ 0∫
−h

H(t +θ)dG(θ)

∣∣∣∣∣
2

, and mgx(t) =

∣∣∣∣∣ 0∫
−h

x̂(t +θ ,s,ϕ)dG(θ)

∣∣∣∣∣
2

. Besides from

(32) it follows that E{|x(t,s,ϕ)|2} ≤ |x̂(t,s,ϕ)|2 for any t > s and ϕ ∈ C([−h,0]). That is ex-
ponential decreasing of any solution of (10) is a necessary condition for exponential decreasing
of second moment of any solution of (8). Under this assumption and owing homogeneity of
Markov process defined by (1) one can put s = 0 and apply Laplace transformation to (34) :

m̃g(λ ) = m̃gx(λ )+ m̃g(λ )h̃g(λ )

with sufficiently large real λ , where m̃gx(t)(λ ) and h̃g(λ ) is Laplace transformation of mgx(t)
and hg(t). Under assumption that any solution of (10) exponentially decreases the Laplace
transformations m̃gx(λ ) and h̃g(λ ) exist for any λ >−λ0 for some positive λ0. Therefore one
can find Laplace transformation m̃g(λ ) in a form

m̃g(λ ) =
m̃gx(λ )

1− h̃g(λ )
(35)

for any sufficiently large positive number λ . Besides functions from the above equation are
continuous and monotonic by λ . Therefore m̃g(−λ1) exists for some positive λ1 < λ0 if and
only if

h̃g(0) :=
∞∫

0

∣∣∣ 0∫
−h

H(t +θ)dG(θ)
∣∣∣2dt < 1 (36)

Under this condition there exists m̃g(−λ1), sup
t>0

mg(t) < ∞, and sup
t>0
|H(t)|2 := M < ∞. Now

substituting in (33) θ = 0,s = 0, raising to the second power, multiplying by exp{λ1t}, and
applying mathematical expectation one write a formula

E{|x(t,0,ϕ)|2}etλ1 = |x̂(t,0,ϕ)|2etλ1 +

t∫
0

e(t−τ)λ1t |H(t− τ)|2eτλ1mg(τ)dτ

which guarantees inequality

E{|x(t,0,ϕ)|2}etλ1 ≤ |x̂(t,0,ϕ)|2etλ1 +Mm̃g(−λ1)

Therefore sup
t>s

E{|x(t,0,ϕ)2}etλ1 < ∞, that is E{|x(t,0,ϕ)|2} exponential decreases for any

ϕ ∈ C([−h,0]).
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Remark 1. Applying the well-known Plancherel theorem [1] one can rewrite a number h̃g(0)
as following:

∞∫
0

∣∣∣ 0∫
−h

H(t +θ)dG(θ)
∣∣∣2dt =

1
π

∞∫
0

|H̃(iω)|2
∣∣∣ 0∫
−h

eiωθ dG(θ)
∣∣∣2dω. (37)

where H̃(iω) defined in (30). This permits to derive exponential mean square decreasing
sufficient condition for delayed stochastic exponent (8) in more convenient for application
form:

∞∫
0

|H̃(iω)|2dω < π|G(0)−G(−h)|−2 (38)

Lemma 5. If for any initial function ϕ ∈C∗([−h,0]) the solution {x̂(t,0,ϕ)} of equation (10)
exponentially decreases then an inequality

∞∫
0

E{|g(xt(0,ϕ))|2}dt :=
∞∫

0

E
{∣∣∣ 0∫
−h

x(t +θ ,0,ϕ)dF(θ)
∣∣∣2}dt < ∞

is equivalent to inequality
∞∫

0

E{|x(t,0,ϕ)|2}dt < ∞ (39)

Proof. Not so difficult to be sure that from equation (33) follows an equality

E|x(t,0,ϕ)|2 = |x̂(t,0,ϕ)|2 +
t∫

0

|H(t− τ)|2E{|g(xτ(0,ϕ))|2}dτ (40)

for any t ≥ 0. Under condition (41) one can integrate right part of this equation by t from 0 to
infinity and therefore there exists

lim
T→∞

T∫
0

E{|x(t,0,ϕ)|2}dt =
∞∫

0

|x̂(t,0,ϕ)|2dt +
∞∫

0

|H(t)|2dt
∞∫

0

E{|g(xt(0,ϕ))|2}dt (41)

that is, inequality is fulfilled.
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By definition E{|x(t + θ ,0,ϕ)|2} = |ϕ(t + θ)|2 for any θ ≤ −t. Therefore under condition
(39) for an arbitrary T > 0 one can write inequalities

lim
T→∞

T∫
0

E
{∣∣∣ 0∫
−h

x(t +θ ,0,ϕ)dF(θ)
∣∣∣2}dt =

lim
T→∞

0∫
−h

0∫
−h

T∫
0

E{x(t +θ1,0,ϕ)x(t +θ2,0,ϕ)}dtdF(θ1)dF(θ2)≤

lim
T→∞

0∫
−h

0∫
−h

T∫
0

(
E{x2(t +θ1,0,ϕ)}

)1/2(
E{x2(t +θ2,0,ϕ)}

)1/2
dtdF(θ1)dF(θ2)

≤ lim
T→∞

(F(0)−F(−h))
0∫
−h

T∫
0

E{|x(t +θ ,0,ϕ)|2}dsdF(θ)

= lim
T→∞

(F(0)−F(−h))
0∫
−h

T+θ∫
θ

E{|x(s,0,ϕ)|2}dsdF(θ)

≤ (F(0)−F(−h))
0∫
−h

|ϕ(θ)|2dF(θ)+(F(0)−F(−h))2
∞∫

0

E{|x(s,0,ϕ)|2}ds

and proof is completed.
By definition of resolving semigroup {X(t)} for equation (10), function H(t) may be

presented also in a form H(t) = {X(t)1}θ=0. Because S(t) = X(t)⊗X(t) and therefore

θ1 ∈ [−h,0],θ2 ∈ [−h,0] : S(t){1⊗1}(θ1,θ2) = X(t)1⊗X(t)1(θ1,θ2)

the integral in a left hand side of formula (31) may written also with the help of semigroup
S(t):

∞∫
0

|H(t)|2dt =

∞∫
0

(X(t)1⊗X(t)1)(0,0)dt

=

∞∫
0

{S(t){1⊗1}θ1=θ2=0dt

Let us remember that the above formula may be used only for exponentially decreasing matrix-
function H(t), i.e., if spectrum σ(A) of semigroup operator A is situated at the left hand side
of complex plane. That permits also to use an invertibility of operator A∗ and possibility to
write out matrix-valued measure (A∗)−1δ0 ∈K∗ with a help of improper integral of semigroup
S∗(t) [3]:

−[(A∗)−1
δ0,q] =

∞∫
0

[S(t)∗δ0,q]dt =
∞∫

0

[δ0,S(t)q]dt
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for any q ∈C(Q). Thus, substituting in the previous formula q = 1⊗1, one may be convinced
of equality

−[(A∗)−1
δ0,1⊗1] =

∞∫
0

[δ0,S(t){1⊗1}]dt

=

∞∫
0

[δ0,X(t)1⊗X(t)1]dt =

∞∫
0

|H(t)|2dt

and therefore

δ
(
(A∗)−1{−δ0}

)
=

∞∫
0

|H(t)|2dt =
1
π

∞∫
0

|H̃(iλ )|2dλ . (42)

That permits to propose the following formula for defined by the Lyapunov equation (20)
quadratic Lyapunov functional < µϕ, ϕ >:

< µϕ, ϕ >= [(A∗)−1{−δ0}, ϕ⊗ϕ] = [δ0, A−1{−ϕ⊗ϕ}]. (43)

The above formula helps us to calculate δ (µ) = δ
(
(A∗)−1{−δ0}

)
. Because this may be

defined by equality

δ (µ) = lim
s↑0

0∫
s

µ(dθ1,dθ2)q(θ1,θ2)

with an arbitrary function q ∈ E , satisfying equality q(0,0) = 1. Applying formula (43) and
weak continuity of scalar product as a function of the second argument, we can find δ (µ) as
solution of equation Aq =−1⊗1 at the point θ1 = 0, θ2 = 0, that is, as solution of equations

(
∂

∂θ1
+ ∂

∂θ2

)
q(θ1,θ2) = 0, if −h≤ θ1 < 0,−h≤ θ2 < 0,

∂

∂θ1
q(θ1,0)+

0∫
−h

q(θ1,θ)dF(θ) = 0, if −h≤ θ1 < 0,θ2 = 0,

∂

∂θ2
q(0,θ2)+

0∫
−h

q(θ ,θ2)dF(θ) = 0, if θ1 = 0,−h≤ θ2 < 0,

(44)

with boundary condition

0∫
−h

q(0,θ)dF(θ)+

0∫
−h

q(θ ,0)dF(θ) = 1

7 Example
This section illustrates the proposal in previous section algorithm of Lyapunov functional (43)
construction for linear scalar FDE

dx
dt

= ax(t)+bx(t−1) (45)
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as a solution of equation (44). At first we should find symmetric function q(θ1,θ2) for θ1 ∈
[−1,0], θ2 ∈ [−1,0] satisfying partial differential equation (Aq) = −ϕ(θ1)ϕ(θ2). Owing to
symmetry condition operator A of this equation (see Lemma 4) may be given by formula

Aq(θ1,θ2) =


(

∂

∂θ1
+ ∂

∂θ2

)
q(θ1,θ2), if −1≤ θ2 ≤ θ1 < 0,

∂

∂θ2
q(0,θ2)+aq(0,θ2)+bq(θ2,−1,), if −1≤ θ2 < θ1 = 0,

2aq(0,0)+2bq(0,−1), if θ2 = θ1 = 0.

Therefore for −1≤ θ2 < 0,−1≤ θ1 < 0 the above equation has a following form(
∂

∂θ1
+

∂

∂θ2

)
q(θ1,θ2) =−ϕ(θ1)ϕ(θ2) (46)

Because we are looking for a symmetric function, one can find solution of (46) for−1≤ θ2 ≤
θ1 < 0 and extend this function on the set −1 ≤ θ1 ≤ θ2 < 0 applying symmetry q(θ1,θ2) =
q(θ2,θ1). Substituting θ1 = t− s,θ2 = t + s, q(t− s, t + s) := f (t,s) and solving of obtained
ordinary differential equation, no so difficult to find general solution of the above equation:

q(θ1,θ2) = r(θ2−θ1)+

θ2−θ1∫
θ2

ϕ(u−θ2 +θ1)ϕ(u)du (47)

with an arbitrary smooth function{r(t), t ∈ [−1,0]}. If θ1 = 0,−1≤ θ2≤ 0 this above function
q(θ1,θ2) satisfies differential equation

∂

∂θ2
q(0,θ2)+aq(0,0)+bq(θ2,−1) =−ϕ(0)ϕ(θ2)

with boudary condition
2aq(0,0)+2bq(0,−1) =−|ϕ(0)|2.

Substitution (47) lids to differential equation for {r(t),−1≤ t ≤ 0}

ṙ(t) =−ar(t)−br(−1− t)+g(t), (48)

where g(t) =−b
−1−t∫
−1

ϕ(u+1+ t)ϕ(u)du−ϕ(t)ϕ(0), and boundary condition

2ar(0)+2br(−1) =−|ϕ(0)|2. (49)

Having differentiated equation (48) by t we can rewrite the above equation as second order
ordinary differential equations:

r̈(t)+(b2−a2)r(t) = bg(−1− t)−ag(t)+ ġ(t) (50)
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and easily find solution of this equation. Under assumption ω2 := b2− a2 > 0 the required
function r(t) may be written in a following form:

r(t) = c1 cos(ωt)+ c2 sin(ωt)

+
1
ω

t∫
−1

sin(ω(t− s))(bg(−1− s)−ag(s)+ ġ(s))ds,

with arbitrary constant c1 and c2. Because equation (48) has been differentiated, the above
found solution r(t) of equation (50) should satisfy not only boundary condition (49) but also
additional boundary condition ṙ(0) =−ar(0)−br(−1)+g(0). The boundary conditions per-
mit to write out the system of linear equation for constants c1 and c2:

c1(−a−bcosω) + c2(bsinω−ω) = f1,

c1(2a+bcosω) + c2(−2bsinω) = f2

where

f1 = a

 1
ω

0∫
−1

sin(ωs)(bg(−1− s)−ag(s))ds

− 1
ω

sin(ω)

 0∫
−1

|ϕ(s)|2ds+ϕ(−1)ϕ(0)


+

0∫
−1

cos(ωs)g(s)ds

+

0∫
−1

cos(ωs)(bg(−1− s)−ag(s))ds

− cos(ω)

 0∫
−1

|ϕ(s)|2ds+ϕ(−1)ϕ(0)

+ω

0∫
−1

sin(ωs)g(s)ds, (51)

f2 =−|ϕ(0)|2 +
2a
ω

0∫
−1

sin(ωs)(bg(−1− s)−ag(s))ds

− 2a
ω

sin(ω)

 0∫
−1

|ϕ(s)|2ds+ϕ(−1)ϕ(0)

+2a
0∫
−1

cos(ωs)g(s)ds. (52)

Thus one can find

c1 =
f12bsinω + f2(bsinω−ω)

2ω(a+bcosω)
, (53)

c2 =
f2(a+bcosω)+ f1(bsinω−ω)

2ω(a+bcosω)
, (54)
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and desired function q(θ1,θ2) may be given in an explicit form

q(θ1,θ2) = c1 cos(ω(θ2−θ1))+ c2 sin(ω(θ2−θ1))

+
1
ω

θ2−θ1∫
−1

sin(ω(θ2−θ1− s))(bg(−1− s)−ag(s))ds−

− 1
ω

sin(ω(θ2−θ1 +1))

 0∫
−1

|ϕ(s)|2ds+ϕ(−1)ϕ(0)

+
+

θ2−θ1∫
−1

cos(ω(θ2−θ1− s))g(s)ds (55)

for θ1 ≤ θ2 ≤ 0, and extended to θ2 ≤ θ1 ≤ 0 by symmetry q(θ1,θ2) = q(θ2,θ1). As it has
been shown in the previous section, the functional

< µϕ, ϕ > = q(0,0)

= c1−
sinω

ω

 0∫
−1

|ϕ(s)|2ds+ϕ(−1)ϕ(0)

 (56)

is positive defined if and only if the trivial solution of the equation (45) exponentially de-
creases. Besides, applying formula < A∗µϕ, ϕ >= −|ϕ(0)|2 we can successfully analyse
equation (8). Of course, for that we need to calculate the number δ ({µ}), substituting in for-
mulae (56), (55), (53), (54), (51) and (52) function 1(θ) instead of ϕ(θ), that is, substituting
ϕ(θ) ≡ 0, θ ∈ [−h,0) and ϕ(0) = 0. For the above ϕ the functional f1 from (51) is equal to
zero and f2 =−|ϕ(0)|2 = 1. Therefore

δ ({µ}) =

c1−
sinω

ω

 0∫
−1

|ϕ(s)|2ds+ϕ(−1)ϕ(0)


ϕ(θ)≡0,θ∈[−1,0)

= − bsinω−ω

2ω(a+bcosω)

8 Stochastic analysis of price equilibrium stability for Marshall–
Samuelson adaptive market

Our market model supposes that a manufacturer has a monopoly there and would like to sta-
bilise the price of a product unit into a small neighbourhood of the level p̄.Let us remind,
that in any classical single market model a price equilibrium p(t)≡ p̄ can be achieved by the
equality of demand D(p̄) to supply S(p̄) (see, for example, [19] and [22]). To control a price
at the time moment t the manufacturer can use a supplied quantity St , but to enter the market
he needs some time h (assumption of Marshall [19]).Therefore manufacturer is entering the
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market at the moments of time t = nh, n = 1,2, ... and thus he has a delayed reaction because
he is guided by the price at the moment of time t− h. As a result the supply St depends on
the price p(t − h). The demand Dt at the time t instantaneously affects on the price value ,
i.e., Dt := D(p(t)). According to Marshall’s assumption a market price flattens out owing to
a manufacturer’s attempts to supply a demand

S(p((n−1)h)) = D(p(nh)), n = 1,2, ...

and if p(t) does not leave a sufficiently small vicinity Uδ := {|p− p̄| < δ} of equilibrium p̄,
one can describe the price dynamics by the following linear difference equation

p(nh)− p̄ =
S′(p̄)
D′(p̄)

(p((n−1)h))− p̄), n = 1,2, ... (57)

It is natural to assume that the supply increases and the demand decreases with the price
increase, that is, S′(p̄)> 0, D′(p̄)< 0. Therefore,

p((nh) = p(0)+
[

S′(p̄)
D′(p̄)

]n

(p(0)− p̄), n = 1,2, ...

and the market price stabilises, oscillating around equilibrium, if and only if the supply elasti-
city [19] ES := p̄S′(p̄)

S(p̄) less than the module of the demand elasticity ED := p̄D′(p̄)
D(p̄) :

ES

|ED|
=

S′(p̄)
|D′(p̄)|

< 1 (58)

But otherwise, if
ES

|ED|
> 1,

the price equilibrium p̄ can not be achieved.
The Samuelson model supposes equilibrium to be reached [22] due to an adaptive price dy-
namical property: the price movement (∆p)(t) := p(t+4)− p(t) is proportional to difference
Dt−St multiplied by time increment4. This assumption permits to analyse price equilibrium
stability writing out a market mathematical model in a form of first order ordinary differential
equation

d p(t)
dt

= D(p(t))−S(p(t)).

Under the assumption that p(t) does not leave a sufficiently small equilibrium neighbourhood
Uδ this equation may be linearised

d
dt
(p(t)− p̄) = D′(p̄)(p(t)− p̄)−S′(p̄)(p(t)− p̄). (59)

Thus it is easy to see, that necessary and sufficient equilibrium price stability condition for
Samuelson market has the following form:

ED

ES
:=

D′(p̄)
S′(p̄)

< 1. (60)
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Since both stability conditions (58) and (60) are dependent only on fraction c := ED
ES

= D′(p̄)
S′(p̄)

we shall use this parameter also everywhere further on. As it follows formulae (58) and (60),
the resulting condition required and being sufficient for the equilibrium price stability of both
Marshall’s and Samuelson’s market models is

c :=
D′(p̄)
S′(p̄)

<−1. (61)

It is not difficult to join both the above mentioned market models, described by the differ-
ence and the differential equations, and to work out a mathematical model as the following
difference-differential equation [16]:

d p(t)
dt

= D(p(t))−S(p(t−h)). (62)

which we will call the adaptive Marshal-Samuelson equation. The above model has the same
equilibrium point p̄ as Marshal and Samuelson models, which is defined by equation D(p̄) =
S(p̄). The supply in this mathematical model satisfies: the delayed Marshall assumption, the
price derivative is equal to difference Dt−St as in the Samuelson’s model and one can see, that
(61) also guarantees price equilibrium stability for the adaptive Marshall-Samuelson equation
(62). But, as it will be shown further, the asymptotic stability condition for (62) has much
more complicated form than inequality (61).
As it is well known [16], for the stability analysis of an equilibrium point of a difference-
differential equation one may apply the linearisation method. This means that supply S(p)
and demand D(p) would be presented as linear functions of price p: S(p) = S(p̄)+S′(p̄)(p−
p̄), D(p) = D(p̄) + D′(p̄)(p− p̄). Substitution of these formulae in (62) leads to a linear
difference-differential equation for deviations x(t) := p(t)− p̄:

dx(t)
dt

= b(cx(t)− x(t−h)), (63)

where b = S′(p̄), c = D′(p̄)
S′(p̄) . The equilibrium point p̄ of equation (62) is asymptotically stable

if and only if [16] any solution of (63) exponentially decreases and the latter is equivalent to
the negativity of real parts of all roots of characteristic quasi-polynomial

v(λ ) := λ −b(c− e−λh).

Therefore we would like to eliminate the maximal subset D0 of the parameter space

G := {b > 0,c ∈ R,h≥ 0},

so that for any belonging to this subspace parameter triple {b,c,h} ∈ D0 all solutions of char-
acteristic equation v(λ )= 0 have negative real parts. This subset is called the region of stability
and the its border - the border of stability. As it has been proved in [16] this border can be
found by substituting an arbitrary imaginary number iz in the quasi-polynomial v(λ ) instead
of λ and equating to zero mapping v(iz):

iz−b(c− cos(zh)+ isin(zh)) = 0, z ∈ R
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Figure 1: Stability region in parametric space
{

h > 0, b := S′(p̄)> 0, c := D′(p̄)
S′(p̄)

}
Substituting in this formula z = 0, one can find two planes bounding the stability region: b = 0
and c = 1. Except of that the equity v(iz) = 0 gives once more bounding surface:

bh =
arccos(c)√

1− c2
,−1 < c < 1.

Now, because of application in the above calculations of the well known argument method
[16], one can determine a region of price equilibrium stability for Marshall–Samuelson single-
component market (62) in a form of an union of two sets:

{c≥−1, bh > 0}
⋃{
−1 < c < 1, 0 < bh <

arccos(c)√
1− c2

}
. (64)

This region shaded at Fig. 1.
Unfortunately we cannot write out the above stability condition using parameters h, D′(p̄), S′(p̄).
We can only define the border of stability as a set, consisting of two lines bh= 0, D′(p̄)= S′(p̄)
and a parametric surface given by the equalities:

hD′(p̄) = c
arccos(c)√

1− c2
, hS′(p̄) =

arccos(c)√
1− c2

, c ∈ (−1, 1). (65)

But is not so difficult to draw the above lines on the half-plane {hD′(p̄), hD′(p̄)≥ 0} and after
that to find the stability region (shaded at Fig. 2).
The above calculation shows that manufacturer can reach a stable price equilibrium not only
due to sufficiently large (by module) demand elasticity ED <−ES, as it has been assumed by
the Marshall model (61) (twice shaded regions in Fig.1 and Fig.2). The stable equilibrium
is also possible if −ES < ED < ES, like it was in the Samuelson model (59). But in contrast
to the Samuelson model, our price equilibrium stability region (see single line shaded sets
in Fig.1 and Fig.2) is dependent not only on elasticity fraction ES/ED, but it also depends
on time h, that manufacturer needs to enter in the market. It seems to us more realistic, that
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Figure 2: Stability region in parametric space {h > 0, D′(p̄)> 0, S′(p̄)}

Figure 3: Borders of stability for different delays

under assumption of small (by module) demand elasticity, the price equilibrium can not be
achieved if the manufacturer’s reaction to the change in the price is very delayed. For h = 0
our mathematical market model (62) gives a price equilibrium stability region c := ED/ES < 1
which is coincident with the stability region of the Samuelson market model (refS). This region
decreases with the increasing delay h of demand (see Fig. 3) and becomes equal to the stability
region of the Marshall model c := ED/ES <−1 if h = ∞.
As it has been noted in [23], stochastic market dynamics analysis is very important for finan-
cial decision-making. By taking into account a random market performance we will assume
that at the vicinity of equilibrium p̄ the price deviations x(t) := p(t)− p̄ satisfy the linear Itô
stochastic differential equation with delay [25]:

dx(t) = b(cx(t)− x(t−h))dt +σx(t)dw(t), (66)

where w(t) - a standard Wiener process and σ - a volatility parameter [24]. As it has been
proved in [25] there exists such a value of volatility R that the second moment of any solution
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Figure 4: Dependence of market equilibrium volatility reserve R on elasticity fraction c :=
ED/ES for different bh

of (66) exponentially decreases to zero for all σ2 < R and increases to infinity for all σ2 > R,
that is,

lim
t→∞

Eσ2|p(t)− p̄|2 =

{
0, if σ2 > R,

∞, if σ2 < R.

We will refer to this value R as the volatility reserve of market equilibrium. To calculate the
above value R the covariance method for mean square stability analysis of linear stochastic
functional differential equations proposed in [25] can be applied. With reference to the difference-
differential equation (63) this method gives the value R as fraction

R = π

 ∞∫
0

dz
z2−2bzsin(hz)−2b2ccos(hz)+b2(c2 +1)

−1

.The above improper integral should be calculated separately for c ≤ −1 and for −1 < c < 1.
That has been done for −1 < c < 1 as an illustrative example in [2]:

R = 2bh
√

1− c2

√
1− c2− sin(bh

√
1− c2)

cos(bh
√

1− c2)+ c
. (67)

The same result could be reached for c≤−1. Having gone through very complicated and bulky
computations we shall offer the final formula:

R = 2bh
√

c2−1
e2bh

√
c2−1−2

√
c2−1ebh

√
c2−1−1

1+2cebh
√

c2−1 + e2bh
√

c2−1
(68)

The further analysis of market equilibrium stochastic stability combines both formulae (68)
and (67). First of all the above formulae permit to note that the volatility reserve is a function
of two parameters: c := D′(p̄)/S′(p̄) and bh := S′(p̄. The maximal volatility, which permits
market equilibrium to be stable, monotonically decreases with the increase of c (see Fig. 4)
for any fixed bh.
A volatility reserve has the same properties as a function of bh for any fixed c ≤−1. But for
each fixed elasticity fraction c from interval −1 < c < 1 (see Fig. 5) a volatility reserve as a
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Figure 5: Dependence of market equilibrium volatility reserve R on bh for different c :=
ED/ES

Figure 6: Borders of market equilibrium stability for different volatility σ

function of bh is a convex function having maximum in a point within an interval 0 < bh <
B(c), where B(c) := min{bh > 0 : R(c,bh) = 0.
These properties can more evidently be observed in Fig. 6 given below. In this figure the
borders of market stochastic stability regions are drawn for different values of volatility. The
stability area is established. The stability area we are interested in is located to the left of the
given border σ2.
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Monte-Carlo method in financial engineering
Raul Kangro

Abstract

The aim of this short course is to discuss some questions about applying Monte-Carlo
(MC in the following text) methods in mathematical finance that are often not covered in
detail in introductory courses about the method. No prior knowledge of MC methods is
required but familiarity with basic Probability Theory is assumed.

1 Monte Carlo method
Many computational problems, including the problems of pricing financial options, can be
viewed as problems of finding accurately enough the expected value of certain random vari-
able. The idea of Monte-Carlo method is very simple: in order to find the expected value of a
random variable, we conduct independent experiments and take the average of the results to be
an approximation of the random variable. Because of the Law of Large Numbers the average
converges to the true expected value, if the number of experiments approaches infinity.

Definition 4. The Monte-Carlo method for computing the expected value EY for some random
variable Y is

EY ≈ ÊY n =
1
n

n

∑
i=1

Yi,

where Yi, i = 1,2, . . . ,n are iid random variables having the same distribution as Y .

It is important to understand, that for a given random variable Y the expected value EY is a
constant (non-random real number) but the the approximation ÊY n computed by MC method
is a random number, so the error of the computed result is also random. So, when using MC
method, we can never be completely sure that the error of the result we get is as small as we
want but we can make the probability of getting a result with a large error very small.

The estimation of the error of ÊY n can be based on the Central Limit Theorem or on
Chebyshev’s inequality.

Lemma 5. Let Y be a random variable with expected value µ and finite variance σ2 and let
ÊY n be the estimate for µ computed by MC method. Then for any α ∈ (0, 1) we have

P(|ÊY n−µ| ≥ σ√
nα

)≤ α

and for large enough n we have

P(|ÊY n−µ| ≥
|Φ−1(α

2 )|σ√
n

)≈ α,

40
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where Φ−1 is the inverse function of the cumulative distribution function of the standard nor-
mal distribution.

Proof. Since Yi, i = 1, . . . ,n are independent, we have

D

(
1
n

n

∑
i=1

Yi

)
=

1
n2

n

∑
i=1

D(Yi) =
σ2

n
.

From Chebyshev’s inequality P(|X −EX | ≥ ε) ≤ DX
ε2 we now get for X = 1

n ∑
n
i=1Yi and

ε = σ√
nα

the estimate

P(|ÊY n−µ| ≥ σ√
nα

)≤
σ2

n
σ2

nα

= α.

According to Central Limit Theorem, the random variable
√

n
σ
(ÊY n− µ) converges in distri-

bution to standard normal random variable, so for large enough n we have

P(|ÊY n−µ| ≥
|Φ−1(α

2 )|σ√
n

)≈Φ(Φ−1(
α

2
))+1−Φ(|Φ−1(

α

2
)|)

=
α

2
+

α

2
= α.

Lemma is proved �.
Based on the statements of the previous lemma we can be sure, that with probability at

least 1−α the MC error is less than σ√
nα

). So if we want to be on the safe side with our
error estimates, we can use the estimate that is based on Chebyshev’s inequality. On the other
hand, usually in MC computations the number of generated values of the random variable Y
is large (in thousands or in millions), so we may hope that the conditions for using the second
estimate are fulfilled and then the second estimate gives approximately the right error estimate
for given α . To get an idea of how much the first estimate overestimates the error if the correct
estimate is given by the second one, consider the graph of the ratios of the error estimates for
different values of α given in Figure 1.

We see, that the estimate based on Chebyshev’s inequality can be considerably large than
the estimate that is based on Central Limit Theorem - about 2 times larger, when α = 0.1;
about 2.3 times larger for α = 0.05; about 3.9 times larger for α = 0.01 and about 10 times
larger for α = 0.001.

In practice, usually the error estimate based on CLT is used and the variance is estimated
using the generated values Yi, i = 1, . . . ,n. Here some words of caution are needed. First,
if the distribution of random variable Y is very asymmetrical, then a very large number of
simulations may be needed in order for CLT estimate to be applicable. A simple example
corresponds to the case of Bernoulli random variable Y ∼ B(1, p) for p = 0.01. If α = 0.01
and the number of simulations is n = 516, then the actual probability of having MC error
larger than corresponding CLT based estimate is 0.016 instead of 0.01; if α = 0.001 and
n = 1521, then the actual probability to have errors large than CLT based estimate is 0.002 (ie
two times larger). Moreover, if instead of the exact value of σ (that is usually unknown) we
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Figure 1: The ratios of the error estimates based on Central Limit Theorem and Chebyshev’s
inequality

use the sample standard deviation, even the estimate based on Chebyshev’s inequality may be
incorrect. For example, if α = 0.001, p = 0.01, n = 500, then the probability of getting error
that is larger than the sY√

nα
is 0.00657. Here sY denotes the sample standard deviation of the

generated Y values. For the same experiment, the probability of actual error to be larger than
CLT estimate (with σ replaced by sY ) is 0.039, that is considerably larger than α . So in case
of writing an automated code for computing expected values of random variables one has to
be extremely cautious, especially when using MC in situations when low probability events
are very important for determining the correct outcome.

A convenient way of computing the sample standard deviation is the formula

sY ≈=
|∑n

i=1Y 2
i − (∑n

i=1Yi)
2/n|

n−1
.

This formula compute standard deviation of the sample without having to memorize all gener-
ated values Yi, we just have to keep track of the sum of squares of the generated values and the
sum of the generated values. So if we want to use MC method to compute EY so that the error
of the result is less than ε with at least probability 1−α , we can use the following algorithm:

1. Generate n0 values of Yi, where n0 is large enough to get a reasonably accurate initial
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estimate of the variance of Y . Store the sum of squares of the generated variables and
the sum of the generated variables, set n = n0.

2. Compute the error estimate according to CLT (or Chebyshev, if we want to be very
sure of the accuracy), using stored variables to estimate the standard deviation. If the
estimate is larger than ε , then continue, otherwise return the answer (sum of generated
values divided by n).

3. Generate new value(s) and update the sum of squares, the sum and n. Return to step 2.

In most cases relevant Y can be expressed as Y = g(X), where X is a random variable (or
random vector) with known distribution and g is some given function. In this case we generate
values of Y by applying the function g to the generated values of X .

Let us consider how to apply MC method in option pricing.
An option is a contract written by a seller that conveys to the buyer the right – but not

the obligation – to buy (in the case of a call option) or to sell (in the case of a put option)
a particular asset, such as a piece of property, or shares of stock or some other underlying
security, such as, among others, a futures contract. In return for granting the option, the seller
collects a payment (the premium) from the buyer. We will deal with stock options.

For example, an European call option gives the buyer the right on a fixed future date and
time (time T ) to buy a share of the fixed company for a fixed price E; such a contract is equal
with receiving the amount p(S(T )) at time T , where p(s) = max(s−E,0). The function p
is called the payoff function of the option. A similar put option gives the owner the right to
sell a share at some fixed time point with some fixed price; the respective payoff function is
p(s) = max(E− s,0).

The theory of financial options tells us that under quite general assumptions the fair price
of an European option at time t ≤ T , is given as an expected value

E[e−r(T−t)p(S(T ))],

where the stock price S follows a certain stochastic differential equation or a system of stochastic
differential equations corresponding to a market model. So if we can use the market model
to generate the values of the future stock prices, we can use MC method for computing an
approximate value of the fair price of any European option.

Example 6. If the validity of the Black-Scholes market model with constant volatility is as-
sumed, then for computing the prices of European options the stock price should be computed
as

S(T ) = S(t)e(r−D−σ2
2 )(T−t)+σ(B(T )−B(t)),

where D is the dividend payment rate, σ is the volatility of the stock and (B(T )−B(t)) is
normally distributed random variable with zero mean and variance T − t. So for given current
stock price S(t) we can find the price of the option with the payoff function p by just generating
the values of normally distributed random variables, computing corresponding stock prices
and the discounted values of the payoff function and averaging the results.
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2 Variance reduction techniques
Unfortunately we can not increase the speed of convergence of MC method with respect to the
number of variables generated: if the variable Y to which MC is applied is fixed, then the error

estimate of the method decreases as c
√

Var(Y )√
n (where c does not depend on Y ), meaning that

if we want to increase the accuracy of the answer by one decimal point (reduce the error 10
times), we need to generate 100 times more random variables. Fortunately it is often possible
to change the random variable before applying MC so that the expected value remains the
same, but the variance of the new variable is considerably smaller than the variance of the
original variable, so we get an answer with a given precision with much smaller n.

2.1 Control variates
Control variates can be used when in addition to the random variable of interest, Y , we also
know how to generate another random variable Z for which the expected value is known.
This means that we are also able to generate Y1 = Y −a(Z−EZ) and if Y and Z are strongly
correlated and a is chosen wisely, Y1 can have a variance that is a magnitude smaller than the
variance of Y . Indeed,

Var(Y1) = Var(Y )+a2Var(Z)−2aCov(Y,Z)

and we are free to choose the value of a. Minimizing Var(Y1) with respect to a leads to
a = cov(Y,Z)

Var(Z) , which gives us

Var(Y1) = Var(Y )− cov(Y,Z)2

Var(Z)
= Var(Y )(1−Corr(Y,Z)2).

So, if the correlation between Y and Z is strong, the variance of Y1 may be considerably smaller
than the variance of Y . In financial applications, if Y corresponds to a complicated market
model (for example a model with stochastic volatility), then it is often possible to choose Z to
be a similarly defined random variable that is based on a similar simpler model (eg a model
with a constant volatility approximating the average value of the stochastic volatility).

2.2 Importance sampling
The idea of importance sampling comes from the fact that we can compute instead of the
expected value of g(X) in the case of random variable X with probability density function fX

the expected value of g(Y ) fX (Y )
fY (Y )

using a random variable Y with the probability density function
fY :

E(g(X)) =
∫

∞

−∞

g(x) fX(x)dx =
∫

∞

−∞

g(y) fX(y)
fY (y)

fY (y)dy = E[
g(Y ) fX(Y )

fY (Y )
].

This idea is very useful when X is such that g(X) has large values with low probability and Y
increases the chances of seeing the large values of g with higher probability.
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Consider the case when X ∼ N(µ1,σ
2) and Y ∼ N(µ2,σ

2), then

fX(x)
fY (x)

=
e−

(x−µ1)
2

2σ2

e−
(x−µ2)

2

2σ2

= e−
x(µ2−µ1)

σ2 +
µ2

2−µ2
1

2σ2 ,

hence

E(g(X)) = E

(
g(Y )e−

Y (µ2−µ1)
σ2 +

µ2
2−µ2

1
2σ2

)
.

Since Y has the same distribution as X +µ2−µ1, we can continue one step further to get

E(g(X)) = E

(
(g(X +µ2−µ1)e

−X(µ2−µ1)
σ2 +

−µ2
2+4µ2µ1−3µ2

1
2σ2

)
.

Example 7. If we consider Black-Scholes market model with constant volatility, then the price
of an European option with payoff function p at t = 0 is

V = E[e−rT p(S(T ))],

where S follows the stochastic differential equation

dS(t) = S(t)((r−D)dt +σ dB(t)).

Since the solution of this SDE is S(t) = S(0)e(r−D−σ2
2 )t+σB(t) and B(T ) is normally distributed

with zero mean and variance T , we can write (using the previous formulas with µ1 = 0, µ2 =
µT )

V = E[e−rT−µB(T )− µ2T
2 p(S̃(T )), ]

where S̃(t) = S(0)e(r−D+µσ−σ2
2 )t+σB(t) and hence it is a solution of

dS̃(t) = S̃(t)((r−D+µσ)dt +σ dB(t)).

Hence, if we use B(t) + µt instead of B(t) in our stock price equation, we have to use an

additional factor e−µB(T )− µ2T
2 when computing option price as an expected value. It can be

shown that this is a general result and is valid for various market models and also for options
of American type (where instead of T we have to use the optimal stopping time τ in the former
expression).

2.3 Stratified sampling
Stratified sampling is based on specifying (disjoint) events (Ai)

k
i=1 that partition the probability

space and then invoking the formula

E(Y ) =
k

∑
i=1

E(Y |Ai)pi,



46 Raul Kangro

where pi = P(Ai). Thus, in order to find EY we can compute the expected value of the random
variable

Z =
k

∑
i=1

pi

ni

∑
j=1

Yi j

ni
,

where Yi j are independent random variables from the conditional distribution Y |Ai, and ni, i=
1, . . . ,k are integers we are free to choose. Denote n = ∑

k
i=1 ni. Using Z instead of Y is useful

only if Var(Z) < Var(∑
n
i=1 Yi
n ), where Yi are iid random variables from the distribution of Y .

Denote
µi = E(Yi j) = E(Y | Ai), σ

2
i = Var(Yi j) = Var(Y | Ai),

then

Var(Z) =
k

∑
i=1

p2
i σ2

i
ni

.

Let us show first that in the case of proportional allocation ni
n = pi the variance of Z is less

than var(Y )
n . Since

Var(Y | Ai) = E(Y 2 | Ai)− (E(Y | Ai))
2

we have

E(Y 2) =
k

∑
i=1

piE(Y 2 | Ai) =
k

∑
i=1

piσ
2
i +

k

∑
i=1

piµ
2
i

and hence

Var(Y ) =
k

∑
i=1

piσ
2
i +

k

∑
i=1

piµ
2
i − (

k

∑
i=1

µi pi)
2.

Since for any random variable X we have E(X2)≥ (EX)2, it follows that

k

∑
i=1

piµ
2
i ≥ (

k

∑
i=1

µi pi)
2

and therefore for ni = npi we have

Var(Y )≤
k

∑
i=1

piσ
2
i =

k

∑
i=1

p2
i nσ2

i
ni

= nVar(Z).

So it is always safe to use proportional allocation.
Since we are free to choose the numbers ni, let us find also optimal allocation. For this we

denote qi =
ni
n and minimize the variance of Z

Var(Z) =
1
n

k

∑
i=1

p2
i σ2

i
qi

under the constraint
k

∑
i=1

qi = 1.
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Using the idea of Lagrange multipliers we get the system of equations

∂Var(Z)
∂qi

=
p2

i σ2
i

q2
i

= λ , i = 1,2, . . . ,2,

k

∑
i=1

qi = 1.

Solving the system we get
qi =

piσi

∑
k
j=1 piσ j

,

so the optimal allocation is proportional to the product of the probability of a stratum and the
conditional standard deviation in the stratum.

In many financial applications the stratums are constructed from conditioning on the values
of Brownian motion. For example we can use the system of events

Ai = {B(T ) ∈ (
√

T Φ
−1(

i−1
k

),
√

T Φ
−1(

i
k
)]}, i = 1,2, . . . ,k,

and thus pi = P(Ai) =
1
k , i = 1,2, . . . ,k and generate the values of B(T ) | Ai by Φ−1(X), where

X ∼U( i−1
k , i

k).



Lectures on cubature methods in financial
engineering

Anatoliy Malyarenko∗

Abstract

We present a pedagogical introduction into cubature methods on Wiener space and
their use in financial engineering. Some important parts of mathematics which are often
omitted in study plans, are described in details. These includes the Riemann–Stiltjes
integral, tensor products, and elements of Lie theory.

1 Introduction
As a motivation, consider the following problem of a moderate difficulty from financial en-
gineering. Let F(t) be the forward price of the asset. Let α(t) be the volatility of the asset,
and let B1

t and B2
t be two correlated Brownian motions with

E[B1
s B2

t ] = ρ min{s, t}, −1 < ρ < 1.

The “stochastic αβρ model", or just the SABR model, introduced in [4], is as follows: under
the forward-neutral probability measure,

dF(t) = α(t)Fβ (t)dB1
t , F(0) = f ,

dα(t) = να(t)dB2
t , α(0) = α,

(1)

where ν > 0 and 0 < β ≤ 1. Let f (F,α) be the discounted payoff function of a contingent
claim with maturity T . We would like to compute the fair price of the claim, E[ f (F(T ),α(T ))],
as fast and accurately as possible.

Currently, there exist essentially two general approaches. The partial differential equations
method is based on the Feynman–Kac formula. We will not consider this method here.

The second approach is the probabilistic simulation method. It requires two steps.

Step 1 Use a finite-difference scheme to obtain approximations FM(t) and αM(t), typically,
M corresponds to the number of partitions of the interval [0,T ]. The discretisation error
is

|E[ f (F(T ),α(T ))]−E[ f (FM(T ),αM(T ))]|.
∗Lectures are prepared under financial support of the Nordplus Framework project HE-2010_1a-21005.
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Step 2 Find a number D = D(M) and a function F(y1, . . . ,yD) : [0,1]D→ R such that

f (FM(T ),αM(T )) = F(U1, . . . ,UD),

where U1, . . . , UD are independent random variables uniformly distributed on the inter-
val [0,1]. Then

E[ f (FM(T ),αM(T ))] =
∫
[0,1]D

F(y1, . . . ,yD)dy1 · · ·dyD

The right hand side is approximated by Monte Carlo or Quasi Monte Carlo methods.
Let Ẽ[ f (FM(T ),αM(T ))] be the above approximation. The integration error is

|Ẽ[ f (FM(T ),αM(T ))]−E[ f (FM(T ),αM(T ))]|.

Our task is to minimise both errors.
As the first step, we formalise our model. Let N be the number of stochastic processes

in the model. For example, the SABR model contains N = 2 stochastic processes: the for-
ward price of the asset, F(t), and the volatility of the asset, α(t). Let X1(t), . . . , XN(t)
be the above stochastic processes. In our example, X1(t) = F(t) and X2(t) = α(t). Let
X(t) = (X1(t), . . . ,XN(t))> be the N-dimensional stochastic process with coordinates X1(t),
. . . , XN(t). Let x = (x1, . . . ,xN)

> ∈ RN be the vector of initial values:

xk = Xk(0), 1≤ k ≤ N.

Let d be the number of factors in the model, and let B1
t , . . . , Bd

t be d independent Brownian
motions. The SABR model has d = 2 factors and may be written in the form

dX1(t,x) = X2(t,x)(X1(t,x))β dB1
t ,

dX2(t,x) = νX2(t,x)d(ρB1
t +
√

1−ρ2B2
t ),

where x = (x1,x2)
> with x1 = F(0) and x2 = α(0).

In general, the model may be written in the following Itô form:

X(t,x) = x+
∫ t

0
Ṽ0(X(s,x))ds+

d

∑
j=1

∫ t

0
V j(X(s,x))dB j

s , (2)

where Ṽ0, V1, . . . , Vd are vector fields, i.e., functions acting from RN to RN . In particular, in
the SABR model we have

Ṽ0(x) =
(

0
0

)
, V1(x) =

(
x2xβ

1
νρx2

)
, V2(x) =

(
0

ν
√

1−ρ2x2

)
. (3)

The model (2) may be rewritten in the Stratonovich form:

X(t,x) = x+
d

∑
j=0

∫ t

0
V j(X(s,x))◦dB j

s (4)
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with B0
s = s. The vector field V0(x) can be calculated using equation (6.3.1) from [8]. In our

notation, the above equation has the form

V i
0(x) = Ṽ i

0(x)−
1
2

d

∑
j=1

N

∑
k=1

∂V i
j(x)

∂xk
V k

j (x), 1≤ i≤ N.

For the SABR model, we get

V 1
0 (x) = 0− 1

2

(
∂V 1

1 (x)
∂x1

V 1
1 (x)+

∂V 1
1 (x)

∂x2
V 2

1 (x)+
∂V 1

2 (x)
∂x1

V 1
2 (x)+

∂V 1
2 (x)

∂x2
V 2

2 (x)
)

=−1
2
(βx2

2x2β−1
1 +νρx2xβ

1 )

(5)

and

V 2
0 (x) = 0− 1

2

(
∂V 2

1 (x)
∂x1

V 1
1 (x)+

∂V 2
1 (x)

∂x2
V 2

1 (x)+
∂V 2

2 (x)
∂x1

V 1
2 (x)+

∂V 2
2 (x)

∂x2
V 2

2 (x)
)

=−1
2

ν
2x2.

(6)

Let f : RN → R be a discounted payoff function of some contingent claim. There ex-
ists such a family of finite-difference schemes that E[f(XM(T))] can be computed exactly
(without integration error). To describe the above family, we have to introduce necessary
definitions.

2 Cubature

2.1 Integral representation of the fair price
Let us build the probability space of our problem. Put Ω = C0([0,T ],Rd), the space of Rd-
valued continuous functions ωωω(t) = (ω1(t), . . . ,ωd(t))> defined on the interval [0,T ] with
ωωω(0) = 0. By convention, set ω0(t) = t. Let ‖x‖Rd be the following norm:

‖x‖Rd =
√

x2
1 + · · ·+ x2

d, x ∈ Rd,

and let ‖ωωω‖Ω be the following norm

‖ωωω‖Ω = max
t∈[0,T ]

‖ωωω(t)‖Rd , ωωω ∈Ω.

Definition 3. Let ωωω0 ∈Ω. The opened ball of radius ε > 0 centred at ωωω000 is the following set

U(ωωω0,ε) = {ωωω ∈Ω : ‖ωωω−ωωω0‖Ω < ε }.

Definition 4. A subset A⊂Ω is called open if for any ωωω0 ∈ A there exists ε > 0 such that the
open ball U(ωωω0,ε) is the subset of A.
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Definition 5. The Borel σ -field, F, is the minimal σ -field of subsets of Ω containing all open
subsets of Ω.

Theorem 2 (Wiener, 1925). There exists a unique probability measure P on F such that the
coordinate mapping process

Bi
t(ωωω) = ω

i(t), 1≤ i≤ d, 0≤ t ≤ T

is a d-dimensional Brownian motion with independent components starting at 0.

Moreover, by our convention B0
t (ωωω) = t. By definition of expectation, we have

E[ f (X(T,x))] =
∫

Ω

f (X(T,x,ωωω))dP(ωωω).

In other words, we have to approximate an integral over the Wiener space Ω.

2.2 The finite-dimensional case
In this Subsection, we come back for a moment to techniques which approximate an integral
over a finite-dimensional space. One of these techniques is called cubature.

Denote by Rm[X1, . . . ,Xd] the finite-dimensional linear space of all real-valued polyno-
mials in d real variables and of degree not more than m. Let µ be a measure on the space
Rd .

Theorem 3 (Tchakaloff, 1957). Let m be a positive integer and let µ be a measure on Rd

satisfying ∫
Rd
|P(x)|dµ(x)< ∞, P ∈ Rm[X1, . . . ,Xd].

Then, there exist a positive integer n with 1≤ n≤ dimRm[X1, . . . ,Xd], n points x1, . . . , xn ∈Rd ,
and n positive real numbers λ1, . . . , λn, such that the cubature relation∫

Rd
P(x)dµ(x) =

n

∑
j=1

λ jP(x j)

holds for all P ∈ Rm[X1, . . . ,Xd].

Then, we use the expression ∑
n
j=1 λ j f (x j) to approximate

∫
Rd f (x)dµ(x). This approxim-

ation is accurate if f can be well approximated by polynomials. Taylor’s formula tells us that
it is the case if f is m times continuously differentiable.

2.3 The stochastic Taylor’s formula
The previous subsection prompts us to start the infinite-dimensional generalisation from the
suitable version of Taylor’s formula.
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Let X(t,x) be the solution of the system of Stratonovich stochastic integral equations (4).
Let k be a non-negative integer. For k ≥ 1, let i1, i2, . . . , ik be integers with

0≤ i j ≤ d, 1≤ j ≤ k. (7)

Let t1, t2, . . . , tk, and t be real numbers with 0 < t1 < t2 < · · ·< tk < t. Consider the following
k-fold iterated Stratonovich integral:

Y =
∫

Sk(t)
◦dBi1

t1 ◦dBi2
t2 ◦ · · · ◦dBik

tk , (8)

where the integration is performed over the k-dimensional simplex

Sk(t) = {(t1, . . . , tk) ∈ Rk : 0 < t1 < t2 < · · ·< tk < t }.

If k = 0, put Y = 1.
We would like to integrate over Sk(1) instead. To do that, we have to make the change of

variable s j = t j/t, 1≤ j ≤ k.
Let (i1, . . . , ik) be a k-tuple satisfying (7), and let g(i1, . . . , ik) be the number of zeroes in

the above k-tuple.

Lemma 5 (Change of variables in the k-fold iterated Stratonovich integral). The random vari-
ables (8) and

Ỹ = (
√

t)k+g(i1,...,ik)
∫

Sk(1)
◦dBi1

t1 ◦dBi2
t2 ◦ · · · ◦dBik

tk

have the same distribution.

Here, for simplicity, we denote s j = t j/t again by t j and omit the integrand, which is equal
to 1.

Let m be a positive integer, and let Am be the set of all k-tuples I = (i1, . . . , ik) satisfying
(7) and

k+g(i1, . . . , ik)≤ m.

Let f : RN→R be a bounded smooth function. Define an action of a vector field Vi onto f by

(Vi f )(x) =
N

∑
j=1

V j
i (x)

∂ f
∂x j

(x).

Similarly, if I = (i1, . . . , ik), define

(VI f )(x) = Vi1 · · ·Vik f (x).

Theorem 4 (The stochastic Taylor’s formula). Let f be a bounded smooth function, and let m
be a positive integer. There exist a constant C depending only on d and m such that

f (X(t,x)) = ∑
I∈Am

VI f (x)
∫

Sk(t)
◦dBi1

t1 ◦dBi2
t2 ◦ · · · ◦dBik

tk +Rm(t,x, f ),

where the remainder process Rm(t,x, f ) satisfies the following condition:

sup
x∈RN

√
E[R2

m(t,x, f )]≤Ct(m+1)/2 max
(i1,...,ik)∈Am+2\Am

sup
x∈RN
|Vi1 · · ·Vik f (x)|.
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Thus, the k-fold iterated Stratonovich integrals play the role of polynomials in the Wiener
space. This is the reason why we have to write our models in Stratonovich form.

The next question is: what is the value of the k-fold iterated Stratonovich integral at a point
ωωω ∈Ω? A naive answer is:∫

Sk(T )
◦dBi1

t1 ◦dBi2
t2 ◦ · · · ◦dBik

tk(ωωω) =
∫

Sk(T )
dω

i1(t1)dω
i2(t2) · · ·dω

ik(tk). (9)

But what is the meaning of the right hand side? We need more definitions.

2.4 Functions of bounded variation
Let a and b be two real numbers with a < b. Let n be a positive integer, and let t0, t1, . . . , tn be
real numbers with a = t0 < t1 < · · · < tn = b. Let π be the partition π = {t0, t1, . . . , tn} of the
interval [a,b]. Let Π be the set of all partitions of the above interval.

Definition 6. Let f : [a,b]→ R be a function. The total variation L( f ) of the function f over
the interval [a,b] is

L( f ) = sup
π∈Π

n−1

∑
k=0
| f (tk+1)− f (tk)|.

Definition 7. A function f : [a,b]→R is called a function of bounded variation if V ( f )<+∞.

Example 1. Let f be a function monotonic on [a,b]. Then f is a function of bounded
variation and V ( f ) = | f (b)− f (a)|. Indeed, let f be non-decreasing on [a,b]. For any
π = {t0, t1, . . . , tn} ∈Π,

n−1

∑
k=0
| f (tk+1)− f (tk)|=

n−1

∑
k=0

( f (tk+1)− f (tk))

= f (tn)− f (t0)
= f (b)− f (a).

Example 2. Let f : [0,1]→ R with f (0) = 0,

f
(

1
2k−1

)
= 0, f

(
1
2k

)
=

1
2k

, k ≥ 1,

and let f be a linear function at each of the following intervals[
1

2k+1
,

1
2k

]
,

[
1
2k

,
1

2k−1

]
, k ≥ 1.

On the one hand, V ( f ) = +∞. Indeed, let n≥ 1, and put

πn =

{
0,

1
2n+1

,
1
2n

,
1

2n−1
, · · · , 1

3
,
1
2
,1
}
.
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For this partition, we have

2n

∑
k=0
| f (tk+1)− f (tk)|=

1
n
+

1
n−1

+ · · ·+1

which diverges to +∞ as n→ ∞.
On the other hand, f is continuous on [0,1].

Theorem 5 (Jordan decomposition). f is of bounded variation on an interval if and only if it
can be written as the difference f = f1− f2 of two non-decreasing functions.

Remark 2. The Jordan decomposition is not unique.

2.5 The Riemann–Stieltjes integral

Let [a,b] ⊂ R, let f : [a,b] → R be a bounded function, and let α : [a,b] → R be a non-
decreasing function. Let π = {t0, t1, . . . , tn} be a partition of the interval [a,b]. Introduce the
following notation:

mk = inf
t∈[tk,tk+1]

f (t), Mk = sup
t∈[tk,tk+1]

f (t), 0≤ k ≤ n−1.

Definition 8. The lower Darboux–Stieltjes sum is

L( f ,α;π) =
n−1

∑
k=0

mk(α(tk+1)−α(tk)).

The upper Darboux–Stieltjes sum is

U( f ,α;π) =
n−1

∑
k=0

Mk(α(tk+1)−α(tk)).

Remark 3. When α(x) = x, Definition 8 defines ordinary Darboux sums.

Consider the inequalities

inf
t∈[a,b]

f (t)≤ mk ≤Mk ≤ sup
t∈[a,b]

f (t).

Multiply the kth inequality by α(tk+1)−α(tk)≥ 0 and add them. We obtain

inf
t∈[a,b]

f (t)(α(b)−α(a))≤ L( f ,α;π)≤U( f ,α;π)≤ sup
t∈[a,b]

f (t)(α(b)−α(a)).

It follows that the sets {L( f ,α;π) : π ∈Π} and {U( f ,α;π) : π ∈Π} are bounded.
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Definition 9. The lower Riemann–Stieltjes integral is∫ b

a
f (t)dα(t) = sup

π∈Π

L( f ,α;π).

The upper Riemann–Stieltjes integral is∫ b

a
f (t)dα(t) = inf

π∈Π
U( f ,α;π).

A function f is called integrable over [a,b] with respect to α if∫ b

a
f (t)dα(t) =

∫ b

a
f (t)dα(t).

The common value of both the upper and the lower integral is called the Riemann–Stieltjes
integral of f with respect to α and is denoted by

∫ b
a f (t)dα(t).

Theorem 6 (Sufficient conditions of integrability). If f is continuous on [a,b], then f is in-
tegrable over [a,b] with respect to α . If f is monotonic on [a,b] and α is continuous on [a,b],
then f is integrable over [a,b] with respect to α .

Let α be of bounded variation on [a,b], and let α = α1−α2 be its Jordan decomposition.

Definition 10. f is called integrable over [a,b] with respect to α if and only if f is integrable
over [a,b] with respect to both α1 and α2. The Riemann–Stieltjes integral of f with respect to
α is ∫ b

a
f (t)dα(t) =

∫ b

a
f (t)dα1(t)−

∫ b

a
f (t)dα2(t).

Theorem 7 (Sufficient conditions of integrability). If f is continuous on [a,b] and α is of
bounded variation on [a,b], then f is integrable over [a,b] with respect to α . If f is of bounded
variation on [a,b] and α is of bounded variation and continuous on [a,b], then f is integrable
over [a,b] with respect to α . In both cases the value of the Riemann–Stieltjes integral does not
depend on the components in the Jordan decomposition of α .

Theorem 8 (Calculation of the Riemann–Stieltjes integral). Let f be Riemann integrable over
[a,b]. Let α be continuous on [a,b], let α ′ exists at all but finitely many points of [a,b], and let
α ′ be Riemann integrable over [a,b]. Then∫ b

a
f (t)dα(t) =

∫ b

a
f (t)α ′(t)dt.

Let f be continuous on [a,b]. Let α be continuous at all but finitely many points s1, . . . ,
sm ∈ [a,b], let there exist all left-hand limits α(sk−), 1 ≤ k ≤ m and all right-hand limits
α(sk+), 1≤ k ≤ m, let α ′ exists at all but finitely many points of [a,b], and let α ′ be Riemann
integrable over [a,b]. Then∫ b

a
f (t)dα(t) =

∫ b

a
f (t)α ′(t)dt +

m

∑
k=1

f (sk)(α(zk+)−α(zk−)).
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2.6 Cubature in Wiener space

Assume that all the components ω i of a function ωωω ∈Ω have bounded variation. The iterated
integral in the right hand side of (9) can then be understood as the iterated Riemann–Stieltjes
integral.

Now, we can formulate an infinite-dimensional generalisation of the Tchakaloff theorem.
Let |Am| be the number of elements in the set Am.

Theorem 9 (Lyons–Victoir, [6]). Let m be a positive integer. There exist a positive integer
n with 1 ≤ n ≤ |Am|, n paths ωωω1, . . . , ωωωn with all components of bounded variation, and n
positive real numbers λ1, . . . , λn such that for all (i1, . . . , ik) ∈Am,

E

[∫
Sk(T )
◦dBi1

t1 ◦dBi2
t2 ◦ · · · ◦dBik

tk

]
=

n

∑
j=1

λ j

∫
Sk(T )

dω
i1
j (t1)dω

i2
j (t2) · · ·dω

ik
j (tk).

We say that the objects mentioned in the theorem define a cubature formula on Wiener
space of degree m at time T .

In applications, a slightly more general definition of a cubature formula is used.

Definition 11. A cubature formula of order m on Wiener space is a d-dimensional stochastic
process W with paths of bounded variation such that for all (i1, . . . , ik) ∈Am,

E

[∫
Sk(T )
◦dBi1

t1 ◦dBi2
t2 ◦ · · · ◦dBik

tk

]
= E

[∫
Sk(T )
◦dW i1

t1 ◦dW i2
t2 ◦ · · · ◦dW ik

tk

]
.

The Lyons–Victoir theorem states that the process W may be chosen to have a trajectory
ωωω j with probability λ j, 1≤ j ≤ n.

It is enough to be able to construct cubature formulas at time 1. Indeed, let a positive
integer n, n paths ωωω1, . . . , ωωωn with all components of bounded variation, and n positive real
numbers λ1, . . . , λn define a cubature formula on Wiener space of degree m at time 1. The
paths

ω
j

T,i(t) =
√

T ω
j

i (t/T ) (10)

and the weights λ1, . . . , λn define a cubature formula on Wiener space of degree m at time T .

3 How to use cubature?

Let positive weights λ1, . . . , λn and paths ωωω1, . . . , ωωωn with all components of bounded vari-
ation determine a cubature formula on Wiener space for the interval [0,1] and fixed degree m.
The same weights and the paths ωωωT,1, . . . , ωωωT,n defined in (10) determine a cubature formula
on Wiener space for the interval [0,T ]. Let f : RN → R be a m+1 times continuously differ-
entiable function. By definition of a cubature formula and by the stochastic Taylor expansion,
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we have

E[ f (X(T,x))] = ∑
I∈Am

VI f (x)E
[∫

Sk(T )
◦dBi1

t1 ◦dBi2
t2 ◦ · · · ◦dBik

tk

]
+O(T (m+1)/2)

=
n

∑
j=1

λ j ∑
I∈Am

VI f (x)
∫

Sk(T )
◦dω

i1
j (t1)◦dω

i2
j (t2)◦ · · · ◦dω

ik
j (tk)+O(T (m+1)/2).

(11)
On the other hand, let xt(ωωω) : [0,T ]→RN be the solution of the following boundary value

problem for the system of ordinary differential equations:

dxt(ωωω) =
d

∑
j=0

V j(xt(ωωω))dω
j(t),

x0(ωωω) = x,

where ωωω : [0,T ]→ Rd is a path of bounded variation. By Taylor expansion,

f (xT (ωωω)) = ∑
I∈Am

VI f (x)
∫

Sk(T )
◦dω

i1(t1)◦dω
i2(t2)◦ · · · ◦dω

ik(tk)+O(T (m+1)/2).

Combining the last display and (11), we obtain

E[ f (X(T,x))] =
n

∑
j=1

λ j f (xT (ωωω j))+O(T (m+1)/2).

Therefore, the task of solving the system of stochastic differential equations (2) is replaced
by the task of solving n boundary value problems for the system of ordinary differential equa-
tions.

What to do if T is large? The interval [0,T ] is divided into M parts using the partition
0 = t0 < t1 < · · · < tM = T . Denote the time increments by ∆ti = ti+1− ti, 0 ≤ i ≤ M− 1.
Construct cubature paths on [0,T ] by concatenating cubature paths on the subintervals in the
following way. Denote by {1, . . . ,n}M the set of all multi-indices (i1, . . . , iM) with 1 ≤ i ≤ n.
For any such multi-index, define a path ωωω(i1,...,iM) : [0,T ]→ Rd by

ωωω(i1,...,iM)(t) =

{
ωωω∆t0,i1(t), t ∈ [0, t1],
ωωω(i1,...,iM)(tk)+ωωω∆tk,ik+1(t− tk), t ∈ (tt , tk+1],1≤ k ≤M−1.

Associate the weight λi1 · · ·λiM to the above constructed path and approximate

E[ f (X(T,x))] = ∑
(i1,...,iM)∈{1,...,n}M

λi1 · · ·λiM f (xT (ωωω(i1,...,iM)))+CT max
0≤k≤M−1

(∆tk)(m−1)/2.

(12)
Note that the order of the remainder is reduced from (m+1)/2 to (m−1)/2 by the iteration
procedure: in each step we have an error of order (m+1)/2 and summing up these local errors
gives a total error of order (m−1)/2.
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Now, the task of solving the system of stochastic differential equations (2) is replaced
by the task of solving nM boundary value problems for the system of ordinary differential
equations. The number of problems gets too large even for moderate partition size M.

A way to overcome this difficulty is to perform Monte Carlo simulation on the tree. We
can consider the right hand side of (12) as the expected value of a discrete random variable
taking value f (xT (ωωω(i1,...,iM))) with probability λi1 · · ·λiM .

4 Examples
Example 3 (The Ninomiya–Victoir scheme). Let V : RN → RN be a vector field. Consider
the following boundary value problem:

dy
dt

= V(y),

y(0) = x.
(13)

We say that the solution of this problem, y(t), is the flow of the vector field V. Let eVx
denote the solution to the above problem at the time 1, i.e., eVx = y(1). Note that in general
eV1eV2x 6= eV2eV1x. Therefore, we introduce the following notation:

d,→

∏
j=0

eV j = eV0 · · ·eVd ,
d,←

∏
j=0

eV j = eVd · · ·eV0.

Let Λi and Z j
i , 1 ≤ i ≤ M, 1 ≤ j ≤ d be independent random variables with Λi taking

values±1 with probability 1/2 and Z j
i being standard normal. Create an Rd-valued continuous

random path Wi(ω) of bounded variation as follows. Let {e j : 1 ≤ j ≤ d } be the standard
basis of the space Rd . Start the path at 0 and follow the flow of the vector field V0 for
time T/(2M). If Λi = −1, then move with constant speed, first an amount Zd

i

√
T/M in ed-

direction, . . . , until the next before last move Z1
i

√
T/M in e1-direction. If Λi = 1, then the

construction is similar but in reversed order. Finally, follow again the flow of the vector field
V0 for time T/(2M).

The corresponding approximation scheme has the form

XM(0) = x,

XM(iT/M) =

{
e(2M)−1T V0 ∏

d,→
j=1 eZ j

i

√
T/MV je(2M)−1T V0XM((i−1)T/M), Λi =−1,

e(2M)−1T V0 ∏
d,←
j=1 eZ j

i

√
T/MV je(2M)−1T V0XM((i−1)T/M), Λi = 1

with 1 ≤ i ≤ M. It was introduced by Ninomiya and Victoir [7]. One step in this scheme
corresponds to a non-discrete cubature formula of order m = 5.

It is clear that the Ninomiya–Victoir scheme relies on the ability to solve ordinary differ-
ential equations of type (13) fast and accurately. In general, the solution has to be performed
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numerically, typically with Runge–Kutta methods. A detailed discussion on how Runge–
Kutta methods are applied in this context may be found in companion lectures by Kateryna
Mishchenko.

There must exist “lucky" cases of models where all differential equations can be solved
exactly by fast numerical evaluation (not in terms of complicated and slow-to-evaluate special
functions).

Example 4 (The Heston model). Let µ be the rate of return of the asset, let θ be the long-run
mean of the volatility, let κ be the mean-reversion rate, let ξ be the volatility of volatility, and
let ρ be the correlation between the standard Brownian motions B1

t and ρB1
t +
√

1−ρ2B2
t .

The stochastic volatility model by Heston is given by the following system.

dX1(t) = µX1(t)dt +
√

X2(t)X1(t)dB1
t , X1(0) = x1,

dX2(t) = κ(θ −X2(t))dt +ξ
√

X2(t)d(ρB1
t +
√

1−ρ2B2
t ), X2(0) = x2.

The vector fields are given by

Ṽ0(x) =
(

µx1
κ(θ − x2)

)
, V1(x) =

(√
x2x1

ξ ρ
√

x2

)
, V2(x) =

(
0

ξ
√

1−ρ2√x2

)
,

and so we get

V 1
0 (x) = 0− 1

2

(
∂V 1

1 (x)
∂x1

V 1
1 (x)+

∂V 1
1 (x)

∂x2
V 2

1 (x)+
∂V 1

2 (x)
∂x1

V 1
2 (x)+

∂V 1
2 (x)

∂x2
V 2

2 (x)
)

= (µ−ξ ρ/4)x1− x1x2/2

and

V 2
0 (x) = 0− 1

2

(
∂V 2

1 (x)
∂x1

V 1
1 (x)+

∂V 2
1 (x)

∂x2
V 2

1 (x)+
∂V 2

2 (x)
∂x1

V 1
2 (x)+

∂V 2
2 (x)

∂x2
V 2

2 (x)
)

= κ(θ − x2)−ξ
2/4.

Denote J = θ−ξ 2/(4κ). The solutions to system (13) with V = V0, V1, V2 have the form

etV0x =

(
x1 exp((µ−ξ ρ/4− J/2)t +(x2− J)/(2κ)(e−κt−1))

(x2− J)e−κt + J

)
,

etV1x =

(
x1 exp(((ξ ρt/2+

√
x2)

2
+− x2)/(ξ ρ))

(ξ ρt/2+
√

x2)
2
+

)
,

etV2x =

(
x1

(ξ
√

1−ρ2t/2+
√

x2)
2
+

)
.

Example 5 (The SABR model). The model under consideration is given by (1). The vector
fields V1 and V2 are given by (3). The solutions to the corresponding boundary value problems
are

etV0x =

(
H(t)

x2 exp(−t/2)

)
, etV1x =

(
g1(t)

x2 exp(νρt)

)
, etV2x =

(
x1

x2 exp(ν
√

1−ρ2t)

)
,
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where

g1(t) =

{
[(1−β )x2(νρ)−1eνρt−1 + x1−β

1 ]
1/(1−β )
+ , 0 < β < 1,

x1 exp((νρ)−1x2eνρt−1), β = 1,

and where it is impossible to find H(t) in closed form.
Bayer et al [1] proposed the trick to avoid usage of numerical methods. Consider the

following class of models:

dX1(t,x) = aXα
2 (t,x)Xβ

1 (t,x)dB1
t ,

dX2(t,x) = κ(θ −X2(t,x))dt +bX2(t,x)(ρ dB1
t +
√

1−ρ2 dB2
t ).

The above class includes the case of SABR model (when a = 1, α = 1, and κ = 0). Rewrite it
in the following form:

dX1(t,x) =−
1
2

a2
βX2α

2 (t,x)X2β−1
1 (t,x)dt +aXα

2 (t,x)Xβ

1 (t,x)◦d(B1
t + γ1t),

dX2(t,x) = κθ dt +bρX2(t,x)◦d(B1
t + γ1t)+b

√
1−ρ2X2(t,x)◦d(B2

t + γ2t),

where

γ1 =−
1
2

αbρ, γ2 =
αbρ2−2κ/b−b

2
√

1−ρ2
.

For this system, the vector fields V1 and V2 are still given by (3). The vector field V0 is

V0(x) =
(
−a2βx2α

2 x2β−1

κθ

)
.

Then we have

etV0x =

(
g0(t)

κθ t + x2

)
,

where

g0(t) =


−a2P(t)/4+ x1, β = 1/2,

(−a2β (1−β )P(t)+ x2(1−β )
1 )

[2(1−β )]−1

+ , 1/2 < β < 1,
x1 exp(−a2P(t)/2), β = 1

with
P(t) =

1
(2α +1)κθ

((κθ t + x2)
2α+1− x2α+1

2 ).

5 Bibliographical remarks
Ninomiya and Victoir [7] contains an excellent survey of the literature up to 2008. In partic-
ular, they show that the classical Euler–Maruyama method [5], the cubature on Wiener space
of degree 3, and their own scheme are members of the same family of schemes.

Oshima et al [9] use an alternative language of operator semigroups. They extrapolate the
Ninomiya–Victoir scheme for higher orders 2m, m≥ 1. In particular, the previously construc-
ted Fujiwara’s scheme of order 6 may be embedded into their general method.
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A Constructing cubature formulas
Theorem 9 is a typical existence theorem. We need a technique to construct cubature formulas on Ω.
The necessary definitions follow.

A.1 Operations over vector spaces
Let W be a finite-dimensional vector space.

Definition 12. The conjugate space, W ∗, is the space of all linear functionals over W , i.e., mappings
x∗ : W → R satisfying

x∗(λx1 +νx2) = λx∗(x1)+µx∗(x2), x1,x2 ∈W, λ ,µ ∈ R.

Let W1 and W2 be two finite-dimensional vector spaces.

Definition 13. The direct sum W1⊕W2 is the set {(x1,x2) : x1 ∈W1,x2 ∈W2 } with the following
operation:

λ (x1,x2)+µ(y1,y2) = (λx1 +µy1,λx2 +µy2), λ ,µ ∈ R.

For example, R⊕R=R2. Similarly, we can construct a direct sum of more than two vector spaces.

Definition 14. The tensor product W1⊗W2 is the set of all linear operators acting from W ∗1 to W2. The
tensor product x1⊗x2 of vectors x1 ∈W1 and x2 ∈W2 is the element of W1⊗W2 acting on x∗1 ∈W ∗1 as

(x1⊗x2)(x∗1) = x∗1(x1)x2.

Similarly, we can construct a tensor product of more than two vector spaces.
Let k be a positive integer, let Sk be the set of all permutations σ of numbers 1, 2, . . . , k, and let W1,

W2, . . . , Wk be finite-dimensional vector spaces. The symmetrised product of the above spaces is

(W1, . . . ,Wk) =⊕σ∈SkWσ(1)⊗·· ·⊗Wσ(k).

Define
(W1,W2)

p,q = (W1, . . . ,W1,W2, . . . ,W2), (W1,W2)
0,0 = R.

where W1 is repeated p≥ 0 times, and W2 is repeated q≥ 0 times. Now define

Uk(R,Rd) =⊕i≥0, j≥0,2i+ j=k(R,Rd)i, j.

As an example, let us calculate Uk(R,Rd) for k = 0, 1, and 2. If k = 0, then i = j = 0, and
U0(R,Rd) = (R,Rd)0,0 = R. If k = 1, then i = 0, j = 1, and U1(R,Rd) = (R,Rd)0,1 = (Rd) = Rd . If
k = 2, then either i = 0 and j = 2 or i = 1 and j = 0. So,

U2(R,Rd) = (R,Rd)0,2⊕ (R,Rd)1,0

= (Rd ,Rd)⊕ (R)
= R⊕ (Rd⊗Rd).

Finally, introduce the following infinite-dimensional vector space

T (R,Rd) =⊕∞
k=0Uk(R,Rd).
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In other words, the elements of the space T (R,Rd) are infinite sequences a = (a0,a1, . . . ,ak, . . .) with
ak ∈Uk(R,Rd). Note that a0 ∈U0(R,Rd) = R. Define the tensor product of elements a ∈ T (R,Rd)
and b ∈ T (R,Rd) as

(a⊗b)i =
i

∑
j=0

a j⊗bi− j.

If a ∈ Uk(R,Rd), i.e., a = ak, and if b ∈ U`(R,Rd), then a⊗ b ∈ Uk+`(R,Rd), because (a⊗ b)i =

∑
i
j=0 a j⊗bi− j 6= 0 if and only if i = k+ ` and j = k.

Let εεε i, 0≤ i≤ d, be the vector of length d+1 with 1 at the ith position and zeroes at the remaining
positions. Then εεε0, εεε1, . . . , εεεd is a basis of R⊕Rd . The set

{εεε i1⊗·· ·⊗ εεε ik : (i1, . . . , ik) ∈An \An−1 }

is a basis of Un(R,Rd).
Let a ∈ T (R,Rd). Define the exponent of a by

exp(a) =
∞

∑
k=0

a⊗k

k!
.

Let a0 6= 0. Put c = (0,a1/a0,a2/a0, . . .). Then a = a0(1+ c), where 1 = (1,0, . . . ,0, . . .). Define the
inverse and the logarithm as

a−1 = a−1
0

∞

∑
k=0

(−1)kc⊗k,

ln(a) = ln(a0)+
∞

∑
k=1

(−1)k−1c⊗k

k
, a0 > 0.

Finally, let
T (n)(R,Rd) =⊕n

k=0Uk(R,Rd),

and let πn be the projection from T (R,Rd) onto T (n)(R,Rd):

πn(a) = (a0, . . . ,an).

A.2 Lie structures
Definition 15. A Lie bracket of two vectors a and b is

[a,b] = a⊗b−b⊗a.

Let W1 and W2 be subspaces of T (R,Rd), and let [W1,W2] be the minimal subspace of the space
T (R,Rd) containing all Lie brackets [a1,a2], a j ∈Wj, j = 1, 2. Let W = R⊕Rd . Define

W (0) =W,

W (n) = [W,W (n−1)], n≥ 1.

Denote

U =
∞

∑
n=0

W (n).
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Definition 16. The elements of the space U (n) = πnU are called Lie polynomials of degree n.

Construct the set BU in the following way. Let εεε j ∈BU , 0≤ j ≤ d. Define the length L(εεε j) = 1.
If ` /∈ {εεε0, . . . ,εεεd} is a member of BU then it is of the form [`1, `2] with `1, `2 ∈ BU and we set
L(`) = L(`1)+L(`2). We write `1 < `2 if L(`1)< L(`2). Elements of the same length are ordered like
words in a dictionary. Elements of length 2 are included in BU if they are of the form [εεε i,εεε j] with
i < j. Elements of length ≥ 3 are included if and only if they are of the form [`1, [`2, `3]] with `1, `2,
`3 ∈BU , [`2, `3] ∈BU , and `2 ≤ `1 < [`2, `3].

The set BU is a basis of the space U . In other words, for any L ∈U there exist a unique family
of real numbers {c` : ` ∈BU } with the c` being zero for all but finitely many `, such that

L = ∑
`∈BU

c``.

Theorem 10 (Poincaré–Birkhoff–Witt). The set

∪n≥0{`1⊗·· ·⊗ `n : `1, . . . , `n ∈BU , `1 ≤ `2 ≤ ·· · ≤ `n }

forms a basis of T (R,Rd).

Moreover, the set of symmetrised products

(`1, . . . , `n) =
1
n! ∑

σ∈Sn

`σ(1)⊗·· ·⊗ `σ(n) (14)

forms another basis of the above space. The latter basis is more useful for us than that of Poincaré–
Birkhoff–Witt because of the following property.

Theorem 11.

exp

(
n

∑
i=1

βi`i

)
=

∞

∑
k=0

∑
i1+···+in=k

β
i1
1 · · ·β in

n

i1! · · · in!
(`1, . . . , `1, . . . , `n, . . . , `n),

where the term ` j in the symmetrised product appears i j times.

A.3 Chen theory
Let ωωω be a path of bounded variation. Its Chen series is the following element of T (R,Rd):

Xs,t(ωωω) =
∞

∑
k=0

∫
s<t1<···<tk<t

dωωω(t1)⊗·· ·⊗ dωωω(tk),

while its stochastic Chen series is

Xs,t(◦B) =
∞

∑
k=0

∫
s<t1<···<tk<t

◦dBt1 ◦ · · · ◦ dBtk ,

where
Bt = (t,B1

t , . . . ,b
d
t )
>.

We will also use notation

X(n)
s,t (ωωω) =

n

∑
k=0

∫
s<t1<···<tk<t

dωωω(t1)⊗·· ·⊗ dωωω(tk)

for the truncated Chen series.
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Theorem 12 (Chen, 1957). For any Lie polynomial L ∈ U (n) there exists a continuous path of
bounded variation ωωω such that

πn(ln(Xs,t(ωωω))) = L .

A.4 Connection to cubature
Let the paths ωωω1, . . . , ωωωn with all components of bounded variation, and n positive real numbers λ1,
. . . , λn define a cubature formula on Wiener space of degree m at time 1. Let L j, 1 ≤ j ≤ n, be the
following Lie polynomials:

L j = πm(ln(X0,1(ωωω j))).

The introduced polynomials satisfy the following condition:

E[X(m)
0,1 (◦)B)] =

n

∑
j=1

λ jπm(exp(L j)). (15)

Conversely, let L j, 1 ≤ j ≤ n be Lie polynomials, and let λ j, 1 ≤ j ≤ n, be positive weights
satisfying (15). By Chen theorem, there exist paths ωωω1, . . . , ωωωn with all components of bounded
variation such that

πm(ln(X0,1(ωωω j))) = L j, 1≤ j ≤ m.

The above paths and weights define a cubature formula on Wiener space of degree m at time 1.
To find these Lie polynomials, we have to calculate the left hand side of (15).

Theorem 13 (Fawsett, 2003).

E[X(m)
0,1 (◦)B)] = exp

(
εεε0 +

1
2

d

∑
j=1

εεε j⊗ εεε j

)
.

Therefore, to find a cubature formula on Wiener space of a given degree m, we must find Lie
polynomials L1, . . . , Ln ∈U (m) and positive weights λ1, . . . , λn such that

πm

(
exp

(
εεε0 +

1
2

d

∑
j=1

εεε j⊗ εεε j

))
=

n

∑
j=1

λ jπm(exp(L j)).

A.5 Explicit constructions of cubature formulae
Let km be the dimension of the space U ∩T (m)(R,Rd). Let `1 = εεε1, . . . , `d = εεεd , `d+1, . . . , `km be the
elements of BU that lie in T (m)(R,Rd). Let

L j =
km

∑
j=1

βi, j`i.

We need to find real numbers βi, j, 1≤ i≤ km, 1≤ j ≤ n and positive weights λ1, . . . , λn such that

πm

(
exp

(
εεε0 +

1
2

d

∑
j=1

εεε j⊗ εεε j

))
=

n

∑
j=1

λ jπm

(
exp

(
km

∑
j=1

βi, j`i

))
. (16)

The numbers βi, j, 1≤ i≤ d, 1≤ j≤ n, and the weights λ1, . . . , λn may be found using the following
theorem.
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Theorem 14. Assume that the real numbers βi, j, 1 ≤ i ≤ km, 1 ≤ j ≤ n and positive weights λ1, . . . ,
λn satisfy (16). Then the points (β1, j, . . . ,βd, j)

> ∈ Rd and the weights λ1, . . . , λn define a cubature
formula of degree m with respect to the standard d-dimensional Gaussian measure.

The proof of existence of cubature formulas on Wiener space includes two separate constructions,
both of which are difficult to perform explicitly, namely the construction of a classical cubature formula
on the (typically high-dimensional) space Rd followed by the construction of paths of bounded variation
joining 1 to the cubature points. Therefore, it is not surprising that the actual construction of cubature
paths is a difficult task.

Example 6. For m = 3, let the positive weights λ1, . . . , λN and the points x1, . . . , xN ∈ Rd form
a classical cubature formula of degree 3 for the standard Gaussian measure on Rd , e. g. N = 2d ,
{x1, . . . ,xN} = {1,−1}d and λi = 2−d , 1 ≤ i ≤ N. (Of course, the size of this cubature formula is far
away from being optimal.) Then a cubature formula on Wiener space of degree m = 3 for d Brownian
motions is given by ωi(t) = tzi, t ∈ [0,1], and λi as before, i = 1, . . . N.

For degree m = 5 and d = 2 Brownian motions, Lyons and Victoir [6] construct piecewise linear
cubature paths. They also show how to do this for m = 5 and arbitrary d.
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Runge–Kutta methods in financial engineering

Katya Mishchenko

Abstract

Nowadays, a number of mathematical problems that pertain to the area of financial
engineering are formulated and solved through the systems of ordinary differential equa-
tions. Apart from that, it appears to be impossible to derive close form solutions for some
of those systems. Therefore, numerical methods for solving differential equations are a
unique tool for finding approximate solutions.

The paper is devoted to some of the most common and well-studied numerical method,
namely a family of explicit Runge–Kutta methods. The paper touches upon both theor-
etical aspects such as derivation of Runge–Kutta schemes of 2- 4 order of accuracy, and
the numerical implementation of the Runge–Kutta method for approximating a solution
of some specific problem in financial engineering.

1 Overview of Runge–Kutta methods

Runge–Kutta methods are some of the oldest and best-studied schemes in the modern numer-
ical analysis. Due to their simplicity and elegancy, the methods are usually used as a numerical
tool for solving differential equations.

The family of Runge–Kutta methods includes both explicit and implicit methods, methods
with adaptive step size control, or embedded methods, as well as numerous hybrid methods
combining different computational techniques. These methods are also effectively used in the
solution of higher order differential equations.

The main merit of explicit Runge–Kutta methods is in their one-step nature. These al-
gorithms can adapt naturally to changes in the behavior of solutions, at the same time retain-
ing the minimum amount of information between steps. Moreover, a rigorous analysis of the
local truncation error can be done without reference to the previously obtained results, which
allows for the implementation of the efficient error control algorithms.

Adaptive Runge–Kutta methods were among the first ones to have appeared in numerical
implementations, and they have been substantially improved over the last decades.

Implicit Runge–Kutta methods are employed when larger stability regions are required.
The strong feature of these methods are A-stability. The family of implicit Runge–Kutta
methods includes Radau, Lobatto and other methods and are a subject of systematic study.

With almost 100 years of the history behind them, Runge–Kutta methods still represent the
area of active research. New methods for improving robustness, reliability and functionality
of Runge–Kutta methods are currently being developed.

66
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2 The general framework of explicit Runge–Kutta methods

The problem under consideration is to compute an approximate solution of the general bound-
ary value problem

dy
dt

= V(t,y(t)), (1)

y(a) = x. (2)

Here y = y(t), is the solution of this problem, V : RN → RN is a vector field, and x is the
given RN vector of initial condition at t = a.

The basic approach used by all solution methods is to compute a sequence of discrete
approximation vectors yi ≈ y(ti) step-by-step starting with t0 = a and y0 = x.

This iterative procedure is based on general step, with yi available, chosen step size h, so
that the new approximation at ti+1 = ti + h is computed according to the following scheme,
see [1]:

k1 = h ·V (ti,yi), (3)

kr = h ·V (ti +h ·αr,yi +
r−1

∑
j=1

βr jk j),2≤ r ≤ s, (4)

yi+1 = yi +
s

∑
r=1

ωrkr. (5)

Definition 17. Parameter s in formula (4) - (5) is called as an order of the stage of a Runge–
Kutta method. Order of stage also defines a number of evaluations of the function V on each
step of the iterative scheme.

Scheme (3) - (5) describes the general framework of explicit Runge–Kutta methods associ-
ated with the problem (1) - (2) of stage s, the nodes {αr}s

r=1, the internal weights {βr j}r−1,s
j=1,r=2,

and external weights {ωr}s
r=1.

Equation (5) indicates the main feature of the Runge–Kutta methods, which is the approx-
imation of the quantity (y(ti+1)−y(ti))/h using the weighted average of samples of V(t,y) that
defined the boundary value problem (1) - (2).

The process for computing yi in (2) is explicit, that is locations of samples must be chosen
based on the information obtained on previous steps.

Without the lose of generality let consider the case of scalar function v : R1→ R1, so that
v = v(t,y(t)) and consider the first, second and fours Runge–Kutta methods.

The one-stage explicit Runge–Kutta method has the first order of accuracy is nothing else
than the explicit Euler method:

yi+1 = yi +h · v(ti,yi),y0 = x. (6)
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2.1 Two-stages Runge–Kutta methods

The general formula of two-stages Runge–Kutta methods (RK22) corresponds to the case
s = 2 and includes two external weights ω1,ω2, node α and one internal weight β :

k1 = h · v(ti,yi),

k2 = h · v(ti +αh,yi +βk1),

yi+1 = yi +ω1 · k1 +ω1 · k2,

(7)

where parameters ω1,ω2,α,β satisfy some conditions, see Section 4.1.2.
One of the best known example of RK22 methods is a Heun’s method with α = β = 1 and

ω1 = ω2 = 1/2:

k1 = h · v(ti,yi),

k2 = h · v(ti +h,yi + k1),

yi+1 = yi +1/2 · (k1 + k2).

(8)

Geometrically, coefficient k1 can be interpreted as a step size times slope of the solution
yi at the beginning the interval [ti, ti +h] and k2 as a step size times the slope at the end of this
interval evaluated at y- value equals to a sum of yi and k1.

The next approximate yi+1 is defined as a sum of yi plus the weighted product of two
slopes.

2.2 Four-stages Runge–Kutta method

The best-known method, RK44 is of forth order of accuracy and corresponds to s = 4:

k1 = h · v(ti,yi),

k2 = h · v(ti +1/2h,yi +1/2k1),

k3 = h · v(ti +1/2h,yi +1/2k2),

k4 = h · v(ti +h,yi + k3),

yi+1 = yi +1/6 · (k1 +2k2 +2k3 + k4).

(9)

Geometrical interpretation of coefficient k1 is given above, while coefficients k2 and k3
can be interpreted as the product of the step size h and slope at the midpoint of the interval
and some strategically important y values.

This method is a particular case of the family of Runge–Kutta methods, see general for-
mula (44). It represents a good tradeoff between the requirements of low truncation error and
low computation cost per iteration.

The derivation of the explicit Runge–Kutta methods with given number of stages and order
of accuracy are subject to Section 4.
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3 Runge–Kutta methods for autonomous systems
Let V : RN → RN be a vector field. Consider the following boundary value problem:

dy
dt

= V(y), (10)

y(a) = x. (11)

The solution can be referred to as a flow of the vector field and a fixed step size method
generates functions parameterized by this step size.

Problem (10)- (11) is called as an autonomous problems, since the vector field V = V(y)
does not depend on time.

The general s- stage explicit Runge–Kutta method (3) - (5) is reduced to the form, see [5]:

k1 = h ·V (yi), (12)

kr = h ·V (yi +
r−1

∑
j=1

βr jk j),2≤ r ≤ s, (13)

yi+1 = yi +
s

∑
r=1

ωrkr. (14)

The first stage of any explicit RK method (12) samples the vector field at the current
time-step multiplied by the step. The second step samples the product of a vector field V at
yi +βr1k1 and time-step.

We can expand V(yi +βr1k1) about yi in a Taylor series in powers h and on the coming
stage expansion V(yi +βr1k1 +βr2k2) involves substituting the prior expansion.

In the rth stages the evaluation of V is expanded at the point yi + βr1k1 + ...βrr−1kr−1.
This is done by collection terms in the expansions that are already obtained for k1,kr−1 and
combining them in a single expression for yi+1. This simply involves summing the parameters
for the current stage times the corresponding coefficients obtained at the previous stage.

The derivation of scheme (12) - (14) as a special case of general explicit Runge–Kutta
methods for non-autonomous system is sketched in Section 4.

3.1 Numerical Example
Let consider an autonomous 2-dimensional initial boundary problem associated with the SABR
model ( see Anatoliy Malyarenko lecture for details):

dy1
dt

= y1 ·yb
2 ,

dy2
dt

= ν ·ρ ·y2,

y1(0) = 1,
y2(0) = 0.3.

(15)
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In this system, the vector field V(y) is a two-dimensional function

V =V (y) =

(
y1 · yb

2

ν ·ρ · y2

)
. (16)

Components of function y = y(y1,y2) are the stock price and volatility accordingly.
The initial condition corresponds to t = 0:

y0 = y(t = 0) =

(
y1(0)
y2(0)

)
=

(
1

0.3

)
. (17)

Approximate solution y will be propagated until maturity T = 1, corresponding to one
year. The time step is defined as h = T

n , where n is the number of time steps.
For example, the case n= 365 approximates function y on daily basis throughout one year.
Parameters b,ρ and ν are arbitrary constants satisfying the following conditions:
1/2≤ β ≤ 1, −1 < ρ < 1 and ν > 0.

Let find an approximate solution of this problem by the RK44, forth-order accurate four
stage Runge - Kutta scheme.

The iterative procedure is derived from the scheme (12) - (14) for s = 4 and has the fol-
lowing form:

k1 = h ·V (yi),

k2 = h ·V (yi +1/2k1),

k3 = h ·V (yi +1/2k2),

k4 = h ·V (yi + k3),

yi+1 = yi +1/6 · (k1 +2k2 +2k3 + k4).

(18)

Function V(y) defined by (18) is a two-dimensional function, so that parameters ki, i =
1, ..4 are two-component vectors to be evaluated on each step of the iterative scheme.

The Matlab script below shows the basic implementation of the RK44 for the problem
(15) with T = 1 , b = 0.9, n = 500,ν = 0.4 and ρ =−0.7.

Note that in this implementation the pair of parameters ki,si, i = 1, ...4 rather than two-
component vector ki are employed. Additionally, the first and second components of solution
y are implemented as two vectors y1 and y2 each of length n = 501.
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clear all;
close all;
%initialization
T = 1;
b= 0.9;
n = 500; % number of time steps
nu =0.4 ;
rho = -0.7 ;
v1 = @ (y1,y2) y2*y1^b;
v2 = @ (y1, y2) y2*nu*rho;

%initial conditions
y1(1) =1;
y2(1) =.3;
h= T/n;

% RK44
for i = 1:n
k1 = h* v1( y1(i),y2(i));
l1 = h* v2( y1(i),y2(i));

k2= h* (v1( y1(i) + k1/2,y2(i)+l1/2));
l2= h* (v2( y1(i) + k1/2,y2(i)+l1/2));

k3= h* (v1( y1(i) + k2/2, y2(i) + l2/2));
l3= h* (v2( y1(i) + k2/2, y2(i) + l2/2));

k4 = h* v1( y1(i) + k3,y2(i) + l3 );
l4 = h* v2( y1(i) + k3,y2(i) + l3 );

y1(i+1) = y1(i) + 1/6* (k1+ 2*k2+ 2*k3 +k4) ;
y2(i+1) = y2(i) + 1/6* (l1+ 2*l2+ 2*l3 +l4) ;
end

%Visualization
figure(1),
plot([0:n],y1,’r-’, [0:n], y2,’b-.’)
legend(’y1’, ’y2’)
title(’Solution y = (y1, y2)’)
grid on

Figure 1 illustrates the plot of components y1 and y2.
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Figure 1: Numerical solution of autonomous IBV problem by Runge–Kutta

4 Theory of explicit Runge–Kutta methods

4.1 Derivation and accuracy of Runge–Kutta methods

In order to derive Runge–Kutta methods of different stage and order of accuracy ( according
to [3]), let integrate equation (1) in the interval [t, t+h], h < 1:

y(t +h) = y(t)+
∫ t+h

t
v[z,y(z)]dz. (19)

Introducing the notation4y = y(t+h)−y(h) and making substitution z = t+ γh, we get:

4y = h+
∫ 1

0
v[t + γ ·h,y(t + γ ·h)]dγ. (20)

Runge–Kutta methods are constructed using the last equation and three sets of parameters:

α1 = 0,α2, ...,αs (21)
β11, (22)

β21,β22,

....

βs1,βs1, ...βs,s−1

ω1,ω2, ...,ωs+1. (23)

Using parameters (21) and (22) let construct the set of new variables kr:
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k1 = h ·V (t,y),
k2 = h ·V (t +α2h,y+β11k1)

ks = h ·V (t +αs ·h,y+βs1k1 +βs2k2 + ....+βss−1ks−1.

The key moment in derivation of the Runge–Kutta methods is numerical approximation of
4y by the linear combination of the parameters ki, i = 1, ..,s and weights :

4y≈
s

∑
i=1

ωi · ki. (24)

To solve the problem of the choice of parameters α,β ,ω let introduce the local truncation
error.

Definition 18. The local truncation error is the error induced for each successive stage of the
iterative scheme.

The local truncation error, les, associated with the approximation (24) is defined by the
following formula:

les(h) =4y−
s

∑
i=1

ωi · ki. (25)

The Taylor expansion of a variable es under condition that function v(t,y) is a sufficiently
smooth function, is:

les(h) =
p

∑
j=0

h j

j!
· le( j)

s (0)+
hp+1

(p+1)!
· le(p+1)

s (θh), 0 < θ < 1. (26)

If the condition
le( j)

s (0) = 0, j = 0, ..., p (27)

holds than the error (25) in approximation (24) will be of order hp+1 or higher, since in this
case

les(h) =
hp+1

(p+1)!
· e(p+1)

s (θh). (28)

Definition 19. The number p in (28) is called as an order of accuracy of the scheme.

Having found the Taylor expansion of the exact solution to an initial value problem, we can
find the corresponding expansion for the approximation computed by a Runge–Kutta method.
A term-by-term comparison of these will provide criteria for the error generated in a single
step to be zero, except for terms that can be estimated in terms of high powers of the step size
h.

So, the derivation of the Runge–Kutta method of pth order of accuracy and sth order stage
(RK-SP) is based on solving equation (27) for the particular value p. This is done by finding
suitable parameters α,β ,ω via solving equation (24). These parameters are defined by the
condition that the Taylor expansion of the function4y
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4y = h · y
′
(t)+

1
2

h2 · y
′′
(t)+ ... (29)

should be equal to the Taylor expansion of the left-hand side of (24) as a function of argument
h for given p.

It is rather hard to make a general derivation of a system of equations defining coefficients
an arbitrary chosen order of stage s.

Furthermore, weights β and nodes α define a quadrature formula of order p and stage s:

s

∑
i=1

βsi ·αk−1
i =

1
k
. k = 1,2, ..p (30)

Let briefly show the sketch of the derivation of the Runge–Kutta methods of the first -
fourth order of accuracy

4.1.1 First order Runge–Kutta method

For s = p = 1 the only choice is the Euler method with

ω1 = 1. (31)

To prove this, let consider the case s = 1, leading to the case of the problem with a single
unknown parameter ω1, see [3].

Approximation (24) in this case takes the form:

4y≈ h ·ω1v(t,y). (32)

The local truncation error is

les(h) = y(t +h)− y(t)−h ·ω1v(y,y) (33)

In order to find the parameter ω1, we should solve the system of equations (26):

le
′
0(0) = y

′
(t)−ω1v(t,y) = 0, (34)

giving that
(1−ω1) · v(t,y) = 0. (35)

This provide us with the solution ω1 = 1 corresponding to the explicit Euler scheme

yi+1 = yi +h · yi. (36)

The local truncation error of this method is le0(h) = h2

2 (θh) = h2

2 · y
′′
(x+θh).
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4.1.2 Second order Runge–Kutta method

For s = p = 2, we have a system of three equation in four unknowns ω1,ω2,β21,α2.
We start again with the approximation (24) with s = 2, see [3]:

4y≈ ω1 · k1 +ω2 · k2 = h ·ω1v(t,y)+h ·ω2v[t +α2 ·h,y+h ·β21v(t,y)]. (37)

The Taylor expansion (29) is

4y= y(t+h)−y(t)= h ·v+ h2

2
(vt +v ·vy)+

h3

6
[(vtt +2v ·vty)+v2 ·vyy+vy(vt +v ·vy)]+O(h4).

(38)
The Taylor expansion for ω1 ·k1 +ω2 ·k2, in its turn, is:

ω1 · k1 +ω2 · k2 = h · (ω1 +ω2) · v+h2
ω1 · (α2 · vt +β21 · v · vy)+

+
h3

2
ω1(α

2
2 · vtt +2α2β21 · vvty +β

2
21 · v2 · vyy)+O(h4).

(39)

Comparing correspondent coefficients in (38) and (39), we set up the following conditions
on parameters ω1,ω2,β21,α2:

ω1 +ω2 = 1,
ω2 ·β21 = 1/2,
ω2 ·α2 = 1/2.

(40)

Solving this system in terms of ω2,we get a one-parametric family of methods (7) allowing
for nonunique solution.

Well-know Heun’s method (see (8)) corresponds to the case ω1 = ω2 = 1/2,β21 = α2 = 1.
The local truncation error of any of second-order accurate Runge–Kutta method can be

represented as

le1(h)=
h3

6
[vtt(1−3α

2
2 ω1)+2v ·vty(1−3α2β21 ·ω1)+v2 ·vyy(1−3β

2
21ω1)+vy(vt +v ·vy)]+O(h4).

(41)
Sometimes free parameter ω1 is chosen in a way to make equal to zero some of elements in
(41), for example ω1 = 3/4,α2 = β21 =

1
2ω1

. For this choice of parameters the general RK22
scheme (7) will be

k1 = h · v(ti,yi),

k2 = h · v(ti +2/3h,yi +2/3k1),

yi+1 = yi +3/4 · k1 +1/4 · k2.

(42)

The local truncation error (41) will be simplified: le1(h) = h3

6 [vy(vt + v · vy)]+O(h4).
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4.1.3 Runge–Kutta methods of higher order

For s = p = 3, we must satisfy the following system of six equation with eight variables, [3]:

ω1 +ω2 +ω3 = 1,
ω2 ·α2 +ω3 ·α3 = 1/2,

ω2 ·α2
2 +ω3 ·α2

3 = 1/3,
ω3 ·α2 ·β32 = 1/6,

β21 = α2,

β31 +β32 = α3.

One possible solution of system (43) leads to the following RK33 scheme:

k1 = h · v(ti,yi),

k2 = h · v(ti +1/3h,yi +1/3k1),

k3 = h · v(ti +2/3h,yi +2/3k2),

yi+1 = yi +1/4 · k1 +3/4 · k2.

(43)

Note that we could not have obtained a third-order method with two stages, and it is shown
(see e.g. [2]) that an explicit s-stage method cannot have an order or accuracy greater than s,
but the upper bound is only for s = 4.

For s = p = 4, the system of equation restricting the choice of parameters can be reduced
to the system of 11 equation in 14 variables. One well known RK44 scheme is shown by
formula (9), another popular RK44 scheme is called as the "method of three thirds":

k1 = h · v(ti,yi),

k2 = h · v(ti +1/3h,yi +1/3k1),

k3 = h · v(ti +2/3h,yi−1/3k2),

k4 = h · v(ti +h,yi + k1− k2 + k3),

yi+1 = yi +1/8 · (k1 +3 · k2 +3 · k3 + k4).

(44)

Above stage s = 4 , it is no longer possible to derive the Runge–Kutta method of order of
accuracy s just in s stages. The reason for this is that the total amount of parameters α,β ,ω is
not enough to match equations (29) and (24) up to h5.

For the order of accuracy 5 and 6, 6 and 7 stage methods are required accordingly. Above
order 6, there is a huge increase in the required amount of stages.

The minimum number of stages necessary for an explicit method to attain higher order is
still an open question.

4.2 Derivation of Runge–Kutta method for autonomous systems
The derivation of the numerical schemes for autonomous initial value problems of the form
(10)- (11) leads to similar but simplified formulas, since the vector field V(y) is independent
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on time step t. Taylor expansion of 4y represented by formula (29) is simplified due to the
absence of all partial derivatives of function v w.r.t to time step t.

The derivation of Runge–Kutta methods of four-stages and fourth-order accurate scheme
for the case of autonomous system is performed according to the algorithm described above
and leads to the following system of equations, see [5]:

ω1 +ω2 +ω3 +ω4 = 1,
ω2α2 +ω3α3 +ω3α4 = 1/2,

ω2α
2
2 +ω3α

2
3 +ω3α

2
4 = 1/3,

ω3β32α2 +ω4(β42α2 +β43α3) = 1/6,

ω2α
3
2 +ω3α

3
3 +ω3α

2
3 = 1/4,

ω3β32α
2
2 +ω4(β42α

2
2 +β43α

2
3 ) = 1/12,

ω3α3β32α2 +ω4α4(β42α2 +β43α3) = 1/8,
ω4β43β32α2 = 1/24.

(45)

Here we introduce the set of parameters α to simplify the system of equations : αi = ∑
i−1
j=1 βij,

i = 1, ...4.
Solution of system (45) can be found in several steps: Firstly, parameters α2, ...α4 are

chosen, then parameters ωi can be found. After that the set of parameters bij is obtained.
The classical Runge–Kutta method, RK44 was mentioned several times, (see (9)) and

corresponds to the solution:

α2 = α3 = 1/2,α4 = 1;
β21 = β32 = 1/2,β43 = 1;

ω1 = ω4 = 1/6,ω2 = 2/6,ω3 = 2/6.
(46)

4.3 Error analyzes
Definition 20. The global truncation error of the method, ger is defined as

ge = yi− y(ti) (47)

Suppose that n steps where taken to carry the solution from an initial point t0 to a final
point t̄. In case of constant nh, this would need to be equal to (t̄− t0)/n to reach the final
point. If the local truncation error is bounded by (C ·hp+1), the global truncation error will be
equal to n ·Chp+1 =C(t̄− t0) ·hp.

In order to formulate a correspondent theorem ( see [2]), let assume that function V(t,y(t))
satisfied Lipschitz condition with constant L and A, b c are parameters of the Runge–Kutta
method.

Theorem 15. Let h0 and L∗ be such that the local truncation error er at step number k =
1,2,...n is bounded by

ek(h)≤C ·hk+1,h≤ h0,
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then the global truncation error is bounded by

‖y(tn)− yn‖ ≤


exp(L∗(t̄− t0))−1

L∗
, L∗ > 0

(t̄− t0) ·Chp, L∗ = 0,
(48)

where L∗ = L|bT |(I−h0 ·L|A|)−1I.

4.4 Step size control
The step size control is an essential part of the Runge–Kutta methods. There are several
approaches for doing this.

One possible approximate formula defining a step size hε for the kth degree accurate
Runge–Kutta method with required accuracy of approximation ε is, see [3]:

hε ≈ h/2 · k

√
(2k−1)ε
|yh/2− yh|

, (49)

where yh,yh/2 are approximate solutions corresponding to step sizes h,h/2 accordingly.
Another idea based on halving the step size is to define the number of steps n and a step

h = t̄−t0
n and run the method. To check whether the step length is sufficiently good, double the

number of steps, repeat the integration, and compare results ( e.g. local truncation error). In
case the local truncation error is large, the number of steps is doubled until the results of two
successive execution are close.

This approach is computationally expensive, and it can fail for problems whose nature
requires a variable step size, but it may well minimize user effort. This is a simple sketch
of the family of so called Adaptive Runge–Kutta methods, where the step size h is tuned to
restore an admitted degree of accuracy.

Some strategies are based on estimation of a global error as a function of step size, see [1]:

max
i=1,...nTOL

‖gei‖ ≤ K ·TOL, (50)

where nTOL is a number of steps consistent with the error tolerance TOL and K may depend
on both problem and method, but not on tolerance.
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Volatility prediction and straddle strategy on
FORTS market

Artem Rybakov∗

Abstract

A dynamic one-day-ahead RTS index volatility prediction is applied to straddle (volat-
ility trading) strategy. Clustering effect is employed to detect arbitrage opportunities. The
half of the signals generated allows to gain profit from transactions.

1 Introduction

Financial time series are widely investigated not only from the theoretical point of view, but
also deal with concrete practical issues, such as risk management or portfolio optimisation.
Nowadays volatility trading strategies are gaining growing popularity with academics and
practitioners. There are several reasons for that: first of all, numerous studies confirm bigger
extent of volatility’s predictability in comparison with, for example, price series [4]. Secondly,
the strategies allow to keep position neutral to market movements. Thus, having a good fore-
cast concerning future volatility directions, one (investor) can manage risk and make profit
on both growing and falling market. Hence, the problem of forecasting volatility is of an
exclusive importance.

There is a wide variety of methods to model volatility, such as ARCH-family (ARCH,
GARCH, iGARCH, TGARCH, EGARCH),stochastic models and other. A distinguishing
feature of ARCH models is the use of conditional variance, which is changing, while un-
conditional variance can remain unchanged. The drawback of such models is a weak out-of-
sample performance. Moreover, model estimation and comparison is difficult due to the fact
that volatility cannot be observed directly. There are also several ways to define and estim-
ate volatility. For the purpose of our research, let’s define volatility as conditional standard
deviation. Model is evaluated according to both statistical and economical significance.

Data are divided into 2 parts: sample for model building and calibration and “out-of-
sample" data for back testing. Next the model is evaluated according to profit gained due to
strategy realisation.

∗Lectures are prepared under financial support of the Nordplus Framework project HE-2010_1a-21005.
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Table 1: Descriptive statistics of RTS index daily log returns (1995–2005)
Observations 2527
Minimum -0.167354
Maximum 0.203747
Mean 0.000899
Median 0.001206
Variance 0.000915
Standard deviation 0.030243
Skewness -0.010384
Excess kurtosis 1.936347

2 Data description

Russian Trading System (RTS) index is studied. We deal with the series of logarithmic returns

rt = ln
Pt

Pt−1
,

where rt is the time t index log return, and Pt is the index value at time t. For the period from
1995 to 2005 rt oscillates around zero level with peaks in 1998 which is know as a financial
crisis in Russia. Consider descriptive statistics (Table 1).

Results of t-test allow to accept the null-hypothesis that mean equals zero. In other words,
an average daily return is zero. Negative skewness confirms non-symmetry. There are heavy
distribution tails since excess kurtosis is positive.

For trading purposes Futures Options RTS (FORTS) market is used. Instruments traded are
put and call options written on future contract, which is written on RTS index. Market prices
are considered for at-the-money options. In this research we suppose an absolute correlation
of RTS index and future contracts, written on it. So, prices of future contracts are not taken
into consideration.

Model employs RTS values at opening of trade sessions. For model building and calibra-
tion 1995–2005 period is used (2527 observations). For back testing we chose time interval
2005–2010 (1130 observations).

3 Strategy description

The strategy tested is called “straddle" and supposes buying/selling simultaneously a put and
a call option with the same parameters (strike price, expiration date). We employ such a
property of straddle as delta-neutrality: total exposition is zero, which means risk-neutral
hedged position. In case of a certain index value deviation profit is gained.

The model predicts next day’s volatility and ratio to today’s value is calculated. Let’s
call this ratio growth level. Thus, manipulating the growth level we can filter trading signals.
Then transactions are made and at-the-money options are bought/sold. Similar strategy was
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described by Bartels [1], where, however, European options are used and prices are calculated
by Black–Scholes formula.

While back-testing, we suppose absolute liquidity.

4 Model building
Model type and order definitions are often a complicated task. Among ARCH-family the most
popular model is GARCH(1,1). According to results of some studies [5], sophistication and
increase of a model’s order is not followed by more significant results but hardens calculations.

So, generalised autoregressive conditional heteroscedasticity model GARCH(1,1) [2] is as
follows:

rt = µt +at ,

µt = E[rt |Ft−1],

at = σtξt ,

σ
2
t = α0 +αa2

t−1 +βσ
2
t−1,

where Ft−1 is information set available at time t− 1, σt is the conditional variance of return
rt given Ft−1, i.e. σ2

t = E[(rt−µt)
2 |Ft−1], {ξt} is the sequence of IID random variables with

mean 0 and variance 1, which is usually standard normal or Student-t distributed, µt is the
conditional expectation of return rt given Ft−1, α is the shock (innovation) of log return at
time t, and α0, α , and β are real numbers satisfying

α0 > 0, α,β ≥ 0, α +β < 1. (1)

Let’s note that high value of a2
t−1 or σ2

t−1 triggers a high value of σ2
t . In other words, high

a2
t−1 is followed by a high a2

t , generating clustering effect [3].
The idea when modelling volatility is that the rt series has zero autocorrelation but is de-

pendent. It is sufficient to look at ACF and PACF graphs of rt to observe the absence of
statistically significant autocorrelation and to that of r2

t to see that the values are not independ-
ent. In financial literature this property is usually called the “ARCH–effect".

There are several steps to be fulfilled when modelling volatility with GARCH model:

1. Defining mean equation.

2. Testing for ARCH–effect.

3. In case of ARCH effect constructing joint distribution of mean and volatility equations.

Model parameters and coefficients are estimated via maximum likelihood method. Model
is then estimated according to coefficient statistical significance. Among possible innovations
distributions the one with the least value of information criteria is chosen.

The forecasted value of next period’s volatility is calculated by the following formula

σ
2
h+1 = α0 +αa2

h +βσ
2
h .
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Figure 1: Conditional standard deviation of daily log returns of RTS index

Let us build the model. Due to the results of the Box–Ljung test we accept alternative
hypothesis of non-zero autocorrelation of rt . Hence, next step is to remove it by fitting a linear
model. By MLE method AR(10) was fitted. Box–Ljung test for standardised deviations (in-
novations) confirms the absence of autocorrelation of residuals. But squared residuals demon-
strate autocorrelation. Thus there is an ARCH effect. The following model was estimated
using maximum likelihood.

Mean equation:

rt = 0.001873+0.126062rt−1 +0.012385rt−2−0.000060rt−3 +0.012246rt−4−0.011006rt−5

+0.005596rt−6 +0.017839rt−7 +0.03775rt−8 +0.062767rt−9 +0.014232rt−10 +at .

Volatility equation:

σ
2
t = 0.0000127754+0.150649a2

t−1 +0.845371σ
2
t−1,

where at has the standard normal distribution and α + β = 0.99582, so that condition (1)
is satisfied. Note, that innovations distributed by Student t-distributions resulted statistical
insignificance of the model and breaking condition (1). Let’s look at the graph of conditional
standard deviation (Fig. 1). It can be seen that volatility fluctuates in a certain interval with
peak values during the period of economic crisis.
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Figure 2: Empirically calculated innovations

5 Results and model adequacy

The model was tested under filter equal to 8. In other words, volatility surges were registered
and then transactions were made according to forecast. To prevent model inconsistence with
the real data, the innovations in volatility equations at were calculated not as a random normal
variable but as the difference between observed log return and the one calculated by the mean
equation. The graph (Fig. 2) as well as the Box–Ljung test confirm that empirically counted
innovations behave as a white noise.

The behaviour of one-day ahead volatility forecast is presented in Fig 3. The data are
forecasted, hence days and years are substituted by the numbers from 0 to 1200.

And again peaks correspond to the crisis period.
According to the filter, trading signals were obtained. The summarised results are presen-

ted in Table 2.
There were 15 trading signals. In 7 cases it was possible to close position in 3 days with

positive return. However, 7 transactions were followed by losses.

6 Conclusion

The model built forecasts volatility extreme jumps (surges). Due to clustering effect the rapid
growth of volatility is stable for a certain time and is not immediately changed by a drastic
drop. As long as the option price is proportional volatility and we suppose a delay between
volatility growth and option prices reaction, then arbitrage opportunities appear. In other
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Figure 3: One-day ahead conditional standard deviation

Table 2: Strategy profitability
Date RTS index Profit/loss

20060113 1 255,65 2%
20060502 1 657,49 8.6%
20060607 1 469,89 0%
20060718 1 457,90 6%
20070112 1 799,44 9.7%
20070619 1 896,07 -4%
20080124 1 902,57 -8%
20080320 2 012,03 -25.9%
20080822 1 722,41 9.8%
20080924 1 272,79 2.9%
20081125 626,42 -7.6%
20090212 620,33 -6%
20090522 1 001,36 -0.9%
20090618 1 038,41 14.5%
20091119 1 486,62 -5,9%
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words, derivatives market is incomplete. Our model uses market’s delay in fair pricing op-
tions and allowed to make profit in a half of tested cases. Returns are extremely high when
considered with investment periods. The strategy applications are reasonable for institutional
and private investors, but after various models are employed and tested on several markets.
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Out-of-sample GARCH testing
Vadim Suvorin∗

Abstract

The article is focused on examining GARCH models with different lags on variety of
financial time series. The first part describes an eduction of the best forecasting ability
model with the help of out-of-sample criterion. The second section portrays series of tests
that were performed in order to investigate statistical significance of chosen model. The
third gives several inferences about correlation between statistical and economic signific-
ance.

1 Volatility model derivation
Variance prediction of time series has plenty of serious applications in finance. Contingent
claims pricing, hedging, calculating risk measures, and volatility arbitrage is not an exhaust-
ive list. Such a width of possible usage evoked an immense interest in modelling conditional
variance. However, this paper is focused on one way of exploiting variance prediction: stat-
istical volatility arbitrage. For this purposes we first investigate several conditional variance
models with different lags of fitting parameters and compare them with the help of specially
designed out-of-sample criterion.

1.1 Theoretical aspects of conditional variance models
Classical GARCH model is described as following [5].

Given the closing price of financial instrument pt , we define daily return by rt = log(pt)−
log(pt−1). Conditional probability density function of rt is denoted by f (rt |Ft−1), where
Ft−1 is the σ -field generated by all linear functions of returns that are observed at time t−1.
Conditional mean and variance of the density is given by:

µt = E[rt |Ft−1], σ
2
t = Var[rt |Ft−1] = E[(rt−µt)

2|Ft−1]

Equation for µt is taken as simple as possible, the mean is usually assumed to follow
ARMA(p,q) model with some explanatory variables. As rt = µt +at , where at is a residual on
step t, variance equation can be modified in following way:

σ
2
t = Var[rt |Ft−1] = Var[at |Ft−1]

∗The lecture is prepared under financial support of the Nordplus Framework project HE-2010_1a-21005.
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The conditional heteroscedastic models are concerned with the evolution of conditional
variance σ2

t . The parameters of the model govern the way of variance changing over time
and thus distinguish one volatility model from another. GARCH(p,q) can be described with
following equation:

at = σtεt σt = α0 +
p

∑
i=1

αia2
t−i +

q

∑
j=1

β jσ
2
t− j,

where εt is a sequence of independent and identically distributed random variables with zero
mean and unit variance, α0 > 0, αi ≥ 0, β j ≥ 0 and ∑

max(p,q)
i=1 (αi +β j) < 1. The latter con-

straint implies that unconditional variance of innovation term is finite, whereas its conditional
variance develops over time. Parameters αi and β j govern the way of conditional variance
evolution and fitted on return data inside the sample.

For the purposes of investigation it was used classic GARCH in above form with the
following modification. Instead of introduced daily returns we exploit intra-day returns to
minimize an out-of-sample error of comparison of conditional and unconditional variances.
These returns are described by rt = log(ct)− log(ot), where ct is the closing price and ot is
the opening price. Thus the predicted volatility is intra-day volatility, which is not including
overnight price changes. Such a definition of returns corresponds to the purposes, for which
the model is supposed to be used. In arbitrage situation the position is opened in the morning
for the price offered on the market in the very beginning of main session and closed for the
last price.

1.2 Model fitting
Model was built with the help of R statistical software using 7 years data about three most
traded instruments of Russian financial market: RTS Index futures, futures on Gazprom or-
dinary shares and futures on Lukoil ordinary shares. At first ARCH effect was investigated by
examining ACF graphs of absolute values of returns.

Then statistical hypothesis about correlation in data was checked with Box–Ljung test, ap-
plied to absolute values of returns. As a result alternative hypothesis was accepted. These facts
showed that the time series are heteroscedastic and this effect can be captured by employing
conditional volatility model.
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To fit the model to data it was used Quasi-Maximum Likelihood Estimation method, de-
veloped by Bollersev [1].

On every step model exploited 620 returns to fit in and then suggested one-day forward
prediction. Parameters of model were re-calibrated according to the latest 620 returns before
making every forecast. In-sample predictions were not performed, first 2.5 years of data were
used just to find out estimates. Therefore evaluation period was cut from 7 to 4.5 years.

Ten models with different lag length were fitted and investigated: from GARCH(1,1) to
GARCH(10,10) with number of alpha-coefficient always equal to number of beta-coefficients.

1.3 Model comparison
Each system was evaluated out-of-sample by loss functions, discussed in papers of Bollerslev,
Engle and Nelson (1994), Diebold and Lopez (1996) [3]. The following form was chosen as
the most appropriate for the case.

MSE ≡ n−1
n

∑
t=1

(σt−ht)
2,

where ht is the realised volatility at moment t and σt is conditional volatility at moment t.
The main obstacle to further investigation is that volatility cannot be directly observed on the
market and there are vast variety of ways to calculate it.

We’ll use classic intra-day returns method, introduced by French, Schwert and Stambaugh
[2], but will also include some minor modifications. Realised variance for a particular day
is calculated from intra-day returns rt,m, where rt,i,m ≡ log(pt−(i−1)/m)− log(pt−i/m) for i =
1, . . . ,m. So rt,i,m is the log return over a time interval i with length 1/m on day t. Using
properties of log returns, we have

rt =
m

∑
i=1

rt,i,m

Then we have to check two hypotheses regarding intra-day data: first about E[rt,i,m|Ft−1]∼=
0, second is about absence of autocorrelation of intra-day returns, Cov[rt,i,m,rt, j,m|Ft−1] = 0
for i 6= j. Empirical tests have shown these hypotheses can be assumed and thus realised
variance is derived as following:

h2
t ≡ Var[

m

∑
i=1

rt,i,m|Ft−1] =
m

∑
i=1

Var[rt,i,m|Ft−1] =
m

∑
i=1

rt,i,m ∼= E[r2
t,i,m|Ft−1]

The above realised variance estimator is usually adjusted with overnight volatility, as assets
are not traded 24 hours every day. But it’s not necessary in our case, because we are working
with intra-day variance, considering fluctuations only during the part of the day that the market
is open. Thus realised variance is calculated as a sum of squared intra-day returns.

In our particular case minute time frames were considered to achieve realised variances.
Every trading day had m = 495 minute observations. Realised variance estimate was then
compared with its prediction with square difference accumulated in MSE function. The final
values of loss functions are presented in the table below.
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Lags number MSE * 100 000
GP LKOH RTS

1 6,653875 5,672222 2,353821
2 6,739658 6,806666 2,453958
3 6,773052 6,874733 2,832394
4 7,334842 6,881608 2,901262
5 7,367323 7,500952 3,245821
6 7,467324 8,176038 3,441129
7 8,214052 8,911882 4,124290
8 9,035457 9,713951 4,542498
9 10,84254 9,723435 4,996519

10 13,43853 9,856490 5,123498

As the loss function increases its value with every consequent inclusion of explanatory
variables for each instrument, it can be inferred that additional lags are not only insignificant
in prediction but even reduce the quality of out-of-sample forecast. So there’s some clear
evidence that GARCH(1,1) possesses more predictive power in comparison with complicated
models that eventually try to use noise as explanation of variance evolution and consistently
fail to make more precise forecasts. Conclusion about the best out-of-sample performance of
GARCH(1,1) corresponds to investigation results of the other authors in this area [3].

2 Statistical significance of the model
In order to check statistical significance of GARCH(1,1) out-of-sample predictions, we will
apply series of tests to the following sequence:

εt = at/σt

As we assumed standard normal distribution of random variable while building the model,
the sequence must be Gaussian white noise in theory. Testing this fact is reduced to checking
if series are uncorrelated and independent, have zero mean and unit variance. It’s import-
ant to mention that employed conditional volatility σt is obtained only from out-of-sample
predictions of the model and thus was not initially fitted to data.
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Even according to superficial visual analysis of above graphs we can infer that sequence
resembles Gaussian white noise, but we’ll employ statistical criterions to prove that.

As it was already mentioned, series are required to be uncorrelated and independent, must
have zero mean and unit variance. Following tests were used to check projected hypotheses:

1. T-test checked zero population mean.

2. Unit variance was tested with statistic Q = σ2 ∗ (N−1)∼ χ2
N .

3. Absence of correlation with 20 maximum lag was checked by Box–Ljung test on εt .

4. To test time series independence Box–Ljung on ε2
t was employed.

P-values of above hypotheses are given in a table below.

Attribute P-value
GP LKOH RTS

Zero mean 90,4 82,1 91,7
Unit variance 53,2 63,2 49,9
No AC 87,4 80,4 74,2
Independence 61,8 58,1 45,5

There’s no evidence to reject null hypotheses with 5% significance level. Therefore con-
sidered sequences can be assumed to be Gaussian white noise and we accept the hypothesis
about statistical significance of out-of-sample volatility forecasts.

3 Economic significance of the model
In modern academic literature statistical significance is often criticised for its inability . There-
fore we have made efforts to find the relationship between results of testing theoretical aspects
of the model and utility of exploiting predictions in practice. Certainly practical applicability
is probably the best criterion of model efficiency in principle, but sometimes hard to carry out,
as there exist lots of details that should be considered while building the testing strategy. On
the other hand, statistical tests are always easier to perform, especially when dealing with large
amounts of data. Thus we decided to link economic importance to results of made statistical
tests.

Back-testing of volatility arbitrage strategy is probably one of the best ways of proving its
economic significance. Methodology of employing volatility models in obtaining economic
benefits was thoroughly described by Rybakov [4]. The author uses the same trading data to
make predictions of huge volatility splashes. Straddle position is opened every time the signal
arrives and closed if implied volatility reaches determined level during three trading days.
Among 14 trades 50% were closed with profit, which helped to cumulate an overall gain.

If we modify the strategy to forecast only 10% volatility changes and apply similar tech-
nique to intra-day volatility, opening the position with market opening and closing in the very
end of trading day, we obtain 192 signals with 56% profit probability, mean per trade equal to
6% and 15% standard deviation throughout 4,5 years of testing period.
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Obtained back-testing results can serve as a strong evidence of model efficiency, though
these results obviously vary with changes of trading strategy inputs. Thus, we conclude that
properly designed and carefully performed statistical tests can imply economic applicability
of the model, though its profitability has a high level of dependence on aspects of trading
strategy, used to check economic importance. It means that statistical tests should consider
details of trading strategy itself in order to represent economic importance of the model. Par-
ticularly, input data of strategy that is supposed to be used in ex-ante terms should be checked
statistically only out-of-sample to obtain well-founded inference.
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NIG-Lévy process in asset price modelling
Dean Teneng∗

Abstract
This work explores the basic properties of NIG-Lévy process, supports the claim that

NIG-Lévy process is a better model for asset prices and presents a basic R code that can
be implemented.

1 Introduction
Limitations of Brownian motion based models of asset prices include the inability to effect-
ively capture jumps , light tails, complete markets and a host of others discussed extensively
of recent [1, 7, 5, 10, 3, 8, 2]. Generally, return data differs from log normal models in at least
three ways; return volatilities vary stochastically over time, asset prices jump leading to non-
normal returns and returns and their volatilities are correlated [3]. These differences prompted
the search for more efficient models amongst which are Lévy process models.

Lévy processes are infinitely divisible continuous time stochastic processes with stationary
and independent increments. The general form incorporates drift, Brownian motion and Pois-
son terms, making each of these only a limiting case [3, 11]. This general structure permits
the modelling of financial data with the added benefit that smaller jumps can be distinguished
from bigger ones. One also has the laxity to answer questions on the frequency, size, continu-
ity etc. of jumps [11, 13].

Associated with Lévy processes are infinitely divisible probability distributions, with the
possibility of skewed shapes and slow decaying tail that perfectly fit log-return data, especially
after time change transforms [9, 6]. They have applications in Physics, Insurance, Population
studies, just to name a few.

The Normal inverse Gaussian (NIG) Lévy process was introduced in the finance literature
by Barndorff-Nielsen [4] in 1995 as a possible model for log return data. It gained significance
in still in 1995 with Blaesild proving that it provided a better fit for German stock exchange
data than the general hyperbolic distribution. It is a subclass of the general hyperbolic distribu-
tion; the only member of this family with the unique quality of being closed under convolution.
As well, it possesses no Brownian motion component; hence deficiencies of Brownian motion
models are almost eliminated.

This paper is organised as follows. The next section discusses a general Lévy process
together with basic properties. Section 3 unveils the NIG-Lévy process and moment estimate
method. A basic NIG-Lévy asset model is presented in section 4, while proposed codes are
appended in the appendices.
∗This research was supported by European Social Fund’s Doctoral Studies and Internationalisation Program

Dora.
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2 General Lévy process and basic characteristics
A Lévy process is a continuous time stochastic process L = {Lt : t ≥ 0} defined on the
probability space (Ω,F,P) with the following [11, 12] basic [10] properties:

1. P{L0 = 0}= 1 i.e. starts at zero

2. ∀s, t ≥ 0, Ls+t−Lt
d
= Ls, stationary increments

3. ∀s, t ≥ 0, Ls+t−Ls is independent of {Lu : u≤ t}

4. t→ Xt is a.s. right continuous with left limits (Cádlág)

It is necessary to inject that property 2 and 3 imply that for all u in R, (R the set of real
numbers) the function f (t) = E(eiuXt ) satisfy the relation

f (s+ t) = E(eiu((Xt+s−Xt)+Xt)) = E(eiuXs)E(eiuXt ) = f (s) f (t). (1)

By property 4, the function f is continuous and it follows that the characteristic function of Xt
is of the form

f (t) = E(eiuXt ) = e−tΦ(u) (2)

where Φ : R→C is a continuous function with Φ(0) = 0. This function Φ is the characteristic
exponent of the Lévy process.

From the Lévy–Khintchine formula [9, 7], Φ(u) is of the form

Ψ(u) = iub− uc2

2
+
∫
R
(eiux−1− iux1{|x|≤1}))ν(dx) (3)

where b ∈R and is a drift term, c ∈R+ a diffusion term and ν is a positive measure on R/{0}
such that ∫

R\{0}
(1∧|x|2)ν(dx)< ∞.

The unique triplet (b,c,ν) is called the characteristic triplet of the Lévy process.

3 NIG-Lévy Process
The normal inverse Gaussian Lévy process is a subclass of the general hyperbolic class of dis-
tributions introduced as a model for log return data by Barndorff-Nielsen [4]in 1993. Blaesild
then used it to model German stock return data in 1993, proving it a better fit than ordinary
hyperbolic based models. This distribution has the following probability density

fNIG(x : α,β ,µ,δ ) =
αδ

π
e(δ (α

2−β 2)1/2−β (x−µ))K1(α(δ 2 +(x−µ)2)1/2)

(δ 2 +(x−µ)2)1/2 (4)
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where x,µ in R and µ is location parameter, δ > 0 is scale parameter, α > 0 is tail heaviness
and β ≥ 0 is symmetry parameter. If β = 0, the density is symmetric. K1 is of the form

K1(x) =
x
4

∫
∞

0
e(t+

y2
4t )t−2dt.

One important feature of this distribution is that it is closed under convolution, and is the only
member of the general hyperbolic class of distributions to have this unique property[3, 9] i.e.

NIG(α,β ,δ1,µ1)+NIG(α,β ,δ2,µ2) = NIG(α,β ,δ1 +δ2,µ1 +µ2) (5)

The normal inverse Gaussian process is also infinitely divisible with independent stationary
increments each with a normal inverse Gaussian distribution. Also, if X is a random variable
with a normal inverse Gaussian distribution NIG(α,β ,δ ,0), then −X is NIG(α,−β ,δ ,0).

Generally, normal inverse Gaussian functions have the following properties:

• Mean = µ +δβ/
√

α2−β 2

• Variance = α2δ (α2−β 2)−3/2

• Skewness = 3βα−1δ−1/2(α2−β 2)−1/4

• Kurtosis = 3(1+(α2 +4β 2)/(δα2
√

α2−β 2)).

4 Moment Estimates
This method amounts to equating the theoretical and obtained sample counterparts, and then
solving for parameters to be used in fitting the distribution or model[12, 9, 5].

Let X̄ , γ̄1, γ̄2 represent the sample mean, sample Skew, sample kurtosis respectively and S2

the sample variance. Then we obtain the following parameters for the new NIG distribution:

µ̂ = X̄− δ̂ β̂/γ̂,

δ̂ = S2(
(γ̂)3

(α̂)2 ),

γ̂ = 3(1+(
2β̂

α̂
)2)(

1

γ̄2δ̂
),

β̂ γ̄1
α̂

3
(δ̂ α̂)1/2.

and α̂2 = γ̂2 + β̂ 2.

5 Simulation of normal inverse Gaussian process
The NIGa(α,β ,δ t) law of an NIG process {X : Xt , t ≥ 0} can be simulated as an inverse
Gaussian time changes Brownian motion with drift. For this to be simulated at time points
{nδ t,n = 0,1,2, · · ·}, we first of all simulate and inverse Gaussian process.
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5.1 Inverse Gaussian random number Generator
To simulate inverse Gaussian process, we use the inverse Gaussian random number[3] gener-
ator by following the algorithm[5] below:

1. Generate a standard normal random variable ν

2. set y = ν2

3. set x = (a/b)+ y/(2b2)−
√

4bya+ y2/(2b2)

4. Generate a uniform random number µ

5. If µ ≤ a/(a + bx) return the number x as the IG(a,b) random number, else return
a2/(xb2) as IG(a,b) random number1.

5.2 Inverse Gaussian Path simulation
Once the above algorithm is in place to generate IG(a,b) random numbers, we can just simu-
late an inverse Gaussian path as follows:

1. Generate n independent IG(aδ t,b) random numbers in, n = 1,2, · · · , δ t = T/N

2. Set i0 = 0

3. Inδ t = I(n−1)δ t + in.

5.3 NIG Process simulation
1. Simulate each state of the inverse Gaussian process at time points {nδ t,n = 0,1,2, · · ·}

using the Inverse Gaussian algorithm with a = 1 and b = δ
√

α2−β 2

2. difference each conservative state of the normal inverse Gaussian [6] i.e. δ tnδ t = X IG
nδ t−

X IG
(n−1)δ t

3. simulate n independent standard normal random variables νn, n > 0

4. set ω0 = ωX IG
0

= 0

5. set ωnδ t = ω(n−1)δ t +νn
√

δ tnδ t

6. iterate the path XNIG
nδ t = βδ 2X IG

nδ t +δωnδ t

1See appendix A for example code
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Figure 1: Example IG path for a=1,b=20, n=1000

Figure 2: NIG(7,-5,0.04,1,1000)
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6 NIG-Lévy asset price model

Asset prices can be modelled as exponentials of Lévy processes i.e. St = S0e(Xt) where Xt is
an NIG-Lévy process. Log returns from time s to time t can be represented by

X = log(St)− log(Ss) = Xt−Xs ≈ NIG(α,β ,δ (t− s),µ(t− s)). (6)

The price process St = S0eXt is a solution to the stochastic differential equation

dSt = St−(dXt + e∆Xt −1−∆Xt) (7)

where (Xt)t≥0 is an NIG Lévy process, ∆Xt = Xt−Xt− is the jump of X at time t.

7 Conclusion
Basic properties of Lévy processes have been reviewed in this paper, and a basic code used
in generating the graphs used in this paper proposed in the appendices. Several properties
including time changes, martingale properties, risk-neutral measure, infinite divisibility... just
to name a few have been left out.

A The First Appendix

A.1 Example R-code for IG random number generator
• IGnumgen = f unction(a,b){

• v = rnorm(1)

• y = v2

• x = a/b+ y/(2∗b2)− sqrt(4∗a∗b∗ y+ y2)/(2∗b2)

• u = runi f (1,0,1)

• i f (u <= a/(a+b∗ x))return(x)

• else{return(a2/(x∗b2))}

• }

A.2 Example R-code for normal inverse Gaussian simulation
Use this code together with the example R-code for inverse Gaussian random number[13]
generator i.e.IGnumgen code. This code essentially generates example NIG graph and plots
this with time.
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• NIG=function(alpha,beta,delta,T,n,r){

• a = 1

• b = delta∗
√

al pha2−beta2

• dt=T/n

• ig= rep(0,n+1)

• pathig=rep(0,n+1)

• δ1 = rep(0,n+1)

• vn=rep(0,n+1)

• W=rep(0,n+1)

• X=rep(0,n+1)

• f or(i in 1:n){ig[i] = IGnumgen(a∗dt,b)}

• f or(i in 1:n){pathig[i+1] = pathig[i]+ ig[i+1]}

• f or(i in 1:n){vn[i] = rnorm(1)}

• W [1] = sqrt(IN[1])∗V [1]

• f or(i in 1:n){W [i+1] =W [i]+
√

ig[i+1]∗ vn[i+1]}

• f or(i in 1:n){NIG[i] = beta∗δ 2 ∗ pathig[i]+δ ∗W [i]}

• timepoints = seq(0,T,by = dt)

• plot(timepoints,NIG,type="l")

• }
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[5] Ömer Önalan, Martingale Measures for NIG Lévy Processes with Applications to Math-
ematical Finance, accessed 20 May 2010 http://www.eurojournals.com/irjfe_34_05.pdf

[6] S. Rasmus, S. Asmussen, M. Wiktorsson, Pricing of some exotic options with NIG-Lévy
input, accessed 12 June 2010 http://www.cls.dk/caf/wp/wp-166.pdf

[7] Dean Teneng, Path properties of Lévy processes, First International Scientific Confer-
ence of Students and Young Scientists, Theoretical and Applied Aspects of Cybernetics,
Kiev - Ukraine http://taac.org.ua/files/a2011/proceedings/EE-2-Dean%20Teneng-64.pdf

[8] Liuren Wu, Beyond Black-Scholes: Option Pricing with Time-Changed Lévy Pro-
cesses,accessed 30 June 2010 http://faculty.baruch.cuny.edu/lwu/9797/Lec9.pdf

[9] Andreas E. Kyprianou, An introduction to the theory of Lévy processes,accessed 28 Jan
2011 http://www.maths.bath.ac.uk/ ak257/Lévy-sonderborg.pdf

[10] STEVEN P. LALLEY, Lévy processes,stable processes, and subordinators,accessed 28
Dec 2010 http://galton.uchicago.edu/ lalley/Courses/385/LévyProcesses.pdf

[11] Time-changed Lévy processes and option pricing,Peter Carr, Liuren Wu, accessed 15
Dec 2010 http://www.math.nyu.edu/research/carrp/papers/pdf/jfetchgepaper.pdf

[12] HARALD Luschgy, Page GILLES, Moment estimates for Lévy processes, accessed 20
Feb 2011 http://www.emis.de/journals/EJP-ECP/_ejpecp/ECP/include/getdoc9c0b.pdf

[13] Cliff Kitchen, Normal inverse Gaussian (NIG) process with ap-
plications in mathematical Finance, accessed 18 May 2010
http://finance.math.ucalgary.ca/papers/CliffTalk26March09.pdf


