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Abstract
In this thesis we investigate a model of nonlinearly perturbed continuous-time renewal equation.
Some characteristics of the renewal equation are assumed to have non-polynomial perturbations, more
specifically they can be expanded with respect to a non-polynomial asymptotic scale. The main result
of the present study is exponential asymptotic expansions for the solution of the perturbed renewal
equation. These asymptotic results are also applied to various applied probability models like perturbed
risk processes, perturbed M/G/1 queues and perturbed dam/storage processes.

The thesis is based on five papers where the model described above is successively studied.
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Abstract

In this thesis we investigate a model of nonlinearly perturbed continuous-
time renewal equation. Some characteristics of the renewal equation are
assumed to have non-polynomial perturbations, more specifically they can
be expanded with respect to a non-polynomial asymptotic scale: {ϕ�n(ε) =
εn1ω1+...+nkωk} as ε → 0. Here ε is the perturbation parameter; n1, . . . , nk =
0, 1, . . .; 1 = ω1 < ω2 < . . . < ωk < ∞ and ω2, . . . ωk are irrational num-
bers such that ωi/ωj , i �= j are also irrational numbers. If k = 1, this model
reduces to the model of nonlinearly perturbed renewal equation with polyno-
mial perturbations which is well studied in the literature. The main results
of the present study are exponential asymptotic expansions for the solution
of the perturbed renewal equation. These asymptotic results are also ap-
plied to various probability models like perturbed risk processes, perturbed
M/G/1 queues and perturbed dam/storage processes.

The thesis is based on five papers where the model described above is
successively studied. Paper A investigates the simpler two-dimensional case
where k = 2. The corresponding asymptotic exponential expansions for
the solution to the perturbed renewal equation are given and applied to a
perturbed classical risk process. Paper B presents the asymptotic results for
the more general case where the dimension k satisfies 1 ≤ k < ∞, an example
of perturbed risk processes with this more general type of non-polynomial
perturbations is studied. Paper C is an extended version of Paper B, in
which results of additional numerical experimental studies are presented.
The formal proof of the asymptotic results for the general k-dimensional
case and an application to a perturbed queue are provided in Paper D. In
Paper E, a further generalization is made for the model of perturbed renewal
equations, specifically the perturbed renewal equation under consideration
can be asymptotically improper. The corresponding asymptotic results are
obtained and applied to a perturbed dam/storage process.
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1

Introduction

This thesis presents some new results in the renewal theory.

The intensive development of the renewal theory began in the 40s of the
20th century and continues at present. Much credit is due to Feller (1941,
1949, 1950, 1961, 1966), Blackwell (1948, 1953), Doob (1948), Smith (1954,
1958), Cox (1962) and others. We refer to the classical books by Feller
(1950, 1966, 1971) for a thorough introduction to renewal theory and Smith
(1958) for a comprehensive survey of the early works.

The later works and results are well presented in Kingman (1972), Sev-
ast’yanov (1974), Silvestrov (1980), Woodroofe (1982), Kovalenko, Kuznetsov
and Shurenkov (1983), Shedler (1987), Shurenkov (1989), Shedler (1993),
Rolski, Schmidli, Schmidt and Teugels (1999), Thorisson (2000), Grey (2001),
Gyllenberg and Silvestrov (2008) and Silvestrov (2010).

Briefly speaking renewal theory is concerned with quantities connected
to a renewal process or a renewal equation, and the latter is the main object
studied in this thesis. By saying renewal equation we mean continuous-
time renewal equation on the positive half line unless stated otherwise. It
can be shown that many important quantities in various applied probability
models satisfy a renewal equation and often the asymptotic behavior of
the solution to the renewal equation is of interest. The renewal theorem
describes the limit behavior of the solution of the renewal equation at the
infinity and plays a fundamental role in the renewal theory. For example,
it is known that the distribution of a regenerative process at moment t
satisfies a renewal equation, therefore we can apply the renewal theorem to
obtain ergodic theorems for regenerative processes. Another example is to
use renewal theorem to obtain the limiting behavior of ruin probability for
a classical risk process.

The renewal theorem has its origin in Doob (1948) and has precursors
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as Blackwell theorem originally developed by Blackwell (1948) and the key
renewal theorem formulated originally by Smith (1954, 1958). In Erdös,
Feller and Pollard (1949), the renewal theorem for the discrete-time renewal
equation was given. The final form of the renewal theorem, given by Feller
(1966, 1971) and used in this thesis, proves the existence of the limit for the
solution to the renewal equation and gives the expression of this limit under
stringent conditions.

The theory of perturbed renewal equations goes back to the work of Sil-
vestrov (1976, 1978, 1979) in the late 1970s. The renewal theorem was gen-
eralized for perturbed renewal equations in these works. Shurenkov (1980a,
1980b, 1980c) extended some of these results to the case of perturbed ma-
trix renewal equations. Later Englund and Silvestrov (1997) and Englund
(2000, 2001) obtained similar type of asymptotical results for discrete-time
perturbed renewal equations.

The study of nonlinearly perturbed renewal equations where the char-
acteristics are assumed to have polynomial perturbations, i.e. where the
characteristics have expansions in asymptotic power series in terms of the
perturbation parameter, originated in Silvestrov (1995). The improved re-
newal theorems obtained in Silvestrov (1995) provide powerful tools to the
study of various perturbed stochastic systems, for instance to the analysis of
the so-called quasi-stationary phenomena in nonlinearly perturbed stochas-
tic systems and the derivation of the so-called mixed ergodic and limit/large
deviation theorems. Gyllenberg and Silvestrov (1998, 1999b, 2000b) ex-
tended further the asymptotic results which were applied to nonlinearly
perturbed semi-Markov processes and nonlinearly perturbed regenerative
processes. The book by Gyllenberg and Silvestrov (2008) has collected the
author’s earlier results and contains also new results for the theory of per-
turbed renewal equation. We refer to this book for the general theory and
its applications to perturbed regenerative processes, perturbed semi-Markov
processes and perturbed risk processes. We also refer to the comprehensive
bibliography contained in this book.

We also would like to mention here some of the works related to asymp-
totic expansions for Markov type processes, namely, Korolyuk and Turbin
(1976, 1978), Courtois and Semal (1984), Latouche (1988), Silvestrov and
Abadov (1991, 1993), Kartashov (1996), Avrachenkov and Haviv (2003,
2004) and Koroliuk and Limnios (2005).

In the literature on nonlinearly perturbed renewal equations, models
with such polynomial perturbations have attracted most of the attention.
This type of model is systematically treated in the book by Gyllenberg and
Silvestrov (2008). On the other hand, models of nonlinearly perturbed re-
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The renewal equation

newal equations with non-polynomial perturbations are also an object of
interest with its own importance. This research area is relatively new and
only a few works have been done (Englund and Silvestrov 1997, Englund
1999a, 1999b, 2000, 2001). In these works, the nonlinearly perturbed re-
newal equation with a special type of non-polynomial perturbations based
on polynomial and exponential infinitesimals was considered and the asymp-
totic behavior of the solution was investigated. As shown in their papers,
this type of non-polynomial perturbations appears to be theoretically im-
portant and can also come out in applications, in particular to analysis of
ruin probabilities for nonlinearly perturbed risk processes, quasi-stationary
phenomena for queueing systems with quick repairing and asymptotics for
some characteristics in a Bernoullian random walk.

In the present thesis, we investigate nonlinearly perturbed renewal equa-
tions with a new type of non-polynomial perturbations of power type which
can be viewed as a generalization of the polynomial case. We highlight a few
examples that are related to the asymptotic analysis of the ruin probability
for nonlinearly perturbed classical risk processes, the steady state limits for
storage processes such as a virtual waiting time/work process in a M/G/1
queueing system and a dam process.

This introduction reviews the relevant results from the theory of the
renewal equation and the perturbed renewal equation, then gives an informal
presentation of the main results obtained in the thesis.

1 The renewal equation

We begin with introducing the classical renewal equation on the positive
half-line:

x(t) = q(t) +

∫ t

0
x(t− s)F (ds), t ≥ 0, (1)

where q(t) is a measurable function defined on [0,∞) and bounded on any
finite interval, and F (s) is a distribution function on [0,∞) which can be
proper (F (∞) = 1) or improper (F (∞) < 1) but not concentrated in zero
(F (0) < 1). By convention q(t) and F (s) are called, respectively, the forcing
function and the distribution generating the renewal equation.

The renewal equation (1) is one of the most important probabilistic equa-
tions since such type of equations arise repeatedly in many applied proba-
bility models such as queueing systems, dam/storage processes, reliability
models and risk processes.

3
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Let F and G be any proper or improper distribution functions on [0,∞),
the convolution F ∗G is defined as

(F ∗G)(t) =

{
0, t < 0,∫ t
0 F (t− s)G(ds), t ≥ 0,

which is again a distribution function. The r-fold convolution of F with
itself F (∗r), where r ∈ N, is defined as

F (∗r)(t) =

{
F (t), r = 1,∫ t
0 F

∗(r−1)(t− s)F (ds), r ≥ 1.

The special case F (∗0) is defined as the atomic distribution concentrated at
the origin, i.e., such that F (0) = 1.

Let us also define the so-called renewal function

U(t) =

∞∑
r=0

F (∗r)(t), t ≥ 0,

which, under conditions imposed above on the distribution function F (t), is
finite for every t ≥ 0 and is a right continuous function.

It is known that equation (1) has a unique measurable solution x(t) that
is bounded on any finite interval, which can be expressed explicitly in terms
of the forcing function q(t) and the distribution function F (s),

x(t) =

∫ t

0
q(t− s)U(ds), t ≥ 0,

where U(ds) is a so-called renewal measure on [0,∞) uniquely determined
by its values on intervals as U((a, b]) = U(b)− U(a), 0 ≤ a ≤ b < ∞.

1.1 The renewal theorem

In many cases, a knowledge of the asymptotic behavior of the solution x(t) of
the renewal equation as t → ∞ can answer most of the questions of interest.
The renewal theorem, being one of the most useful results in renewal theory,
describes such asymptotic behavior of x(t).

Before we formulate the final form of renewal theorem given by Feller
(1966, 1971), we need to introduce notions of non-arithmetic functions and
directly Riemann integrable functions. A distribution function F (t) is said
to be non-arithmetic or non-lattice if for any positive number h, we have
the inequality:

∞∑
r=−∞

(F (rh)− F (rh− 0)) < 1.

4



The renewal equation

For example, a distribution function that has a probability density function
or an absolutely continuous component is non-arithmetic; also a distribution
function that has atoms at some points a, b with a/b being an irrational
number is also non-arithmetic.

A measurable function q(t) is said to be directly Riemann integrable on
[0,∞) if it satisfies the following conditions: (i) q(t) is continuous almost
everywhere on [0,∞) with respect to the Lebesgue measure; (ii) q(t) is
bounded on any finite intervals; (iii) there exists a positive number h such
that

lim
T→∞

h
∑

r≥T/h

sup
rh≤t≤(r+1)h

|q(t)| = 0.

Note that condition (iii) holds if |q(t)| ≤ q∗(t) where q∗(t) is monotonic and
Riemann integrable on [0,∞).

The renewal theorem (Feller 1966 or 1971) states that, under condi-
tions: (i) F (t) is non-arithmetic distribution function with finite mean
m1 =

∫∞
0 sF (ds); (ii) q(t) is directly Riemann integrable on [0,∞), the

following asymptotic relation takes place,

x(t) → 1

m1

∫ ∞

0
q(s)ds as t → ∞. (2)

In the literature, the renewal theorem stated above is often used under
the name of key renewal theorem. It should be noted that there is also a
version of renewal theorem for the case where F (t) is arithmetic (see Feller
1971).

The main results of the thesis are essentially new forms of renewal the-
orems for the models of nonlinearly perturbed renewal equations with new
types of non-polynomial perturbations.

1.2 Ruin probability for classical risk process

Applications of renewal theorem are many, in this section we show an ex-
ample related to asymptotics for ruin probability which is an important
subject of study in risk theory. We refer to the book by Asmussen (2000)
for a comprehensive discussion on asymptotics of ruin probabilities.

Let us begin with introducing the following classical risk process which
describes the time evolution of the reserves in an insurance company,

X(t) = u+ ct−
N(t)∑
k=1

Zk, t ≥ 0. (3)

5
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In (3), u is a nonnegative constant denoting the initial capital of the
insurance company and c is a positive constant referring to the gross risk
premium rate. The Poisson claim arrival process N(t), t ≥ 0 with rate
λ counts the number of claims in time interval [0, t], the claims, denoted
by Zk, k = 1, 2, . . ., are i.i.d. non-negative random variables that follow a
common distribution G(z) with a finite mean β. In addition, the claims
sizes Zk, k = 1, 2, . . . are assumed to be independent of the process N(t).

Figure 1 illustrates a typical sample path of the risk process X(t), t ≥ 0,
where the dashed lines represent the drops in the reserves caused by claim
arrivals. The ruin is said to occur if the process X(t) ever falls below zero,
in Figure 1, τ is the time of ruin.

Figure 1: A sample path of a classical risk process

The (ultimate) ruin probability Ψ(u) refers to the probability of ruin for
different values of initial capital u, i.e.

Ψ(u) = P{inf
t≥0

X(t) < 0}, u ≥ 0.

A key parameter for the risk process (3) is the loading rate of claims α =
λβ/c.

We shall assume hereafter that α < 1 holds, since for α ≥ 1 it is known
that Ψ(u) ≡ 1 for all u.

6
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The renewal equation

The asymptotic behavior of Ψ(u) when the initial capital u takes large
values is our object of study. The Cramér-Lundberg approximation, which
gives the asymptotics of the ruin probability for a fixed α < 1 as u → ∞
under the Cramér-Lundberg condition, is one of the standard results on
asymptotics of ruin probabilities. The original analytical proofs of Cramér-
Lundberg approximation and the closely related Lundberg inequality can be
found in Lundberg (1926, 1932) and Cramér (1930, 1955).

However the proof of Cramér-Lundberg approximation can be alterna-
tively done using the technique of renewal equations and the renewal theo-
rem. The corresponding method is presented in Feller (1966). This method
uses the fact that the ruin probability Ψ(u) satisfies the following improper
(defective) renewal equation,

Ψ(u) = α(1− G̃(u)) + α

∫ u

0
Ψ(u− s)G̃(ds), u ≥ 0, (4)

where G̃(u) = 1/β
∫ u
0 (1 − G(s))ds is the integrated tail distribution, or the

equilibrium distribution, of G.

Under Cramér type condition that guarantees the existence of Lundberg
exponent ρ0 which is the root of the characteristic equation

α

∫ ∞

0
eρsG̃(ds) = 1,

one can transform (4) into a proper renewal equation after multiplying both
sides by eρ0u. Applying next the renewal theorem to the transformed renewal
equation, the Cramér-Lundberg asymptotics can be obtained which has the
following form:

Ψ(u)eρ0u →
∫∞
0 eρ0s(1− G̃(s))ds∫∞

0 seρ0sG̃(ds)
, as u → ∞.

Another classical result on ruin probability is the diffusion approximation
which describes the asymptotics of the ruin probability in situations where
u → ∞ and α ↑ 1 simultaneously. Here some balancing conditions are
imposed on the speeds at which u → ∞ and α ↑ 1, namely, (1− α)u → λ1.
Also it is assumed that the second moment for the claim size distribution G,
denote it by γ, is finite. Under these conditions, the diffusion approximation
asymptotics takes the form of the following asymptotic relation

Ψ(u) → e−λ1/a1 as u → ∞,

7
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where the constant a1 = γ/2β and β is the first moment of claim size
distribution G.

The diffusion type asymptotics can be obtained by using a Wiener pro-
cess with drift to approximate the risk processes, see Grandell (1977) or the
more recent presentation in Grandell (1991). However, this result can also
be proved in an alternative way, by applying the theory of perturbed re-
newal equations developed by Silvestrov (1976, 1978, 1979). For the details
of using this method to obtain the diffusion approximation asymptotics, we
refer to Gyllenberg and Silvestrov (1999a, 2000a).

The main results obtained from the applications in the present thesis
are related to the improvement of diffusion type approximation to the more
advanced form of exponential asymptotic expansions.

1.3 Steady-state limit of storage processes

Renewal equation can be also used as a powerful tool for the study of steady-
state limit of storage process. Let us consider a simple model of a storage
process {X(t), t ≥ 0} with initial condition X(0) = 0, whose sample paths
satisfy the storage equation

X(t) = A(t)−
∫ t

0
r(X(s))ds, t ≥ 0. (5)

Here the input process {A(t) =
∑Nt

k=1 Uk, t ≥ 0} is a compound Poisson
process with positive jumps. Specifically, the Poisson process Nt has arrival
rate λ and the independent and identically distributed random variables
Uk, k = 1, 2, . . . follow a common distribution function G(·) with a mean µ,
and Uk, k = 1, 2, . . . are independent of process Nt. Function r(x) represents
the release rate function for the storage system, which implies that the
instantaneous rate of decrease in X(t) at time t is r(X(t)). The expected
input per unit time is α = λµ. We follow the convention and assume α < 1
and the release rate function r(x) is given by:

r(x) =

{
1 if x > 0,
0 if x = 0.

A sample path of this process is shown in Figure 2. The solid lines refer
to the Poisson flow of inputs to the storage system and the dashed lines
represent the releasing of the system. Note that when X(t) = 0, i.e. when
the storage system is empty, it stays at zero until the next arrival of input.

A physical interpretation of this storage process is a model for an infinite
dam. The dam contains no water at time t = 0, during time interval (0, t],

8



The renewal equation

Figure 2: A sample path of a storage process

an amount A(t) =
∑Nt

k=1 Uk of water has flowed into the dam. The release of
water from dam is at unit rate as long as the dam is not empty. Obviously
X(t) represents the content of dam at time t. The object of interest is
the steady-state limiting tail distribution of content X(T ), namely Ψ′(u) =
limT→∞ P (X(T ) > u) for u ≥ 0.

Another interpretation is a model of workload process for a M/G/1
queue. Here the workload is analogous to the water in the above dam model.
The server in queueing system is initially idle and hence contains zero work-
load at time t = 0, during time interval (0, t], an amount A(t) =

∑Nt
k=1 Uk

of workload has been generated by the Poisson customer arrivals. The re-
lease of workload, i.e., the working of the server, is at unit rate as long as
the server is not idle. In this framework, X(t) represents the amount of
workload at time t. The object of interest is the steady-state limiting tail
distribution of workload X(T ), namely Ψ′(u) = limT→∞ P (X(T ) > u) for
u ≥ 0. Note that when the M/G/1 queue uses a FIFO service discipline,
the workload process is identical to the virtual waiting time process. In
the context of virtual waiting time process, the virtual waiting time X(t)
increases due to the Poisson input flow of i.i.d. service times, and decrease
by the working of service at the unit rate when the server is not idle.

The investigation of virtual waiting time process goes back to Takács
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(1955), which justifies the fact that virtual waiting time process is some-
times named as the Takács process. Takács (1955) have obtained an integro-
differential equation for Ψ′(u). This integro-differential equation can be in-
tegrated and transformed into an equivalent renewal equation. The detailed
derivation can be found in Grandell (1991) in an equivalent risk theory set-
ting. The corresponding renewal equation for Ψ′(u) has the following form:

Ψ′(u) = α(1− G̃(u)) + α

∫ u

0
Ψ′(u− s)G̃(ds), u ≥ 0, (6)

where G̃(u) = 1/µ
∫ u
0 (1 − G(s))ds is the integrated tail distribution, or the

equilibrium distribution, of G. When α = 1, it is known that Ψ′(u) = 1
which is indeed a solution of renewal equation (6), so for completeness we
can state that Ψ′(u) satisfies equation (6) for α ≤ 1.

The above direct method for obtaining renewal equation (6) has an alter-
native based on a duality result between ruin probability of the risk process
and the steady-state limit of the storage process. This duality result states
that for α < 1, the stead-state limiting tail distribution of a storage process
is equivalent to the ruin probability for an appropriate risk process. This
implies obviously that Ψ′(u) satisfies the renewal equation for α < 1 and
hence for α ≤ 1 due to the remarks made above. The duality result can
be proved by using a sample path relation between the two processes. This
is done in Asmussen and Petersen (1998). An extended discussion on this
duality can be found in Asmussen (2000).

Some selected references on the steady state limit of virtual waiting
time process in a M/G/1 queue are Cox (1965), Cox and Isham (1986)
and Lemoine (1989). For main works on steady-state limit of dam/storage
process we refer to Harrison and Resnick (1976) and Brockwell, Resnick and
Tweedie (1982). We refer also to an book by Prabhu (1980) which contains
an extensive discussion on risk processes, dams, queues, and the connection
between them.

In papers D and E , the corresponding asymptotic results are applied
to the steady-state analysis for, respectively, a perturbed virtual waiting
time/work load process in a M/G/1 queueing system and a perturbed dam
process.

2 The perturbed renewal equation

The theory of perturbed renewal equations was initiated by Silvestrov (1976,
1978, 1979) and has nowadays developed into a comprehensive and active
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research subject. The model of perturbed renewal equation refers to the
following family of equations:

xε(t) = qε(t) +

∫ t

0
xε(t− s)Fε(ds), t ≥ 0, (7)

where ε ≥ 0 is a perturbation parameter on which the force function qε(t)
and distribution function Fε(s) depend. It is usually assumed that, as ε → 0,
qε(t) and Fε(s) converge in some natural sense to a limiting function q0(t)
and a limiting distribution F0(s). Under such continuity conditions for qε(t)
and Fε(s) at the point ε = 0, equation (7) can be seen as a perturbed version
of the classical renewal equation (1), and it reduces to the classical renewal
equation when ε = 0. The renewal theorem was generalized to such models
of perturbed renewal equations by Silvestrov (1976, 1978, 1979).

In this thesis we consider the case of an improper (defective) perturbed
renewal equation where Fε(s) can be improper, i.e. fε = 1−Fε(∞) ≥ 0, for
ε ≥ 0. If the limiting distribution F0(s) is proper, i.e. f0 = 1− F0(∞) = 0,
(7) is an asymptotically proper perturbed renewal equation. If we have
the more general case where F0(s) is either proper or improper, i.e. f0 =
1 − F0(∞) ≥ 0, then we call (7) an asymptotically improper perturbed
renewal equation. The former case is studied in papers A-D and the latter
in paper E.

Let us introduce the following Cramér type moment condition for Fε(s).

Cramér type condition: There exists δ > 0 such that

(a) lim
0≤ε→0

∫ ∞

0
eδsFε(ds) < ∞,

(b)
∫∞
0 eδsF0(ds) > 1,

where notation lim is equivalent to lim sup (similarly lim is equivalent to
lim inf). Note that for the case of asymptotically proper renewal equation,
i.e. the limiting distribution function F0(s) is proper, (b) automatically
holds.

The renewal theorem was generalized by Silvestrov (1976, 1978, 1979)
for the perturbed renewal equation (7) under the above Cramér type condi-
tion and under the following convergence conditions on Fε(s) and qε(t) that
are generalized from the corresponding conditions of the classical renewal
theorem.

A: (a) F̄ε(t) ⇒ F̄0(t) as ε → 0, where F̄0(t) is a proper and non-
arithmetic distribution function.
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(b) fε → f0 ∈ [0, 1) as ε → 0

B: (a) lim
u→0

lim
0≤ε→0

sup
|v|≤u

|qε(t+ v)− q0(t)| = 0 almost everywhere with re-

spect to Lebesgue measure on [0,∞);

(b) lim
0≤ε→0

sup
0≤t≤T

| qε(t) |< ∞ for every T ≥ 0;

(c) lim
T→∞

lim
0≤ε→0

h
∑

r≥T/h

sup
rh≤t≤(r+1)h

e(ρ0 + γ)t|qε(t)| = 0 for some h > 0

and γ > 0.

Here F̄ε(t) = Fε(t)/Fε(∞) and symbol ⇒ refers to the weak convergence of
distribution functions.

For the case of asymptotically proper renewal equation, condition A
(b) automatically holds, also F̄ε and F̄0 can be replaced by Fε and F0 in
condition A (a). Under condition A and the Cramér type condition, it
is known that ρε ≤ δ for ε sufficiently small and ρε → ρ0 as ε → 0. In
addition, we have ρ0 > 0 (ρ0 = 0) is equivalent to f0 = 1 − F0(∞) > 0
(f0 = 0). Therefore, for the case of asymptotically proper renewal equation,
ρ0 in condition B (c) can be set equal to zero.

Note that conditions A and B reduce to the corresponding conditions
on F0 and q0 in the renewal theorem for an improper renewal equation for
the model where the Cramér type condition holds (see Feller 1971). Indeed,
when ε = 0, condition A reduces to the condition that the improper distri-
bution function F0 is non-arithmetic; condition B reduces to the condition
that e(ρ0 + γ)tq0(t) is directly Riemann integrable and the Cramér type con-
dition reduces to the condition that the exponential moment of F0 is finite
and greater than one.

It should also be noted that, in the works of Silvestrov (1976, 1978, 1979),
the renewal theorem was also generalized to perturbed renewal equations
under a minimal set of moment conditions where the Cramér type condition
is not required.

Under the above Cramér type condition and conditions A, B, the gen-
eralized renewal theorem gives the following asymptotic relation for the so-
lution of perturbed renewal equation (7),

eρεtεxε(tε) → x̃0(∞) as ε → 0. (8)

Here ρε is implicitly given as the unique root of the characteristic equation

φε(ρ) ≡
∫ ∞

0
eρsFε(ds) = 1, (9)

12
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and x̃0(∞) is the renewal limit of the limiting equation (7) defined as

x̃0(∞) =

∫∞
0 eρ0sqε(s)m(ds)∫∞
0 seρ0sF0(ds)

. (10)

Note that we use symbol tε in (8) to mean that t is changed together with
ε.

Note that for the asymptotically proper case, ρ0 = 0 so the renewal
limit (10) takes the simplified form as given in (2) by the classical renewal
theorem.

The results of perturbed renewal equations from these works have stim-
ulated further research in the area. To name a few examples, Shurenkov
(1980a, 1980b, 1980c) extended some of these asymptotic results to the case
of perturbed matrix renewal equations, via the approach of embedding the
matrix model to the scalar model. Similar techniques of matrix or general
Markov perturbed renewal equations were applied to the asymptotic analy-
sis of Markov and semi-Markov processes in Alimov and Shurenkov (1990a,
1990b), Shurenkov and Degtyar (1994), and Elĕiko and Shurenkov (1995b).
Finally similar type of asymptotical results for discrete-time perturbed re-
newal equation were obtained in Englund and Silvestrov (1997) and Englund
(2000, 2001).

3 The nonlinearly perturbed renewal equation

In the following discussions we consider the same setting of the perturbed re-
newal equation as described previously, i.e. we will assume that the Cramér
type condition and the convergence conditions for Fε(s) and qε(t) i.e. con-
ditions A and B hold.

3.1 Asymptotically proper perturbed renewal equation

Let’s consider first the case of asymptotically proper perturbed renewal
equation which allows the distribution function Fε(s) to be improper, i.e.,
Fε(∞) ≤ 1 for ε > 0 but requires the limiting distribution function to be
proper, i.e. F0(∞) = 1. It should be noted that the exponent ρε in asymp-
totic relation (8) is given implicitly as the root of characteristic equation
(9). Therefore, to obtain ρε, one needs to solve a nonlinear equation for
every ε ≥ 0, which is not very convenient. An approach to overcome the
inconvenience was introduced by Silvestrov (1995), where the asymptotic
relation (8) was improved by giving an explicit asymptotic expansion for ρε.
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His method was based on the assumption that the characteristics of Fε(s),
namely the defect fε and the moments mεr =

∫∞
0 srFε(ds), r = 1, . . . , k have

asymptotic expansions up to and including order k with respect to the stan-
dard polynomial asymptotic scale: {ϕn(ε) = εn, n = 0, 1, 2, . . .} as ε → 0.
Let us call this assumption as condition Pk,

Pk: (a) 1− fε = 1 + b1,0ε+ b2,0ε
2 + · · ·+ bk,0ε

k + o(εk) as ε → 0,
where all coefficients are finite numbers;

(b) mεr = m0r + b1,rε+ · · ·+ bk−r,rε
k−r + o(εk−r) as ε → 0

for r = 1, . . . , k, where all coefficients are finite numbers.

The term “nonlinearly” perturbed renewal equation originally comes
from the fact that the above additional perturbation conditions are polyno-
mial hence nonlinear expansions.

The corresponding asymptotic expansion for ρε was given in Silvestrov
(1995), i.e.,

ρε = a1ε+ a2ε
2 + · · ·+ akε

k + o(εk), as ε → 0, (11)

with explicit effective algorithm for computing the coefficients a1, a2, . . . , ak
in terms of the coefficients in the perturbation condition Pk.

As a consequence, an improved version of asymptotic relation (8) was
obtained by imposing some balancing condition which describes how the
perturbation parameter ε goes to zero and t goes to infinity simultaneously.
That is, for 1 ≤ r ≤ k, under balancing condition

εrtε → λr < ∞, as ε → 0, (12)

the following asymptotic exponential expansion holds:

xε(tε)

exp{−(a1ε+ · · ·+ ar−1εr−1)tε}
→ e−arλrx0(∞), as ε → 0, (13)

where x0(∞) is the standard renewal limit given by the classical renewal
theorem.

The discrete time renewal equations under perturbation conditions sim-
ilar to Pk were considered in the papers of Englund and Silvestrov (1997)
and Englund (2000, 2001), and the asymptotic results analogous to (11) and
(13) were proved and then applied to the study of regenerative processes,
random walk, queueing systems, and risk processes.
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3.2 Asymptotically improper perturbed renewal equation

Similar results have been obtained for the case of asymptotically improper
renewal equation which allows the limiting distribution function to be ei-
ther proper or improper i.e. F0(∞) ≤ 1. This was done in Gyllenberg and
Silvestrov (1998, 1999b, 2000b). In these works, the additional perturba-
tion condition analogous to Pk is imposed to the mixed power-exponential
moments for φε(ρ, r) =

∫∞
0 sreρsFε(ds), r = 0, 1, . . . , namely

P
′k: φε(ρ0, r) = φ0(ρ0, r) + b1,rε+ · · ·+ bk−r,rε

k−r + o(εk−r) as ε → 0
for r = 0, . . . k, where all coefficients are finite numbers.

The corresponding asymptotic expansion for ρε takes the form,

ρε = ρ0 + a1ε+ a2ε
2 + · · ·+ akε

k + o(εk), as ε → 0. (14)

An explicit effective algorithm for computing the coefficients a1, a2, . . . , ak
is also provided.

Under the balancing condition (12), the following asymptotic exponential
expansion can be obtained:

xε(tε)

exp{−(ρ0 + a1ε+ · · ·+ ar−1εr−1)tε}
→ e−arλr x̃0(∞), as ε → 0, (15)

where x̃0(∞) is the renewal limit defined in (10).
Note that if f0 = 0 then equivalently ρ0 = 0, the results above reduce

to the corresponding results for the case of asymptotically proper perturbed
renewal equation.

In the works mentioned above, these asymptotic results are applied to
the analysis of nonlinearly perturbed semi-Markov processes and nonlinearly
perturbed regenerative processes. In addition, asymptotical expansions for
the renewal limit are also given.

As mentioned in the beginning of this introduction, the book by Gyl-
lenberg and Silvestrov (2008) contains a thorough discussion on nonlinearly
perturbed renewal equations and its applications. We would like to note
that all expansions in this book are based on the polynomial asymptotic
scale {ϕn(ε) = εn, n = 0, 1, 2, . . .}, as in expansions in Pk and P

′k .

4 Nonlinearly perturbed renewal equation with non-
polynomial perturbations

It is of interest to study the case of nonlinearly perturbed renewal equa-
tions where the perturbations are of non-polynomial types. As mentioned
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in the introduction, there are a few works lying in this category, namely,
Englund and Silvestrov (1997), Englund (1999) and Englund (2000, 2001).
In these papers perturbations are of the polynomial and mixed polynomial-
exponential type. In the present thesis, we investigate nonlinearly perturbed
renewal equations with a new type of non-polynomial perturbations of power
type which can be viewed as a generalization of its polynomial counterpart.

4.1 Problem formulation of the thesis

We consider the general asymptotically improper case of perturbed renewal
equation (7) under the Cramér type condition and the convergence condi-
tions for Fε(s) and qε(t), i.e. conditions A and B.

Let us begin with introducing the non-polynomial asymptotical scale
used in this thesis. Recall that an ordered set of continuous functions
{ϕn(ε)} on interval [0, 1) is an asymptotic scale as ε → 0 if for all n we
have (a) ϕn(ε) → 0 as ε → 0; and (b) ϕn+1(ε) = o(ϕn(ε)) as ε → 0. In the
literature of nonlinearly perturbed renewal equations, the standard poly-
nomial asymptotic scale {εn, n ∈ N0} as ε → 0 is used as in perturbation
condition Pk and P

′k. Denote now by N0 the set of nonnegative integers,
and Nk

0 = N0 × · · · × N0, 1 ≤ k < ∞ with the product being taken k times.
The non-polynomial asymptotic scale that is used in the present study is
the following ordered set of functions,

{ϕ�n(ε) = ε�n·�ω, �n ∈ Nk
0}, as ε → 0. (16)

Here �ω is a k-dimensional parameter vector satisfying properties: (i) 1 =
ω1 < ω2 < . . . < ωk < ∞; (ii) the components ω1, ω2, . . . , ωk are linearly
independent over the field Q of rational numbers, i.e., ωi/ωj is an irrational
number for any i �= j, i, j = 1, . . . , k. Note that if follows from property (ii)
that ω2, . . . , ωk are irrational numbers.

Notation �n · �ω = n1ω1 + . . .+ nkωk denotes the dot product of vectors �n
and �ω. Note that the functions ϕ�n(ε) , �n ∈ Nk

0 are ordered by index �n such
that ϕ�n′′(ε) = o(ϕ�n′(ε)) if �n′ · �ω < �n′′ · �ω as ε → 0.

We study nonlinearly perturbed renewal equations where the mixed
power-exponential moments φε(ρ, r) =

∫∞
0 sreρsFε(ds), r = 0, 1, . . . can be

expanded with respect to scale (16) up to some order α ≥ 1.

P
′(α)
�ω : φε(ρ0, r) = φ0(ρ0, r)+

∑
1≤�n·�ω≤α−r

b�n,rε
�n·�ω+o(ε[α]�ω−r) for r = 0, . . . [α],

where all coefficients are finite numbers.
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The notation [α]�ω is defined as [α]�ω ≡ max(�n · �ω : �n · �ω ≤ α), and [α]
denotes the integer part of α.

Note that for the reduced case where limiting distribution function F0(s)
is proper, i.e. f0 = 0, we have ρ0 = 0. In this case the above perturbation
conditions reduce to expansions for defect fε = 1 − Fε(∞) and moments
mεr =

∫∞
0 srFε(ds), r = 1, . . . , [α], as follows.

P
(α)
�ω : (a) 1− fε = 1 +

∑
1≤�n·�ω≤α

b�n,0ε
�n·�ω + o(ε[α]�ω) as ε → 0

where all coefficients are finite numbers;

(b) mεr = m0r +
∑

1≤�n·�ω≤α−r

b�n,rε
�n·�ω + o(ε[α]�ω−r) as ε → 0

for r = 1, . . . , [α], where all coefficients are finite numbers.

The objective of our study is to obtain the asymptotic behavior of the
solution to nonlinearly perturbed renewal equation with this type of pertur-
bation conditions and illustrate the theoretical results by applications.

As regards the motivation of the study, note that the standard polyno-
mial scale is a particular case of the asymptotic scale (16). Indeed, if we set
k = 1 in (16) so that �ω = 1, the scale (16) reduces to {1 = ε0, ε, ε2, . . .} as
ε → 0, which is the case for models with polynomial perturbation conditions
Pk and P

′k. Therefore the results obtained in this thesis can be considered
as a generalization of the corresponding results for models with polynomial
perturbations. Moreover, such non-polynomial perturbations can appear in
some models of the perturbed stochastic processes when the perturbation
depends not only on ε but also on power functions of ε. A concrete example
of perturbed risk process is given in Section 6.1.

The perturbation condition P
′(α)
�ω covers obviously the cases where the

perturbation depends on εωi , i = 1, . . . , k such that expansion P
′(α)
�ω appears.

Here ωi, i = 1, . . . , k should satisfy properties (i), (ii) and, hence, ω2, . . . ωk

are irrational numbers. It is worth noting that P
′(α)
�ω covers also, indirectly,

many other cases. Specifically, if the perturbation depends on εθi , i = 1, ...m
where θi are arbitrary real positive numbers, and asymptotic expansions
containing products of integer powers of these infinitesimals are obtained,

we can always transform these expansions into the exact form of P
′(α)
�ω . This

is best explained by a simple numerical example.
Suppose that we have a asymptotically proper perturbed renewal equa-

tion and it can be calculated that the defect takes the form:

fε =
p1
µ0

C1ε
1/2 +

p2
µ0

C2ε+
p3
µ0

C3ε
√
2 +

p4
µ0

C4ε
√
3 + o(ε

√
3). (17)
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This is not directly in the form of P
(α)
�ω , however if we use a new perturbation

parameter ε̃ = ε1/2, the above is transformed into

fε =
p1
µ0

C1ε̃+
p2
µ0

C2ε̃
2 +

p3
µ0

C3ε̃
2
√
2 +

p4
µ0

C4ε̃
2
√
3 + o(ε̃2

√
3), (18)

which is directly covered by P
(α)
�ω . Since ε → 0 as ε̃ → 0, the correspond-

ing asymptotic results in terms of ε̃ can be easily transformed back into
asymptotic results in ε.

In short, perturbation condition P
′(α)
�ω is very flexible. It covers the cases

where the mixed power-exponential moments are smooth nonlinear functions
of perturbation parameter ε, and in addition the cases where these moments
are nonlinear functions of ε such that they can be expanded into expansions
described above.

Another interesting feature regarding P
(α)
�ω and P

′(α)
�ω is the ”denseness”

of corresponding asymptotic expansions, that is, such expansions contain
more terms than their polynomial counterparts when expanded to a certain
order. For example, a possible expansion up to order three with respect to
the standard polynomial asymptotic scale can take the form:

fε = b1,0ε+ b2,0ε
2 + b3,0ε

3 + o(ε3), as ε → 0. (19)

An example of expansion with respect to scale (16) with �ω = (1,
√
2) i.e. for

k = 2 can have the form:

fε = b(1,0),0ε+ b(0,1),0ε
√
2 + b(2,0),0ε

2 + b(1,1),0ε
1+

√
2

+ b(0,2),0ε
2
√
2 + b(3,0),0ε

3 + o(ε3), as ε → 0,
(20)

whereas if with respect to scale (16) with �ω = (1,
√
2,
√
3) for k = 3,

fε = b(1,0,0),0ε+ b(0,1,0),0ε
√
2 + b(0,0,1),0ε

√
3 + b(2,0,0),0ε

2

+ b(1,1,0),0ε
1+

√
2 + b(1,0,1),0ε

1+
√
3 + b(0,2,0),0ε

2
√
2

+ b(3,0,0),0ε
3 + o(ε3) as ε → 0.

(21)

As illustrated above, all three expansions are expanded up to order three,
however asymptotic expansion (21) contains more terms than (20) and the
latter consists of more term than the polynomial case (19). Note also that
when the value of k gets greater, the corresponding expansion gets more
“dense”. This ”denseness” property makes it interesting to study the asymp-

totics for models with such perturbation conditions P
(α)
�ω or P

′(α)
�ω .
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5 Theoretical results of the thesis

Papers A, B, C and D deal with asymptotical proper perturbed renewal
equation, i.e. the case where the distribution function F0(s) is proper. In
paper E, the more general and more complicated case of asymptotically
improper perturbed renewal equation is investigated.

In PaperA , we assume that the defects and moments of Fε(s) generating
perturbed renewal equation (7) can be expanded in ε up to order α with
respect to asymptotic scale:

{ϕn,m(ε) = εn+mω, (n,m) ∈ N0 ×N0}, as ε → 0, (22)

where parameter ω > 1 is an irrational number, N0 refer to the set of
nonnegative integers. Note that asymptotical scale (22) is a particular case
of (16) with k = 2, therefore the expansions of defect and moments take the

forms of P
(α)
�ω for the special case �ω = (1, ω).

Under the Cramér type condition and convergence condition for Fε(s)
i.e. condition A, the following asymptotic expansion is obtained for ρε:

ρε =
∑

1≤n+mω≤α

an,mεn+mω + o(ε[α]ω), (23)

which is provided by the explicit effective recurrence algorithm for calculat-
ing the coefficients an,m, 1 ≤ n+mω ≤ α.

Further, under some convergence conditions for the forcing function qε(t)
i.e. condition B and the balancing condition ε[β]ω tε → λβ ∈ [0,∞) for
some 1 ≤ β ≤ α as 0 ≤ tε → ∞ and ε → 0 simultaneously, the following
asymptotic relation is obtained for the solution to the perturbed renewal
equation,

exp{(
∑

1≤n+mω<[β]ω

an,mεn+mω)tε}xε(tε)

→ e−λβa
(1)
x0(∞) as ε → 0,

(24)

where a(1) refers to the coefficient for the term which is of order O(ε[β]ω) in
expansion (23); x0(∞) is the classical renewal limit, given by (10) by setting
ρ0 = 0.

Papers B, C and D study successively the general case where the de-
fect and moments have asymptotic expansions with respect to (16) for an

arbitrary k < ∞, i.e. perturbation condition P
(α)
�ω . Under this perturbation

condition, the following asymptotic expansion of ρε is given,

ρε =
∑

1≤�n·�ω≤α

a�nε
�n·�ω + o(ε[α]�ω), (25)
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provided by the algorithm for determining the coefficients a�n, 1 ≤ �n · �ω ≤ α.

Under the same balancing condition as in paper A i.e. 0 ≤ tε → ∞
balanced with ε → 0 in such a way that ε[β]�ω tε → λβ ∈ [0,∞) as ε → 0
where β ∈ [1, α], the following asymptotic exponential expansion for the
solution of the perturbed renewal equation is given,

exp{(
∑

1≤�n·�ω<[β]�ω

a�nε
�n·�ω)tε}xε(tε) → e−λβa

(1)
x0(∞) as ε → 0, (26)

where, as in (24), a(1) refers to the coefficient of the term that is of order
O(ε[β]ω) in the expansion of ρε.

Recall that k refers to the dimension of parameter vector �ω. Asymptotic
formula (26) reduces to the formula obtained in Paper A if k = 2, and if
k = 1 it reduces to the formula for the case with polynomial perturbation
discussed in Section 3, i.e. (13).

In paper E, the limiting distribution function F0(s) can be either proper
or improper. Here the perturbed characteristics of Fε(s) are mixed power-
exponential moments φε(ρ, r) =

∫∞
0 sreρsFε(ds), r = 0, 1, . . . instead of mo-

ments and defects. These mixed power-exponential moments can be ex-
panded with respect to scale (16) up to some order α ≥ 1, i.e. the mixed

power-exponential moments satisfy perturbation condition P
′(α)
�ω . Under this

perturbation condition, the asymptotic expansion of ρε takes the form,

ρε = ρ0 +
∑

1≤�n·�ω≤α

a�nε
�n·�ω + o(ε[α]�ω). (27)

An explicit algorithm for determining the coefficients a�n, 1 ≤ �n · �ω ≤ α is
also given.

Under the same balancing condition as in the previous cases, the fol-
lowing asymptotic exponential expansion for the solution of the perturbed
renewal equation is obtained,

exp{ρ0 + (
∑

1≤�n·�ω<[β]�ω

a�nε
�n·�ω)tε}xε(tε) → e−λβa

(1)
x̃0(∞) as ε → 0. (28)

Here a(1) refers to the coefficient as described in (24) and (26), and x̃0(∞)
is the renewal limit defined in (10). Note that for the particular case where
F0(s) is proper, the results in paper E reduce to the corresponding results
in papers A–D.
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6 Applications of the theoretical results

6.1 Perturbed risk processes

Let us consider the risk process (3) with the following claim size distribution

G0(z) =

{
1− (T0−z)ω

Tω
0

, 0 ≤ z ≤ T0,

1, z > T0,
(29)

where T0 is a constant parameter and parameter ω > 1 is some irrational
number.

Suppose now the process is perturbed by an excess-of-loss reinsurance
with retention level T < T0, as illustrated in Figure 3. The vertical lines
in Figure 3 represent the claim arrivals, with the lengthes being the sizes of
each claim. The effect of reinsurance with retention level T is illustrated by
the horizontal line that cuts the vertical lines, i.e. the claims, at length of
T .

Figure 3: Effect of excess-of-loss reinsurance

The perturbed risk process has the following perturbed claim size distri-
bution.

Gε(z) =

{
1− (T0−z)ω

Tω
0

, 0 ≤ z ≤ T,

1, z > T.
(30)
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We use ε = T0 − T as the perturbation parameter and consider the
situation where the initial capital u → ∞ balanced with the perturbation
parameter ε → 0. The loading rate of claims is defined as αε = λβε

c where
λε is the Poisson arrival rate; βε is the mean of Gε(z) and c is the premium
rate. We impose a diffusion approximation type condition α0 = λβ0/c = 1.
Obviously αε → α0 = 1 as ε → 0. By the discussions in Section 1.2, the ruin
probability for the perturbed risk process satisfies the following perturbed
renewal equation.

Ψε(u) = αε(1− G̃ε(u)) + αε

∫ u

0
Ψε(u− s)G̃ε(ds), u ≥ 0, (31)

where G̃ε(u) =
1
βε

∫ u
0 (1−Gε(s))ds and Fε(u) = αεG̃ε(u).

The above is an asymptotically proper perturbed renewal equation since
the limiting distribution function F0(u) is proper. It can be shown that
the defect and moments for distribution function Fε(u) take a special non-
polynomial form:

fε =
1

T 1+ω
0

ε1+ω, (32)

and for r = 1, 2, . . .,

mεr =
(r!)T r

0∏r+1
i=2 (ω + i)

+
r∑

k=0

(−1)k+1

(
r

k

)
ω + 1

ω + k + 1
T r−k−ω−1
0 εk+1+ω. (33)

The above perturbation conditions can be easily rewritten in the form of

perturbation condition P
(α)
�ω . A direct application of the theoretical results

developed in the first part of paper A leads to the diffusion approximation
type asymptotics for the ruin probability. The corresponding results are
given in the second part of paper A and discussed further in paper C.

An example of perturbed risk process with a more complex type of per-
turbations is treated in the application part of paper B. Here the claim
size distribution is a mixture of exponential distributions, which is a suit-
able model when the claims come from multiple claim groups and the claim
sizes in each group follow an exponential distribution. It is assumed that
the parameters of the component exponential distributions depend, respec-
tively, on εω1 , εω2 and εω3 with 1 = ω1 < ω2 < ω3 being irrational numbers,
such perturbation can be seen as an environmental factor that determines
claim sizes and acts in a different form for different claim groups. Under
this situation, it turns out that the corresponding perturbation is covered

by condition P
(α)
�ω , and by applying the theoretical result in paper B, the
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diffusion approximation type asymptotic relation for the ruin probability
can be obtained.

To gain insight into the accuracy and other properties of the asymptotic
formulas obtained in papers A and B, experimental numerical studies on
these two examples of risk processes have been carried out in paper C. For
the first risk process example, Monte Carlo simulation experiments are per-
formed for different values of ε and the initial capital u to obtained estimates
of the ruin probability which are compared to the approximations by the
asymptotic formulas. It is shown that the asymptotic formulas can provide
good approximations when the values of ε are relatively small. Moreover,
the results of these experiments suggest that the asymptotic formulas which
involves only one non-zero term from the expansion of ρε works less satis-
factory than those that involve more terms. Finally the quality of our ap-
proximations is comparable to the classical diffusion approximation method
for ruin probabilities. For the second risk process example, the claim size
distribution is mixture of exponentials and hence belong to the family of
phase-type distributions. Exact formulas for the ruin probabilities exist for
this case, so the approximated values via the asymptotic formulas can be
compared to the exact values. The accuracy of the asymptotic formulas ap-
pears to be good for small ε. It is also shown that involving more terms from
the expansions of ρε into the asymptotic formulas is oftentimes desirable for
a good approximation.

It should be mentioned that in Englund (2001), a related example of
nonlinearly perturbed risk processes with non-polynomial perturbations is
studied. This example assumes that the risk process (3) is imposed by an
excess-of-loss reinsurance with retention level T and the claim size distri-
bution is exponential distribution or a mixture of exponential distributions.
Using ε = 1/T as perturbation parameter, it turns out that, the defects and
moments of the distribution function generating the resulting perturbed re-
newal equation have a mixture of polynomial and exponential form in terms
of ε. Note that this type of perturbation differs from our case where the
perturbation is non-polynomial but has a power form. The corresponding
diffusion approximation asymptotics for ruin probability are given in this
work.

6.2 Perturbed storage processes

In papers D and E, the asymptotic results are applied respectively to ex-
amples of a perturbed M/G/1 queue and a perturbed compound Poisson
dam/storage process. The perturbed M/G/1 queue considered in paper D
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has Gamma-distributed service times where the shape parameter depends
on multiple infinitesimals. The object of study is the steady-state limit of
the tail distribution for the workload/virtual waiting time as the time goes
to infinity and the perturbation parameter goes to zero simultaneously but
balanced in some manner. As mentioned in Section 1.3, the steady-state
limit satisfies a perturbed renewal equation and the corresponding pertur-

bation takes a form of P
(α)
�ω . Applying the asymptotic results developed

in paper D to this example yields the heavy-traffic type limit for the tail
distribution of workload/virtual waiting time.

A model of perturbed dam/storage process is considered in paper E.
Here the water input distribution is the truncated Pareto distribution and
the truncation parameter is perturbed in non-polynomial form of power
type. The object of interest is the steady-state limit of the water content
which satisfies a perturbed renewal equation. Due to the perturbation of
the truncation parameter, the characteristics for the distribution function
generating the perturbed renewal equation is perturbed and takes the form

of condition P
′(α)
�ω . Note that in the applications of papers A–D, we impose

an additional condition so that the perturbed renewal equations derived are
asymptotically proper. In this example of perturbed dam/storage process,
we impose another condition so that the corresponding perturbed renewal
equation is asymptotically improper. The asymptotic results for asymptoti-

cally improper perturbed renewal equation under condition P
′(α)
�ω are devel-

oped in paper E and then applied to this example of perturbed dam/storage
process.

7 Summaries of the papers

The thesis includes five papers, namely, paper A:“Exponential asymptotics
for nonlinearly perturbed renewal equation with non-polynomial perturba-
tions” (Ni, Silvestrov and Malyarenko 2008); paper B: “Perturbed renewal
equations with multivariate non-polynomial perturbations”(Ni 2010a); pa-
per C: “Analytical and numerical studies of perturbed renewal equations
with multivariate non-polynomial perturbations” (Ni 2010b); paperD: “Non-
linearly perturbed renewal equations: the non-polynomial case” (Ni 2011a);
paper E: “Asymptotically Improper Perturbed Renewal Equations: Asymp-
totic Results and Their Applications” (Ni 2011b).
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7.1 Paper A

We investigate in this paper the model of asymptotically proper perturbed
renewal equation:

xε(t) = qε(t) +

∫ t

0
xε(t− s)Fε(ds), t ≥ 0, (34)

with the non-polynomial perturbations P
(α)
�ω for the two-dimensional case

�ω = (1, ω). We impose a Cramér type condition for distribution function
Fε(s) and some natural conditions describing the convergence of Fε(s) and
forcing function qε(t) to the corresponding limits F0(s) and q0(t). These
conditions are formulated in Section 2. Note that the distribution function
Fε(s) can be improper, i.e. fε = 1−Fε(∞) ≥ 0, but the limiting distribution
function F0(s) is assumed to be proper, i.e f0 = 1− F0(∞) = 0. The main
result is a theorem that describes the asymptotic behavior of the solution
of the perturbed renewal equation, via the asymptotic expansion of the
characteristic root ρε, i.e. the root of characteristic equation (9).

The result is then applied to the example of perturbed risk processes
with such type of non-polynomial perturbations, as described in Section
6.1. We assume also that the limiting loading rate of claims α0 = 1 so
that αε → α0 = 1 as ε → 0, as typical in a diffusion approximation. Un-
der balancing conditions that describes how the initial capital u → ∞ and
ε → 0 simultaneously, we obtain exponential asymptotic expansions for the
corresponding ruin probabilities.

7.2 Paper B

In this paper, we study the model of asymptotically proper perturbed re-
newal equations with more general non-polynomial perturbations than in

paper A. These perturbations are of type P
(α)
�ω for the general case �ω =

(ω1 = 1, ω2, . . . , ωk) for 1 ≤ k < ∞, in other words, we have a multivari-
ate type of non-polynomial perturbations. The asymptotical expansions are
expanded with respect to asymptotic scale (16) which generalizes the stan-
dard polynomial scale {1 = ε0, ε, ε2, . . .} as ε → 0 and also generalizes the
asymptotic scale treated in paper A.

The asymptotic exponential expansion for the solution for the perturbed
renewal equation is then provided. As expected, if we take k = 1 in (16),
the asymptotic result reduces to the corresponding result for the model with
polynomial perturbations, i.e. to asymptotic exponential expansion (13) as
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obtained in Silvestrov (1995); and if k = 2, the asymptotic result reduces to
its counterpart in paper A.

We also study a numerical example of perturbed risk process with this
multivariate type of non-polynomial perturbations. The claim size distri-
bution is assumed to be a mixture of exponential distributions. The exact
formulas for ruin probability exist, which are used to compare to the approx-
imations by our asymptotic formulas for different combinations of values for
ε and u.

7.3 Paper C

This paper is an extended version of paper B. Besides the theoretical results
and numerical studies presented in paper B, paper C contains in addition
an extended section of experimental numerical studies. Here we review
and extend the asymptotical results obtained for the example of perturbed
risk process introduced in paper A. For the purpose of gaining insight into
the asymptotical results, we carry out conditional Monte Carlo simulation
experiments to estimate ruin probability for various combinations of values
of ε and initial capital u. The estimated ruin probability is then treated
as the ”reference probability” and compared to the approximations by our
asymptotic formulas.

7.4 Paper D

In this paper, we consider again the model of asymptotically proper per-
turbed renewal equations with the general non-polynomial perturbations as

in papers B and C. Specifically, these perturbations are of type P
(α)
�ω for

the general case �ω = (ω1 = 1, ω2, . . . , ωk) for 1 ≤ k < ∞. The asymptotic
exponential expansions for the solution of the perturbed renewal equation
are presented and the full proof to these asymptotic results is provided.

For applications of the theoretical results we consider a perturbed M/G/1
queue with Gamma-distributed service times. It is known that the steady-
state limit of the tail distribution for the workload/virtual waiting time
satisfies a renewal equation, as described in Section 1.3. We investigate the
case where the shape parameter of the Gamma distribution is perturbed in
a special way, as a consequence the steady-state limit of the tail distribution
for the workload/virtual waiting time satisfies a perturbed renewal equation
with non-polynomial perturbations. The perturbation is of the form covered

by P
(α)
�ω , so we can apply the asymptotic results to obtain the exponential

asymptotic expansions for the steady-state limit.
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7.5 Paper E

In paper E , we study the asymptotically improper perturbed renewal equa-
tion:

xε(t) = qε(t) +

∫ t

0
xε(t− s)Fε(ds), t ≥ 0. (35)

Here as in papers A-D the distribution function Fε(s) can be improper, i.e.
fε = 1−Fε(∞) ≥ 0. However we no longer restrict the limiting distribution
function F0(s) to be proper, as we did in papers A-D. Instead, F0(s) can be
either proper or improper, i.e. f0 = 1−F0(∞) ∈ [0, 1), so we are considering
a case of asymptotically improper perturbed renewal equation. We assume
that the convergence conditions on Fε(s) and qε(t) and the Cramér type
condition for Fε(s), as formulated in Section 2, hold. In addition, we assume

that the additional perturbation condition P
′(α)
�ω holds for the mixed power-

exponential moments of Fε(s).

The corresponding asymptotic expansions are obtained for the solution of
the perturbed renewal equation. As an application we consider a perturbed
dam process with compound Poisson water input process. We assume that
the i.i.d. water input sizes follow a truncated Pareto distribution and the
truncation parameter is perturbed.
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[17] Elĕiko, Ya.I., Shurenkov, V.M. (1995). Transient phenomena in a class
of matrixvalued stochastic evolutions. Teor. Ĭmorvirn. Mat. Stat., 52, 72–
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Mathematical and Statistical Models and Methods in Reliability, 2010, 19–
38.

[70] Silvestrov, D.S., Abadov, Z.A. (1991). Uniform asymptotic expansions
for exponential moments of sums of random variables defined on a Markov
chain and distributions of passage times. 1. Teor. Veroyatn. Mat. Stat.,
45, 108–127 (English translation in Theory Probab. Math. Statist., 45,
105–120).

[71] Silvestrov, D.S., Abadov, Z.A. (1993). Uniform representations of expo-
nential moments of sums of random variables defined on a Markov chain,
and of distributions of passage times. 2. Teor. Veroyatn. Mat. Stat., 48,
175–183 (English translation in Theory Probab. Math. Statist., 48, 125–
130).

[72] Smith, W. L. (1954). Asymptotic renewal theorems. Proc. Roy. Sco.
Edinburgh. Sect. A. 64, 9–48.

[73] Smith, W.L. (1958). Renewal theory and its ramifications. J. Royal
Statist. Soc., Ser. B 20, 243–302.
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