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Abstract 
This dissertation presents a contribution to quantitative microwave imaging for breast tumor 
detection. The study made in the frame of a joint supervision Ph.D. thesis between University Paris-
SUD 11 (France) and Mälardalen University (Sweden), has been conducted through two experimental 
microwave imaging setups, the existing 2.45 GHz planar camera (France) and the multi-frequency 
flexible robotic system, (Sweden), under development. In this context a 2D scalar flexible numerical 
tool based on a Newton-Kantorovich (NK) scheme, has been developed. 

 

Quantitative microwave imaging is a three dimensional vectorial nonlinear inverse scattering 
problem, where the complex permittivity of an object is reconstructed from the measured scattered 
field, produced by the object. The NK scheme is used in order to deal with the nonlinearity and the ill-
posed nature of this problem. A TM polarization and a two dimensional medium configuration have 
been considered in order to avoid its vectorial aspect. The solution is found iteratively by minimizing 
the square norm of the error with respect to the scattered field data. Consequently, the convergence of 
such iterative process requires, at least two conditions. First, an efficient calibration of the 
experimental system has to be associated to the minimization of model errors. Second, the mean 
square difference of the scattered field introduced by the presence of the tumor has to be large 
enough, according to the sensitivity of the imaging system. 

 

The existing planar camera associated to a flexible 2D scalar NK code, are considered as an 
experimental platform for quantitative breast imaging. A preliminary numerical study shows that the 
multi-view planar system is quite efficient for realistic breast tumor phantoms, according to its 
characteristics (frequency, planar geometry and water as a coupling medium), as long as realistic 
noisy data are considered. Furthermore, a multi-incidence planar system, more appropriate in term of 
antenna-array arrangement, is proposed and its concept is numerically validated. 

 

On the other hand, an experimental work which includes a new fluid-mixture for the realization of a 
narrow band cylindrical breast phantom, a deep investigation in the calibration process and model 
error minimization, is presented. This conducts to the first quantitative reconstruction of a realistic 
breast phantom by using multi-view data from the planar camera. Next, both the qualitative and 
quantitative reconstruction of 3D inclusions into the cylindrical breast phantom, by using data from 
all the retina, are shown and discussed. Finally, the extended work towards the flexible robotic system 
is presented. 
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SPECIALITY: ELECTRONICS

Mälardalen University Press Dissertations
No. 73

Tommy HENRIKSSON

CONTRIBUTION TO QUANTITATIVE MICROWAVE IMAGING
TECHNIQUES FOR BIOMEDICAL APPLICATIONS

Defended 9th June 2009 In Front of the Jury Members:

Paul M. Meaney (Reviewer)

Christian Pichot (Reviewer)

Louis Jofre (President)

Jean-Charles Bolomey (Main Supervisor)

Mikael Persson (Member)

Magnus Otterskog (Member)

Nadine Joachimowicz (Member)

Alain Joisel (Member)

School of Innovation, Design and Engineering
Mälardalen University





Abstract

This dissertation presents a contribution to quantitative microwave imaging for
breast tumor detection. The study made in the frame of a joint supervision Ph.D.
thesis between University Paris-SUD 11 (France) and Mälardalen University (Swe-
den), has been conducted through two experimental microwave imaging setups, the
existing 2.45 GHz planar camera (France) and the multi-frequency flexible robotic
system, (Sweden), under development. In this context a 2D scalar flexible numerical
tool based on a Newton-Kantorovich (NK) scheme, has been developed.
Quantitative microwave imaging is a three dimensional vectorial nonlinear in-

verse scattering problem, where the complex permittivity of an object is recon-
structed from the measured scattered field, produced by the object. The NK scheme
is used in order to deal with the nonlinearity and the ill-posed nature of this prob-
lem. A TM polarization and a two dimensional medium configuration have been
considered in order to avoid its vectorial aspect. The solution is found iteratively
by minimizing the square norm of the error with respect to the scattered field data.
Consequently, the convergence of such iterative process requires, at least two condi-
tions. First, an efficient calibration of the experimental system has to be associated
to the minimization of model errors. Second, the mean square difference of the
scattered field introduced by the presence of the tumor has to be large enough,
according to the sensitivity of the imaging system.
The existing planar camera associated to a flexible 2D scalar NK code, are con-

sidered as an experimental platform for quantitative breast imaging. A preliminary
numerical study shows that the multi-view planar system is quite efficient for re-
alistic breast tumor phantoms, according to its characteristics (frequency, planar
geometry and water as a coupling medium), as long as realistic noisy data are con-
sidered. Furthermore, a multi-incidence planar system, more appropriate in term
of antenna-array arrangement, is proposed and its concept is numerically validated.
On the other hand, an experimental work which includes a new fluid-mixture for

the realization of a narrow band cylindrical breast phantom, a deep investigation in
the calibration process and model error minimization, is presented. This conducts
to the first quantitative reconstruction of a realistic breast phantom by using multi-
view data from the planar camera. Next, both the qualitative and quantitative
reconstruction of 3D inclusions into the cylindrical breast phantom, by using data
from all the retina, are shown and discussed. Finally, the extended work towards
the flexible robotic system is presented.
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Chapter 1

Introduction

This chapter will introduce the reader to the concept of microwave imaging in
biological applications. A brief overview of other contributions in this field will be
given, with an extra attention on the field of breast tumor detection. The work
in microwave imaging will be motivated with some figures of the society’s need of
alternative breast imaging techniques. The end of this chapter will be devoted to
the contribution of this thesis, by first present the scope of this work before the
included publications will be listed and summarized. Finally, the thesis organization
will be described.

1.1 Introduction of Microwave Imaging

Microwave imaging, like X-ray tomography, obtains images of a biological object’s
material properties by measuring the influence on an applied wave. By using X-rays
the tissue density is imaged, whereas in the microwave case the dielectric properties
are imaged.
In case of X-rays, the wavelength is very small compared to the size of the object

and a linear-path ray-propagation assumption is valid. However, an electromagnetic
wave, in the microwave spectrum, has a wavelength in the same range as the size
of the object. Thus, the diffraction effects can not be neglected, as shown in Figure
1.1.
In order to produce a tomographic image of an biological object by using mi-

crowave imaging an inverse scattering problem has to be solved, where the object’s
dielectric properties are deduced from the measured scattered field radiated by the
object and the known applied incident field, as depicted in Figure 1.1. Due to
multiple paths through the object a nonlinear relation between the scattered field
and the dielectric properties of the object exists.
This can be solved by linearizing the problem with several approximations or

1



2 CHAPTER 1. INTRODUCTION

by solving the nonlinear inverse scattering problem with an iterative algorithm.
However, the nonlinear inverse scattering problem is an ill-posed problem. The
conditions of existence, uniqueness and stability of the solution are therefore not
ensured at once.

Figure 1.1: The field scattering effect during microwave imaging.

1.2 A Brief Overview

The door opened for microwave imaging in biomedical applications when Larsen
and Jacobi et.al. in the late 70s, developing a water-immersed antenna for biomedi-
cal applications [1]. This was the first time that sufficient penetration of a biological
object was obtained using microwaves, (due to the wave impedance matching be-
tween the water and the human body), and images of the internal structures of the
object could be created. Images of the internal structure of a canine kidney were
obtained from the transmission coefficients between two antennas moved in parallel
[2]. From those results other researchers gained interest for microwave imaging in
biomedical applications [3]. The initial focus mainly covered remote measurements
of internal temperature. The dielectric properties of biological tissues are highly
temperature dependent, which makes microwave imaging a promising method to
control the effect during microwave hyperthermia treatment [4, 5, 6, 7]. Semenov
et. al. focused on finding heart disease like ischemia and infarction [8, 9]. The
most recent application is breast tumor detection, where the initial and major con-
tribution can be attributed to Meaney et. al. [10, 11, 12, 13]. Recently many other
research groups have been working in this application field [14, 15, 16, 17, 18, 19].
The two major approaches of microwave imaging today are tomographic meth-

ods where cross-sectional slices of the dielectric properties are generated and radar
approaches where strong scatterers are found inside an object by using radar tech-
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niques. The radar approach is not discussed herein, but a recent review of the
technique was published by Li et. al. [20]. The tomographic methods are based on
the inverse scattering problem and two approaches can be introduced. First, the
diffraction tomography, a linear approach, which uses Born or Rytov approxima-
tions. This method is a very computation efficient method obtaining quasi real-time
imaging [6, 21, 22, 23]. However, this approximation is only valid for smaller ob-
jects with low contrast, when the field inside the object is not influenced by the
presence of itself[24]. This is not the case for biomedical applications, in the most
cases. Therefore the nonlinear inverse scattering problem must be considered.
The second approach, which solves the nonlinear inverse scattering problem,

was first introduced for microwave imaging by Joachimowicz et. al. and Chew
et. al. in the beginning of the 90s [25, 26]. Also, Caorsi et. al. made early
contributions in this field [27]. The method is based on an iterative optimization
process of an a cost-function, which represents the difference between the mea-
sured and simulated scattered field, by using a Newton scheme. This iterative
technique has preserved interest in microwave imaging for many research teams
[15, 16, 19, 28, 29, 30, 31, 32]. The algorithm is highly computational heavy, there-
fore mainly two-dimensional (2D) imaging have been performed. However, an effort
has been initiated in the three-dimensional (3D) case [25, 33, 34, 35, 36]. Another
computation saving approximation often used, is to assume a infinite region of the
background medium, which means that the interactions between the antennas, sur-
rounding system and the object are ignored. This approximation is very useful as
long as the background medium is lossy, as for e.g. water. However, the system
interaction has been included in some cases [37, 38, 39, 40].
More recently alternative optimizing schemes have been reported, such as the

Multiplicative Regularization Contrast Source inversion by Abubakar et. al. [36,
41, 42], which gives an computation efficient solution especially for 3D situations,
the global optimization methods which use neural networks, or the genetic algo-
rithms introduced by Caorsi et. al. for nondestructive evaluation [43, 44, 45, 46].
Those methods avoid local minima, at the cost of a slower convergence and higher
computation load. The log-magnitude unwrapped-phase algorithm introduced by
Meaney et. al. [30], has also been shown to be robust able to avoid local minima
without significant cost in computation time, since, the complex data is trans-
formed into multiple Rieman sheets. This method has also been used in a system
developed at the Technical University of Denmark by Rubaek et. al. [47]. Until
now single frequency solutions have been most widely used, but different research
groups are working on multi-frequency solutions [15, 19, 48]. It is known that low
frequencies lower the influence of phase nonlinearities and stabilize the algorithm
while the higher frequencies increase the resolution, and a combination will proba-
bly improve the reconstruction [48]. However, to include the frequency dependence
models for biological tissues into the reconstruction algorithm is a difficult, but as
been initiated[48]. Future research efforts is likely focused in this direction.
Many experimental setups have been developed since the beginning of the 80s.
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One of the first and still running, the planar 2.45 GHz microwave camera developed
by Bolomey et. al. [4, 21] This camera uses a quasi-planar incident field and
measures the field on a vertical plane of 1024 sensors behind the object. This system
makes real-time acquisition using the Modulated Scattering Technique (MST) [49,
50]. Franchois et. al. were able to create quantitative images of homogenous objects
with this equipment in the 90s [51]. The next break though was the 64 antenna
circular 2.33 GHz camera developed by Jofre et. al. in the beginning of the 90s
[6, 52]. Using this system a 2D cross-section of a human arm was reconstructed
[53], and the circular experimental geometry was proven to be a better choice for
2D imaging [6, 54]. Since then other research groups have followed this trend
[7, 8, 15, 55, 56]. The first wide-band system was developed by Meaney et. al. in
the middle of the 90s, a circular monopole antenna system with a frequency range
between 0.3-1.2 GHz [55].
More recently Persson et. al. have developed a similar system for data ac-

quisition in a frequency band between 2 − 7 GHz, used in a time-domain (multi-
frequency) imaging algorithm[15]. Semenov et. al. have developed experimental
setups able to perform fully 3D acquisition [57, 58, 59, 60]. Slicing a strongly 3D
dependent object using 2D models often induces many artifacts [8, 32], therefore
future effort is likely to be focused in this field. The planar 2.45 GHz camera devel-
oped by Bolomey et. al. is able to measure the vertical-polarized field at 1024 points
on a vertical plane behind the object, in real-time [49]. Therefore, this camera is
interesting as an efficient acquisition tool measuring 3D vertical polarized data for a
scalar 3D algorithm [34] or a fully vectorial 3D algorithm using an updated version
of the camera, able to measure the two-component vectorial field. Noteworthy, the
Newton-Kantorovich algorithm generalized to 3D, (developed by Joachimowicz et.
al.), may be a potential starting point for 3D quantitative imaging [25, 61].

1.2.1 Breast Tumor Detection Using Microwave Imaging

Today, a major focus is applied to the breast tumor detection application using
microwave imaging. Its potentials are the non-ionizing nature of microwaves and the
dielectric contrast between cancerous tissues and normal healthy breast tissues [14,
15, 62]. A major contribution comes from the following research groups, Meaney,
Hagness and Fear et. al., reviewed in [63, 64]. In general two different methods
have been used: first, solving the nonlinear inverse scattering problem, like the
Hybrid Element (HE) method developed by Meaney et. al. [28, 29], second, the
radar approach proposed by Hagness and Fear et. al. [14, 20, 63, 65].
The first imaging system to perform quantitative images of breast phantoms

[11, 30] was developed by Meaney et. al. [10]. Even real breasts were imaged using a
clinical prototype developed around year 2000 [10]. Hagness et. al. have confirmed
their radar approach in an experimental setup using a ultra-wideband antenna [14,
66], with impressive results. Recently, Craddock et. al. have developed a microstrip
patch antenna based Ultra-wideband microwave radar system for breast imaging,
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quisition in a frequency band between 2 − 7 GHz, used in a time-domain (multi-
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future effort is likely to be focused in this field. The planar 2.45 GHz camera devel-
oped by Bolomey et. al. is able to measure the vertical-polarized field at 1024 points
on a vertical plane behind the object, in real-time [49]. Therefore, this camera is
interesting as an efficient acquisition tool measuring 3D vertical polarized data for a
scalar 3D algorithm [34] or a fully vectorial 3D algorithm using an updated version
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The first imaging system to perform quantitative images of breast phantoms

[11, 30] was developed by Meaney et. al. [10]. Even real breasts were imaged using a
clinical prototype developed around year 2000 [10]. Hagness et. al. have confirmed
their radar approach in an experimental setup using a ultra-wideband antenna [14,
66], with impressive results. Recently, Craddock et. al. have developed a microstrip
patch antenna based Ultra-wideband microwave radar system for breast imaging,
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with promising initial clinical results [67, 68]. However, in a clinical situation it
may be hard to diagnose a tumor while the radar method provides qualitative
images. The solution can be to use statistical methods to confirm the result [69].
Otherwise, a quantitative imaging method is probably more suitable. Noteworthily,
the difference between a qualitative and a quantitative image is that the quantitative
image gives information directly correlated to the dielectric properties.
Other research groups have joined this field [15, 16, 18, 19] etc. Miyakawa et. al.

have investigated the usability of the linear chirp pulse microwave computed tomog-
raphy algorithm (CP-MCT), [70, 71, 72], to the breast tumor detection application
[18]. Fhager et. al. developed a time-domain nonlinear inverse scattering algorithm
for multi-frequency focused on imaging systems for breast tumor detection [15, 73].

1.3 Motivation

Today, cancer is a major society health problem. Swedish statistics report tumors as
the second most common cause of death [74], after vascular diseases. 25% of yearly
deaths are caused by tumors, where breast cancer is the most common tumor among
women with around 30 deaths in a population of 100,000. Similar figures have been
reported in North America, Europe, Australia, Polynesia and Western Africa [75],
On a worldwide basis breast tumor is by far the most frequent tumor among women
with 23% of all cancers. In 2002, 1.15 million new cases were reported, giving the
overall second rank after lung cancer when both sexes are considered.
Noteworthily, the survival rate of breast cancer is 65% in global average for a

five year period after the first detection [75]. So breast cancer has a rather good
survival rate compared to other tumors. One reason is probably the major screening
programs carried out in the developed countries established to find early invasive
tumors. However, still breast tumors are the leading cause of tumor mortality for
women with 411,000 annual deaths reported in 2002 [75]. Incidence rates of breast
cancer are increasing in most countries, and the growth is usually great where rates
were previously low. With an estimated growth about 3 % in East Asia and 0.5
% in the rest of the word, the world total in 2010 would be 1.5 million breast
cancers[75]. These figures only motivates all research in this domain.
The motivation for major screening programs is the strong correlation between

the outcome of a breast tumor and its size at the time of detection. Michaelson
et. al. are able to calculate the chance of survival from the size of the tumor,
independent from the detection methods [76]. In world’s most developed areas all
women undergo this program with frequent radiology visits.
Today, imaging techniques take an important role in the detection of malignant

breast tumors, where X-ray mammography is the dominant technique. X-ray mam-
mography fulfills almost all the requirements to be an efficient imaging tool. An
imaging tool must have high specificity and sensitivity to malign breast tumors, it
must also be resource effective in manpower, time and money, and should also be
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non-invasive [77]. Today, X-ray mammography is widely used and in general an
accepted method. However, mammography suffers from several limitations. The
sensitivity in false rate has been reported by Elmore et. al. [78] and by Huynh et.
al. [79]. X-ray mammography has a false-positive rate between 2.8% to 15.9% and
a false-negative rate between 4% to 34%. The false rate is mainly dependent of the
experience of radiologist. Moreover, it has a reported limitation in the specificity.
As a matter of fact, during the extensive mammography screening programs 10-50%
patients often need a breast biopsy to verify the findings in their mammogram [80].
The general number of undetected breast tumors is estimated between 5% to 15%
[78, 79]. One major reason of the this high rate is the difficulty to image breasts
with highly content of fibrous and glandular tissues, radiographically dense breasts
[80]. In this case, a very low contrast is achieved between the malign breast tissue
and the fibroglandular tissues using X-ray mammography [79, 81], and alternative
imaging techniques must be used [80].
Beside those detection limitations, mammography uses ionizing X-rays and

needs a sometimes painful breast compression. The radiation is kept on low levels in
today’s mammography equipments, but there is still a small risk that the exposure
of ionizing rays produces breast cancer. Women who undergo X-ray mammography
screening for 10 years have an estimated rate of mortality of eight out of 100,000
women [82]. However, this is still a quite high figure as compared to the total risk
of mortality due to breast tumor.
Complementary non-ionizing imaging methods exists today, the most impor-

tant ones are Ultrasound imaging and Magnetic Resonance Imaging (MRI) with
contrast enhancement. However, none of those techniques are suitable for large
scale screening programs. They have taken an important role in the later diagnosis
to verify the malignity of the breast tissue and in situations of dense breasts [80].
Other imaging techniques have a very small role in breast tumor detection today.
At the moment the highest breast tumor detection rates are reported in the

high developed areas around the world, where the screening programmes have been
established [75]. However, in many under developed countries, in e.g. Africa,
reporting similar rates of mortality from breast tumor while the detection is fairly
low compared to high developed countries. Therefore, a cheap and high specificity
and sensitivity solution must be found to solve global mortality from breast tumors.
These considerations underline the fact that there is a need for complementary

and/ or alternatively imaging modalities in order to decrease the global mortality
related to breast tumors. Microwave imaging may be one of the needed imaging
modalities in the future, at least for two reasons. First, high dielectric contrast
can be observed between malignant breast tumor tissues and normal breast tis-
sues in the microwave spectrum [83, 84]. Second, because of major research effort
from different research groups, microwave imaging has become an efficient imaging
modality for non-invasively visualizing complex dielectric properties[11, 25, 53, 85].
Those reasons set a very interesting knowledge platform to establish new imaging
modalities using microwaves applied to breast tumor detection. A microwave imag-
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ing system will probably be a relatively inexpensive solution compared to MRI and
X-ray Computed Tomography (CT) enabling a wide usability as an alternative or
complementary equipment.

1.4 Scope of this work

This doctoral thesis has been carried out during the establishment of the microwave
imaging research at the School of Innovation, Design and Engineering at Mälardalen
University. The establishment is focused on the use of microwaves in biomedicine,
particularly in breast tumor detection. At an early stage, a collaboration with
DRE at L2S/Supélec in France was initiated. This group led by Prof. Jean-Charles
Bolomey has greatly contributed in the field of microwave imaging for biomedical
applications, which opened up a fruitful collaboration between the two laboratories.
Through this collaboration this thesis has been following a joint supervision Ph.D.
student program, with supervision from both laboratories.
In this thesis the existing tools, the planar 2.45 GHz camera and the Newton-

Kantorovich algorithm are used to investigate the possibility of a future planar
breast imaging system. The modulated scatterer technique (MST) used in the pla-
nar camera enable rapid measurements along a large antenna array, which could be
efficiently used in a microwave breast imaging system. Also a planar system would
have a better possibility to be integrated into the existing X-ray mammography
systems while the same geometry is used.
The contribution of this thesis can be divided in two major parts. First, a feasi-

bility study, where the possibilities of using the existing planar 2.45 GHz microwave
camera and the quantitative Newton-Kantorovich algorithm for breast imaging have
been studied. Many other research groups have been working in the breast imaging
field, as discussed in section 1.2.1, however, the author finds a gap in the feasi-
bility of breast tumor detection, in terms of scattered field responses due to the
tumor. Therefore, the concepts and possibilities of breast tumor detection have
been investigated together with a validation of a planar breast imaging system.
Second, an experimental validation was performed, and quantitative images of

an inhomogeneous breast phantom were obtained for the first time, using experi-
mental data from the planar 2.45 GHz camera. Through this part a significant work
has been done to investigate the calibration and model error minimization using the
planar camera. Also, the first 2D slicing of an object with small 3D inhomogeneity
has been investigated.
Finally, the work has been extended, towards the development of the devel-

oped flexible robotic data acquisition system for microwave imaging, located at
Mälardalen University, The final contribution of this thesis, is exemplified by the
wide range of simulations and experimental validations performed. Using this sys-
tem new microwave imaging concepts can be tested, while the receiving antenna
can measure along a variety of surfaces around the object. However, this project
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exceeds the range of this thesis, but will stand for a platform in the future devel-
opment of microwave imaging systems.

1.5 Publications Included in the Thesis

Paper A - T. Gunnarsson, N. Joachimowicz, A. Joisel, J. Ch. Bolomey, “Com-
parison Between a 2.45 GHz Planar and Circular Scanners for Biomedical Appli-
cations,” International Conference on Electromagnetic Near-Field Characterization
and Imaging (ICONIC), St. Louis, Missouri, USA, 27th–29th June, 2007.

Paper B - T. Gunnarsson, N. Joachimowicz, A. Diet, C. Conessa, D. Åberg and
J. Ch. Bolomey, “Quantitative Imaging Using a 2.45 GHz Planar Camera, ”, 5th
World Congress on Industrial Process Tomography, Bergen, Norway, 3rd-6th Sep.
2007.

Paper C - T. Gunnarsson, N. Joachimowicz, A. Joisel, C. Conessa, A. Diet and J.
Ch. Bolomey, “Quantitative Microwave Breast Phantom Imaging Using a Planar
2.45 GHz System, ” XXIX General Assembly of the International Union of Radio
Science, URSI, Chicago, Illinois, USA, Aug. 2008, (Invited oral presentation).

Paper D -N. Petrovic, T. Gunnarsson, N. Joachimowicz and M. Otterskog, “Robot
Controlled Data Acquisition System for Microwave Imaging, ” European Confer-
ence on Antennas and Propagation (EUCAP), Berlin, Germany, Mars 2009.

Paper E - T. Henriksson, N. Joachimowicz, C. Conessa, and J. Ch. Bolomey,
“Quantitative Microwave Imaging for Breast Cancer Detection Using a Planar 2.45
GHz System, ” Submitted to IEEE Transactions on Instrumentation and Measure-
ment, May 2009.

Paper F - T. Henriksson, N. Joachimowicz, B. Duchêne and J. Ch. Bolomey,
“Breast Tumor Detection Ability Using a Planar 2.45 GHz System, ” Submitted to
IEEE Transactions on Medical Imaging, May 2009.

1.6 Other Related Work

Paper G - D. Åberg, T. Gunnarsson, P. Norin, “Steps to Microwave Probing of
Complex Dielectric Bodies,” IEEE 48th International Midwest Symposium on Cir-
cuits and Systems (MWSCAS), Cincinnati, OHIO, USA, Aug. 2005.

Paper H - P. Norin, T. Gunnarsson, D. Åberg, P. O. Risman, “Microwave Probing
of Complex Dielectric Bodies,” 13th Nordic Baltic Conference Biomedical Engineer-
ing and Medical Physics, pp. 203–204, 13th–17th June, 2005.
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“Breast Tumor Detection Ability Using a Planar 2.45 GHz System, ” Submitted to
IEEE Transactions on Medical Imaging, May 2009.

1.6 Other Related Work
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Paper I - T. Gunnarsson, Microwave Imaging of Biological Tissues: the current
status of the research area,” Technical report, Mälardalen University, Department
of Computer Science and Electronics, Dec. 2006

1.7 Summary of Appended Papers

Paper A - In this paper a comparative study between three different microwave
imaging setups for breast imaging is presented. The planar 2.45 GHz camera is
validated against two other circular systems, in terms of quantitative imaging per-
formance. Through this simulation study images are produced using an open-
configuration version of the Newton-Kantorovich algorithm. The same algorithm
is used for all three systems, with different input parameters describes the configu-
ration of the different setups. In the comparison data with different signal to noise
ratios are considered to analyze the stability of the convergence in the different
setups.

Paper B - In this paper a further validation of a planar breast imaging system,
based on the existing planar 2.45 GHz camera, is presented. First the existing pla-
nar camera is validated compared to two other circular systems, in term of qualita-
tive breast imaging. Next, a future concept is investigated, a planar setup without
antenna rotation, where the antenna arrangement is changed from multi-view (by
antenna rotation) to multi-incident (from a fixed linear or elliptical transmitting
antenna array). In this case, a limited view tomography is done, while not fully
360◦ rotational data are used. Successful results indicates that this antenna ar-
rangement can be used in future planar breast imaging systems. Moreover, also the
result of the first calibration of the experimental system is presented.

Paper C - In this paper, the first obtained quantitative image of an inhomo-
geneous object is presented, using experimental data from the planar 2.45 GHz
camera, located at DRE, L2S/Supélec, France. The goal with this study is to
perform quantitative images for breast tumor detection using experimental data.
This is the first and successful attempt to perform quantitative images of inhomo-
geneous objects with the planar 2.45 GHz camera. A 16 mm diameter tumor is
reconstructed inside a 100 mm diameter breast phantom. This paper also briefly
issuing the new realistic breast phantom based on Triton X-100 and distilled water,
together with a brief description of calibration steps needed to achieve the results.

Paper D - In this paper an experimental validation of a robot controlled data
acquisition system for microwave imaging is presented. The transmitting and re-
ceiving antennas are immersed in a water-tank. The receiving antenna moved along
cylindrical or spherical surfaces, measuring the field, around the object, while the
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transmitting antenna can be manually moved to different positions. By careful de-
sign, the system gives accurate measurements of both incident and total field with
a SNR of 45dB. The experimental validation of the robot system was performed
by comparing one line of the measured field along the cylindrical surface with com-
puted data by using a 2D scalar model, for a 110 mm diameter sunflower oil filled
Polycarbonate cylinder. A good symmetry of the measured data is achieved with a
symmetric object configuration. The small error between measured and computed
scattered field gives a promising condition for future image reconstruction studies.

Paper E - The model improvements developed for the planar 2.45 GHz camera
is presented in this paper, together with, a calibration study comparing three dif-
ferent calibration techniques. This paper describe a new incident field propagation
model for the planar camera and an alternative method to estimate the complex
permittivity of the background medium. From the comparison between different
calibration techniques, using a reference object or comparing the incident field only,
gives the conclusion that comparing the measured incident field with the incident
field model is the most stable method, while the scattered field signature from a ref-
erence object introduces artifacts in the calibrated data. Finally, the reconstructed
images with the improved models is presented. A 16 mm tumor is found in the
reconstructed images of a breast phantom, both in the real and imaginary part.

Paper F - In this paper the planar geometry is numerically validated for breast
tumor detection, in terms of tumor detection ability (TDA) in the scattered field,
where the differential field with and without the introduced tumor is investigated.
Through this study the different parameters, such as losses in the breast tissues,
contrast between the background medium and the breast tissues, breast and tumor
size and frequency are investigated. The contribution of this paper is in the do-
main of understanding of possibilities and difficulties to detect a tumor from the
scattered field measured by a planar array.

1.8 Author’s Contribution in the Included Publi-
cations

Paper A - First author of the manuscript. Extended the existing Newton-Kantorovich
algorithm to a the general open-configuration version, supporting different antenna
arrangements. Also, all the included simulations and the manly experimental work
with calibration using reference objects has been performed.

Paper B - A major part of the general idea of a multi-incidence planar system and
the first author of the manuscript. Performed the simulations and the experimental
work with the planar 2.45 GHz camera, included in the paper.
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Paper C - The first author of the paper performing both the simulations and was
highly involved in the experimental work. Realized the breast phantom and per-
formed the characterization of the Triton X-100 and water mixture used as breast
phantom.

Paper D - A major part of the idea behind the system and co-author of the paper.
Performed the simulation of the system and had a significant role in the experi-
mental validation.

Paper E - The first author of the paper and responsible of the main idea behind
the paper. Developed the different model improvements and is involved in the dif-
ferent experimental parts. Finally, implementing the incident field model in the
Newton-Kantorovich algorithm and performed the image reconstruction.

Paper F - The first author of the manuscript with the main idea behind the pa-
per. Developed the idea of tumor detection ability by looking to the differential
field with and without the precessed of the tumor. Also performed all simulations
included in the paper.

1.9 Thesis Organization

This thesis is organized as follows. In this chapter, microwave imaging was intro-
duced, with a brief overview of the work done in the community. A special interest
was concentrated on the breast tumor application. The motivation and the con-
tribution of this work, in the field of quantitative microwave breast imaging, was
given, before the included papers were presented.
In the second chapter, the 2D scalar modeling used through this study is de-

scribed. First, the 2D electrical field integral equation is introduced. From this
formulation, the so-called coupling and observation equations are derived by appli-
cation of a Method of Moments. Those equations allow to solve the direct scattering
problem, where the scattered electrical field is deduced from the known complex
permittivity profile of the object for a given incident field. At the end of this chap-
ter, the dielectric characteristics of human tissues are given, with an extra attention
to female breast tissues.
The third chapter introduces the reader to the experimental and numerical

tools used through this work. Here, both the existing planar 2.45 GHz camera
and the included imaging algorithms are presented. Two different algorithms have
been used, a 3D scalar spectral algorithm based on the diffraction tomography
theory, and a 2D scalar Newton-Kantorovich algorithm. At the end of this chapter
the extensions towards an open-configuration version of the Newton-Kantorovich
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algorithm are described.
In the fourth chapter, the numerical validation of a planar quantitative mi-

crowave breast imaging system is issued. First, the concept of the tumor detection
ability, in terms of differences in the scattered field is explained. The feasibil-
ity study of the breast tumor detection ability of the planar 2.45 GHz camera is
presented. Also, the quantitative imaging capabilities of the planar camera are
confirmed by comparing the reconstructed result with two more popular circular
setups, by using the open-configuration NK code. Finally, a future concept of two
Modulated Scatterer Technique (MST) controlled antenna arrays is investigated.
Chapter five, gives the results from the different experimental investigations dur-

ing this study, including: the breast phantom realization, the model improvements,
calibration and quantitative and qualitative image reconstructions from experimen-
tal data. At the end of this chapter, the extended work towards a flexible multi-
frequency robotic data acquisition system is presented. The concluding remarks
and future work are issued in chapter six.
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Chapter 2

Two Dimensional Modeling

In this chapter the 2D scalar scattering problem, considered in the frame of the
interaction between a incident microwave and the breast tissues, and the method
used to solve it are presented. After a brief introduction of the context of this study,
the scattering problem is replaced by a radiating source problem in free space and a
2D scalar Electrical Field Integral Equation (EFIE) is introduced. The resolution of
the integral equation is then numerically considered in order to solve the so-called
direct scattering problem. In the end of this chapter the dielectric properties of
human tissues, in the context of the breast tumor detection are given.

2.1 The 2D Scalar Electrical Field Integral Equa-
tion

2.1.1 Physical Description

The Maxwell’s equations are the fundamental basis physically describing any elec-
tromagnetic (EM)-wave propagation problem [86, 87]. The Maxwell’s equations
describe the field properties along all three dimensional axes, which result in com-
putations of a heavy 3D vectorial problem. By using a priori knowledge of the
scenario several simplifications to the wave equation may be done. A classical ap-
proach consists in considering a 2D version of the problem. Hence, the object under
test, which is considered nonmagnetic, is assumed to be infinite and its dielectric
properties are assumed to be constant along the vertical axis, as shown in Figure
2.1. When the field is lying along the main axis of the cylinder, the problem is
reduced to a 2D scalar version (TM polarization) and a scalar wave equation can
be used. Note, in the following the implicit time dependance has been chosen as
e−jωt, ω being the radial frequency.
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Figure 2.1: The scalar 2D configuration (TM polarization).

2.1.2 Homogeneous Wave Equation

In a homogenous media the propagation of a TM-polarized, single-frequency, time-
harmonic electromagnetic wave, ei(r), can be described by the scalar Helmholtz
equation as

(∇2 + k2
1)e

i(r) = 0. (2.1)

The wavenumber, k1, is a constant defined by the complex permittivity, ∗1, inside
the homogeneous media as

k1 = ω

µ0∗1, (2.2)

The solution of Equation (2.1), ei(r), represents the incident field i.e. the total field
without the object, at any location r in the computation domain.

2.1.3 Inhomogeneous Wave Equation

The total electrical field, when the object is present, is given by the scalar Helmholtz’s
equation extended for inhomogeneous media:

(∇2 + k2(r))e(r) = 0, (2.3)

where the k-term is the wavenumber, which depends on the dielectric properties of
the medium of propagation:

k2(r) = ω2µ0
∗(r), (2.4)
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∗(r) being the complex permittivity of the inhomogeneous region. Let us define,
the contrast C(r) as follows:

C(r) = k2(r)− k21, (2.5)

Equation (2.3) can be rewritten as:

(∇2 + k21)e(r) = −C(r)e(r). (2.6)

By considering the total field, e(r), as a superposition of two components, the
incident field, ei(r), and the scattered field, es(r), due to the object, this leads to:

e(r) = ei(r) + es(r). (2.7)

Introducing Equation (2.7) into equation (2.6) gives the following wave equation

(∇2 + k21)e
s(r) = −C(r)e(r). (2.8)

The right-hand side of equation (2.8) can be considered as an equivalent current,
J(r):

J(r) = C(r)e(r), (2.9)

which produces the scattered field, es(r).
The inhomogeneous scalar Helmholtz equation, (2.8), cannot be solved directly

for es(r). Thus, the Green function has to be introduced. The Green function
represents the field radiated by a line source, located at the source point r and
observed at the r point and thus it is the solution of:

(∇2 + k21)G(r, r
) = −δ(r − r). (2.10)

The solution of equation, (2.10) in R2, which verifies the Sommerfeld (radiating
and continuity) conditions is given by, G(r, r) = j/H(1)

0 (k1|r − r|),with the zero-
order Hankel function of the first kind, H(1)

0 .
By using the superposition principle, with the elementary solution of the differ-

ential equation for a line source (2.10), yields to Equation (2.11).

es(r) =


S

G(r, r)C(r)e(r)dr, (2.11)

This equation is confirmed everywhere and in particular inside the object domain, S.
Then, by considering the total field, e(r), as the superposition of the incident field,
ei(r), and the scattered field, es(r), we obtain the following integral formulation for
the total field:

e(r) = ei(r) +


S

G(r, r)C(r)e(r)dr, (2.12)

Those two coupled equations are solved, in order to compute the scattered field,
which results from the interaction of a known incident wave, with an object for
which the complex permittivity distribution is known, namely the direct scattering
problem.
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2.2 Direct Problem

Equation (2.11) cannot be solved analytically. Thus, the coupled Equations (2.11)
and (2.12) are numerically implemented by applying a Method of Moments (MoM)
with pulse basis function and point matching as in [25, 26, 27, 54], explained in [86].
The mesh used is regular and rectangular. Figure 2.2 illustrates the rectangular

Figure 2.2: The rectangular mesh in: (a) planar configuration, (b) circular config-
uration.

mesh used in the frame of the two different 2D configurations considered in this
thesis. Those configurations differ from the geometry of the measurement lines:
planar or circular, and the incident wave: plane or cylindrical. In these conditions,
the fields and the dielectric properties are assumed to be a constant value in each
rectangular elementary cell (pulse basis function), which is the one at the center
of the rectangular cell (point matching). Considering that the test object region is
discretized into N cells, and the scattered field observed at M receiving points, the
use of this method gives the following discrete equations for the coupling equation:

ei(rn) =
N
j=1

[δnj −G(rn, rj)C(rj)]e(rj). n = 1, 2, · · ·, N, (2.13)

and the observation equation in (2.14)

es(rm) =
M
j=1

G(rm, rj)C(rj)e(rj), m = 1, 2, · · ·,M, (2.14)

where
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G(rk, rj) =


Sj

G(rk, r)dr, (2.15)

with rk the observation point and Sj the surface of the elementary square cell.
The elements of the 2D Green kernel given by Equation (2.15) are computed ana-
lytically by replacing the integration over the elementary square surface Sj by the
surface of an equivalent disk [25]. Let us denote its radius aeq, thus gives

G(rk, rj) =




jπaeq

2k1
H

(1)
0 (k1|rk − rj |)J1(k1aeq) k = j

jπaeq

2k1
H

(1)
1 (k1aeq) k = j.

In order to compute the scattered field, Equation (2.14), is first solved directly
for the total field, by applying a Gauss-Jordan method. In the following, Equation
(2.13) and (2.14), will be written in an equivalent matrix form:

[Ei] = [I −KO,OC][E], (2.16)

[Es] = [KR,O][C][E], (2.17)

where the subscripts O and R, are referred to the test object and the receivers
region, respectively, as depicted in Figure 2.2. The matrix and vector sizes are
extended according to the use of a multi-view process, where each view corresponds
to a direction of the incident field (or equivalently to the object position according
to a rotation system). Let denotes the number of views by v. In this condition, the
length of the total and incident field vectors [E] and [Ei] is vN and the length of
the scattered field [Es] is vM .

2.3 Dielectric Properties of Human Tissues

In this section the dielectric properties of human tissues will be introduced in order
to understand the interaction of microwaves with biological tissues. The biological
tissues are assumed to be nonmagnetic and are mainly characterized by its water
content, as it will be shown later.
This section gives a brief description of the definition, together with the widely

used dispersion, (frequency dependance), models for biological tissues. Some typi-
cal numbers of the dielectric properties will be given. At the end of the section the
characteristics of human breast tissues will be introduced according to the applica-
tion of this work.
In quantitative microwave imaging the dielectric properties are reconstructed in

terms of differences in complex permittivity, defined by Equation (2.18).

∗ =  + j, (2.18)
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where  is the relative permittivity describes the polarization effects of charged
particles in the tissue and  describes the out-of-phase losses due to the displace-
ment currents generated by the applied electromagnetic field. The losses are often
described by the conduction σ, as defined in Equation (2.19), [88].

σ = 2πf0, (2.19)

where the permittivity of free space is defined 0 = 1
36π10

−9 and f is the frequency.
The electrical properties of the human body have interested researchers since the
beginning of the 20s century, where Schwan et. al. dominated the field of physical
interaction between electromagnetic field and dielectric properties of tissues. Foster
and Schwan published a critical review concerning the physical mechanisms behind
biological tissues dispersion, (frequency dependency), of dielectric properties [88].
The dielectric properties are highly dispersive due to the cellular and molecular
relaxation, generated by different parts of the tissues at different frequencies. In
the microwave region the dominant relaxation is the dipolar relaxation of free water
molecules. Therefore, the dielectric properties of biological tissues in microwave
region are highly correlated to the water content.
More recently, Gabriel et. al. made a major review of measured dielectric

properties together with own measurements on healthy human tissues, with the
objective to develop physical models of human tissues for frequencies between 10
Hz–100 GHz [89, 90, 91]. The Debye model is a well known standard model for the
dispersion of biological tissues, which is given in the following expression [91]:

∗(f) = ∞ +
s − ∞
1 + j2πfτ

, (2.20)

where ∞ is the permittivity at frequencies 2πfτ  1, s the permittivity at 2πfτ
 1 and τ is the time constant of the relaxation mechanism in the tissue. To enable
a more wide-band model of the properties the time constant can be divided into
several regions to match different types of relaxation as

∗(f) = ∞ +
s − 2

1 + j2πfτ1
+

2 − ∞
1 + j2πfτ2

[92]. (2.21)

Note, the permittivity properties ∞ and s must also be divided in the same regions
by adding intermediate values. However, due to the complexity of the structure
and composition of biological tissues Gabriel et. al. used an extended Cole–Cole
expression, defined in Equation (2.22), [91].

∗(f) = ∞ +

n

∆n
1 + (j2πfτn)1−αn

+
σi

j2πf0
, (2.22)

where σi is the static ionic conductivity by a constant field influencing very low
frequencies. Equation (2.22) was successfully used in a wide frequency band be-
tween 10 Hz–100 GHz by individually choosing the parameters for different tissues
[91]. A summary of the dielectric properties, obtained with the Cole–Cole model,
for different human tissues at 2.45 GHz are presented in Table 2.1.
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Tissue  σ(S/m)
Blood 56 - 60 2.5
Bone 12 0.4

Brain (Grey matter) 45 2
Fat (Not infiltrated) 4 - 5 0.07 - 0.1

Heart 55 2.3
Kidney (Cortex) 55 2.5

Liver 42 1.8
Lung (Inflated) 20 0.7 - 0.8

Muscle 50 - 55 1.8 - 2.2
Skin (Dry) 38 1.5
Skin (Wet) 43 1.8
Spleen 52 2.2
Tendon 42 1.8

Table 2.1: Approximate properties of human tissues determined by Equation (2.22)
for frequency of 2.45 GHz, verified with measurements [89, 90, 91].

2.3.1 Dielectric Properties of Human Breast Tissues

The female breast tissues have also been studied, with focus on breast tumor de-
tection. Ex vivo measurement of fresh human malignant and normal breast tissues
has been performed by several groups, since the beginning of the 80s. Chaudhary
et. al. between 3 MHz–3 GHz [93], Surowiec et. al. between 20 kHz–100 MHz
[94], Campbell et. al. at 3.2 GHz [95] and Joines et. al. between 50 MHz–900
MHz [96]. The conclusion from these measurements is that there is a significant
contrast between malignant tissues and normal breast tissues, approximately 4:1 in
relative permittivity and between 4–8:1 in conductivity, in the frequency range of
microwaves. However, the measured values differ a lot mainly due the complexity of
the tissue structure of fibroglandular and fatty tissues. The values are summarized
in Table 2.2. Moreover, it has been shown that the contrast between the tumor and

Tissue  σ(S/m)
Normal Tissue 10 - 25 0.35 - 1.05

Fat 4 - 4.5 0.11 - 0.14
Tumor (Malignant) 45 - 60 3.0 - 4.0
Tumor (Benign) 10 - 50 1.0 - 4.0

Table 2.2: Measured dielectric properties of ex vivo female breast (2 – 3.2 GHz),
[93, 95].

normal breast is slightly overestimated during Ex vivo measurements. One reason
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for this may be that the dielectric properties of the tissues are changed when they
are removed, due to changes in blood flow, water content and the interruption of
the metabolism [88]. By considering in vivo tissues this contrast seems to be closer
to 2:1 in permittivity and 3:1 in conductivity, according to the reconstructed images
from a clinical tomographic breast imaging prototype, by Meaney et. al. [10].
Recently, Lazebnink et. al. issued the need of an extended large scale character-

ization of the dielectric properties of female breasts [83, 84]. Through collaborative
efforts between the University of Wisconsin-Madison and the University of Calgary
a large-scale wide-band Ex vivo investigation of female breast tissues from breast
cancer and breast reduction surgery was initiated, published in 2007. The conclu-
sion from this study was that the normal breast tissues can be classified into three
different groups dependent on the adipose content, (0-34% adipose), (35-84% adi-
pose) and (84-100% adipose). By using this classification they obtained much more
stable results, the age dependency and the in vivo/ex vivo differences seems to be
lower than expected. Moreover, the contrast between fibroglandular and cancerous
breast tissues were found lower than initially expected, with a difference of 10% in
both relative permittivity and conductivity. By developing Cole-Cole models for
all three tissue groups and cancerous tissues, those results stands for the major
platform of breast tissue characteristics for microwaves. In Figure 2.3 the results
from the Cole-Cole models are depicted, between 300 MHz and 5 GHz. However,
it is noticeable that the imaginary part is slightly over estimated for the frequen-
cies under 1 GHz, in the Cole-Cole model for the low adipose breast tissues. The
Cole-Cole model is initially developed for the conductivity, while transforming the
result to imaginary permittivity, herein, the effect is more noticeable.

(a) (b)

Figure 2.3: The complex permittivity of cancerous and normal breast tissues with
different adipose content from the Cole-Cole models based on a large-scale breast
tissue characterization study of Lazebnik et. al. [83, 84], (a) real part, (b) imaginary
part.
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Chapter 3

Numerical and Experimental
Tools

In this thesis the planar 2.45 GHz microwave camera and the scalar 2D Newton-
Kantorovich code developed in the 90s, have been considered as the experimental
and numerical platform in order to investigate microwave imaging for breast tumor
detection. In this chapter the description of the planar camera and the included
microwave imaging algorithms will be presented.

3.1 The Planar Microwave Camera

The planar microwave camera operates at a frequency of 2.45 GHz providing data
acquisition in real-time. It consists of two large 30 x 30 cm horn-antennas, one
for transmitting and one for receiving, depicted in Figure 3.1 (left). The transmit-
ting horn-antenna’s dielectric lens and exponential profile is designed to produce a
quasi-planar vertical polarized field consistent with an incident plane wave model.
Between the two horn-antennas a 20 cm thick rectangular water tank is placed
immersing the object under test. During normal operation tap water is used as
immersing liquid.
The measured field is provided by a retina, which is placed in front of the

collector aperture as shown in Figure 3.1 (right). It consists of 1024 small dipole
antennas in a 32x32 array, with a step size of 7.21 mm (half the wavelength in water)
between each element. The retina is measuring at 1024 points along the vertical yz-
plane, considering the plane wave propagates along the x-axis, this enables image
reconstruction of the object’s characteristics in any cross section. At first the retina
may seem like a receiving part, but in fact this is a low frequency scatterer disturbing
the plane wave transmitted by the horn-antenna using the Modulated Scatterer
Technique (MST) [50, 97]. Only one retina element is active at once modulated

21
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Figure 3.1: The 2.45 GHz planar camera (left), consisting of a transmitting and
receiving (collector) horn-antenna with a water-tank, immersing the object, in be-
tween them. The retina, consisting of 32x32 dipole elements,(right) is located in
front of the receiving horn-antenna of the camera.

at 200 kHz, the scanning is done rapidly line by line starting in the upper left
corner of the retina, (looking towards the transmitter). Each dipole-antenna is
loaded by a switching diode. The diode will open and close producing a short
circuit and open-ending during the modulation. Known from antenna theories,
this will produce an 180◦ phase-shift in the disturbed wave. A specific retina
element is selected by choosing column and line by set sufficient voltage levels on
the Cy and Cz busses, depicted in Figure 3.2, (left). The diode loaded dipole
antenna is modulated by a square-pulsed 200 kHz generating a received response
with a frequency modulation shown in complex plane in Figure 3.2, (right). The
arrow represents the response from the undisturbed plane wave. When modulating
one retina element the response is moved and oscillates between the two points,
in the complex plane. Note, that the low frequency results of the both points
have the same amplitude but 180◦ phase-shifted, according to the open-ending and
short circuit modulation of the antenna element, oriented from the plane wave
carrier response. Now, one may note that the response of one retina element is a
disturbance of the plane-wave response. This disturbance will both change phase
and amplitude level dependent of the field at retina element position. Hence, the
issue for the receiver hardware is to extract this disturbance response from the
plane-wave response. All the retina are scanned through all the 1024 points covering
the vertical plane behind the object.
The initial idea of the planar 2.45 GHz camera was to provide one-view images in

real-time of a dynamic phenomena or at least with very fast acquisition. Benefiting
from the spectacular rise of the microcomputer’s power and modifications of the ac-
quisition and control system the camera is able to perform real-time reconstruction
of the equivalent currents in cross-sections, by using the presented spectral method,
[49]. In this real-time mode the rate of qualitative acquisitions/reconstructions
reaches 25 images/s.



22 CHAPTER 3. NUMERICAL AND EXPERIMENTAL TOOLS

Figure 3.1: The 2.45 GHz planar camera (left), consisting of a transmitting and
receiving (collector) horn-antenna with a water-tank, immersing the object, in be-
tween them. The retina, consisting of 32x32 dipole elements,(right) is located in
front of the receiving horn-antenna of the camera.

at 200 kHz, the scanning is done rapidly line by line starting in the upper left
corner of the retina, (looking towards the transmitter). Each dipole-antenna is
loaded by a switching diode. The diode will open and close producing a short
circuit and open-ending during the modulation. Known from antenna theories,
this will produce an 180◦ phase-shift in the disturbed wave. A specific retina
element is selected by choosing column and line by set sufficient voltage levels on
the Cy and Cz busses, depicted in Figure 3.2, (left). The diode loaded dipole
antenna is modulated by a square-pulsed 200 kHz generating a received response
with a frequency modulation shown in complex plane in Figure 3.2, (right). The
arrow represents the response from the undisturbed plane wave. When modulating
one retina element the response is moved and oscillates between the two points,
in the complex plane. Note, that the low frequency results of the both points
have the same amplitude but 180◦ phase-shifted, according to the open-ending and
short circuit modulation of the antenna element, oriented from the plane wave
carrier response. Now, one may note that the response of one retina element is a
disturbance of the plane-wave response. This disturbance will both change phase
and amplitude level dependent of the field at retina element position. Hence, the
issue for the receiver hardware is to extract this disturbance response from the
plane-wave response. All the retina are scanned through all the 1024 points covering
the vertical plane behind the object.
The initial idea of the planar 2.45 GHz camera was to provide one-view images in

real-time of a dynamic phenomena or at least with very fast acquisition. Benefiting
from the spectacular rise of the microcomputer’s power and modifications of the ac-
quisition and control system the camera is able to perform real-time reconstruction
of the equivalent currents in cross-sections, by using the presented spectral method,
[49]. In this real-time mode the rate of qualitative acquisitions/reconstructions
reaches 25 images/s.

3.1. THE PLANAR MICROWAVE CAMERA 23

Figure 3.2: The general concept of the retina matrix, where each pin-diode loaded
dipole element (left) is selected by the Cy and Cz busses. The modulated dipole
element generates the complex response (right) dependent on the total field at the
dipole element location.

To obtain a data acquisition for a quantitative reconstruction using the iterative
2D scalar Newton-Kantorovich algorithm, multi-view acquisition has to be applied
by using a electronic step engine as rotator on top of the system, depicted in Figure
3.3. The step engine is controlled by the acquisition program, and it is able to rotate
the object in as small steps as 1◦. To avoid unwanted movements of the object, the
object is now fixed in the lower part of the water tank for higher stability. This is
also increasing the repeatability of the system avoiding position error between the
rotation axis and the retina. A SNR of 55 dB is obtained by using averaging in the
acquisition, also, minor hardware updates have improved the system’s dynamics.
The water temperature is regulated at 37◦C (temperature of the human body),
instead of room temperature. This induces a triple effect: 1) it reduces drastically
the effects of the incident field drifts, 2) it improves the SNR by reducing the losses
in water, since the conductivity is decreased with increased temperature, and 3) it
decreases the model errors due to variation on the complex permittivity. At last, the
homogeneity of the measured incident field has been improved by adjusting coupling
between the retina and the receiving horn antenna or collector . Note, that for 2D
image reconstruction purpose, only one line of the retina is used, however, while
the camera measures the field in 1024 points along the vertical plane, in each view,
data from all the retina can be used for 3D investigations.
One big advantage with the planar camera is the possibility to use the spectral

algorithm, described in next section. Using the real-time imaging the field prop-
erties inside the experimental setup and the object may be verified before time
consuming multi-view acquisition is started.
In Figure 3.4 measured incident field by the retina is shown, in amplitude. One

can see that the field signature is quite homogeneous along the retina not too far
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Figure 3.3: The experimental setup for quantitative imaging using the planar cam-
era, the rotator on top rotating the object through the multi-view process and the
temperature regulator on the left stabilizing the temperature to 37◦C.

from the plane wave assumption. However, some edge effects are noticeable at
the borders of the retina. Note, in Figure 3.4 it is clear that the data from the

Figure 3.4: The amplitude of the measured incident field by the retina.

planar camera contains information on the vertical plane behind the object, by
using the complete data of the retina a quasi-3D imaging can be obtained. The
retina offers a rapid measurement of the 3D space, By modifying the retina to obtain
measurements of both the vertical and horizontal polarized field the realization of
a full 3D imaging system is possible. The results in Chapter 4 and 5 indicates
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the possibilities of using the planar camera and motivates further development of
future planar microwave imaging systems for biological applications. A summary
of the specification of the planar microwave camera is found in Table 3.1

Table 3.1: Specification Summary

Transmitted power 1 W

Frequency 2.45 GHz

Dimensions of the retina 22.3x22.3 cm

Number of probes 1024 (32x32)

Array step 7.21 mm ( λ/2 in water)

Polarization Vertical

Number of views 36

Angular step 10◦

Water tank dimensions 20 cm width, (60x50x20 cm)

Water temperature 37◦C regulated

Water complex permittivity 72,85 - j 7.21

Water conductivity 1 S/m

Plane wave attenuation 2 dB/cm (no object)

Carrier reception level - 15 dBm

200 kHz modulation level - 85 dBm

Noise level (BW=20 kHz) - 115 dBm

ADC dynamic range ±10 V, 12 bits for two channels(I/Q)
Signal/Noise ratio 55 dB after averaging (30 dB otherwise)

3.2 Image Reconstruction Algorithms

The inverse problem consists of finding the unknown complex permittivity contrast
distribution of the object from the measured scattered field at the receivers, for a
known incident field. There are in general two different approaches in Microwave
Imaging. They are based on radar techniques and on a tomographic formulation.
In this thesis, two tomographic methods are used, which are the diffraction tomog-
raphy and the Newton-Kantorovich techniques. For information about the radar
approach the reader may refer to the work done by Hagness et. al. [14, 17, 66].
The diffraction tomography was the first attempt to create quantitative images
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using microwaves [6, 21, 22, 23]. The method tries to reconstruct the induced cur-
rents, J, which generate the measured scattered field. The equivalent currents are
dependent by both the total field and the complex permittivity of the object, as in
Equation (2.9). However, both those terms are unknown, since only the scattered
field is measured. By approximating the field inside the object to the incident field,
without concerning the influence of the object, the complex permittivity distribu-
tion can be found. This approximation is called the Born approximation [24] and
may easily be implemented for quasi real-time applications. However, when the
object are larger or have a high contrast, this approximation is no longer valid and
only a qualitative results are obtained [6, 24].
In order to obtain quantitative images of larger high-contrast objects a nonlinear

inverse scattering problem has to be solved. Different approaches have been used in
the community but most of them are using an iterative optimization process, where
the difference between the measured and the computed scattered field is minimized.
This optimization process may be arranged in a Least-Square formulation called
Newton-Kantorovich [25] or Levenberg-Marquardt [54]. The numerical tool used in
this study for quantitative microwave breast imaging is based on this technique.

3.2.1 Spectral Real-Time Algorithm

In this section the concept of the spectral diffraction tomography algorithm used for
the qualitative real-time imaging with the planar 2.45 GHz camera is introduced.
It is based on 3D scalar model, which allows to reconstruct the induced currents in
any vertical cross-section of the object, from the (single-view) measured scattered
field along all the retina plane, as depicted in Figure 3.5.
Let us, define the normalized version of the induced current as:

Jnorm(x, y, z) =
J(x, y, z)
Ei(x, y, z)

(3.1)

with the incident field as a plane wave propagation along the x-axis:

Ei(x, y, z) = ejk1x. (3.2)

From Equation (2.11) extended to the scalar 3D case, the scattered field at the
retina plane, located at a distance, d, from the origin is given by:

Es(y, z) =


V

ejk1x

Jnorm(x, y, z)G(d, y, z;x, y, z)dxdydz, (3.3)

Note, when the Born approximation is valid Jnorm is equivalent to the dielectric
contrast (2.5), and thus a linear relation between the measured scattered field and
the contrast is obtained.
Let us, then define the 2D inverse Fourier Transform for the measured scattered

field at the retina, Es(y, z):
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Es(y, z) =
 ∞

−∞
Ês(ky, kz)e2jπ[kyy+kzz]dkydkz (3.4)

The 3D Green function can be expressed as a 2D Fourier transform by using its
plane wave decomposition:

G(d, y, z;x, y, z) = j
 ∞

−∞

ejγ|d−x|

2γ
e2jπ[ky(y−y)+kz(z−z)]dkydkz, (3.5)

with γ =

k21 − 4π2(k2y + k2z) and γ > 0.

Figure 3.5: Geometry used in the spectral algorithm, where the normalized induced
current distribution along a vertical cross-section of the object, is derived from the
scattered field measured at the retina.

Introducing Equation (3.5) in Equation (3.3) gives:

Es(y, z) =
 ∞

−∞

j

2γ
ejγd



V

Jnorm(x, y, z)ej((k1−γ)x+2π[ky(y−y)+kz(z−z)])dxdydzdkydkz,

(3.6)
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Identification with Equation (3.4) leads to:

Ês(ky, kz) =
j

2γ
ejγdĴnorm(kx, ky, kz), (3.7)

where kx = γ−k1
2π . Thus, the induced current distribution is obtained at any cross-

section of the object, from the scattered field measured at the retina by an inverse
Fourier transform:

Jnorm(x, y, z) = F−1
3D


− 2jÊs(ky, kz)×


k2
1 − 4π2(k2

y + k2
z)]× e−jγd]. (3.8)

This expression is valid, as long as propagative waves are considered (γ = 0)
i.e. for instance the background medium must be considered as loss-less, k1 = k1
with k1 = 0, and k2

1 > 4π2(k2
y + k

2
z). Thus, the Fourier space coverage enables

only the recovery of a low-pass filtered version of the induced current. This filter-
ing can be regarded as a regularization process in order to overcome the ill-posed
nature of the inverse problem. However, this filtering is linked to the diffraction
tomography theory that neglects the evanescent waves and, thus, leads to images
with low resolution, (λ2 ). This resolution can be increased to

λ
4 if both reflection

and transmission data were used. However, the microwave camera, in its present
configuration, does not allow to collect reflection data. Furthermore, the Born ap-
proximation, which allows to determine the object contrast from the normalized
induced current distribution, failed for the highly-contrasted inhomogeneous me-
dia, such those encountered in human breast imaging. Thus, only low resolution
qualitative images can be obtained. However, it has been proven several times
in this study that these real-time images give interesting information, at least for
detecting abnormalities in the imaging system.

3.2.2 Newton-Kantorovich

The 2D scalar Newton-Kantorovich (NK) code, developed at DRE, in 1990’s, has
been used in an extended version, as a numerical tool for solving the 2D scalar non-
linear inverse scattering problem involved in quantitative microwave breast imag-
ing. A presentation in how the NK technique has been used for solving the inverse
scattering problem is given in the following.
According to the coupled equations introduced in Chapter 2.2, for solving the

direct problem, the relation between the scattered field and the solution (complex
permittivity contrast of the object) is nonlinear, and will be written as follows:

Es = KR,O[C][I − CKO,O]−1Ei = A(C), (3.9)

The scattered field is provided from measured data, thus a residue is defined as the
difference between the result of Equation (3.9), Es, and the measured scattered
field, Es

meas:
∆Es = A(C)− Es

meas (3.10)
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The nonlinear inverse scattering problem is solved, iteratively, by minimizing the
square-norm of the residue:

min||A(C)− Es
meas||2 (3.11)

The nonlinear operator A is approximated by a linear model around a current
estimate of the contrast Cn, by applying a Gauss-Newton procedure. This gives
a linear relation between the step of the contrast ∆C and the residue ∆Es at the
current iteration:

J∗J∆C = J∗∆Es, (3.12)

where, J , is the Jacobian of A at the current object iterate, and J∗ its conjugate
transpose matrix.
The iterative process is shown in Figure 3.6. Starting from an initial complex

permittivity contrast distribution, C0, a comparison between the experimental data
and the computed scattered field, gives the residue, ∆Es. This allows to adjust the
contrast function step, ∆C, according to Equation (3.12).

Figure 3.6: Flow-chart of the Newton-Kantorovich algorithm.

The iterative process continues until a stability criterion is reached for the norm
of the residue on the scattered field, err:

err =


M

i=1 |∆Es(i)|2M
i=1 |Es

meas(i))|2
, (3.13)

where M is the total number of receivers.
The Jacobian, is here obtained analytically, by differentiation at the first order

of the coupled Equations (2.16) and (2.17) [25, 54]. This leads to:

J = KR,O[I − CKO,O]−1E, (3.14)
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Due to the large condition number of the J∗J matrix, a Tikhonov regularization
procedure is applied to stabilize the optimization process [98]. Thus, Equation 3.12
is replaced by: �

J∗J + µI

∆C = J∗∆Es. (3.15)

where a regularization-term, µ, is introduced. This technique is called the Newton-
Kantorovich, Levenberg-Marquardt or regularized Gauss-Newton method in the
literature [12, 54, 25]. The regularization-term allows to decrease the condition
number of the J∗J matrix, and is essential to obtain convergence of the iterative
process.
A weak regularization leads to instability of the optimization process, while

a stronger one, stabilizes the process by suppressing solutions with high spatial
variations. This results in a smoother solution. However, a too strong regulariza-
tion decreases the resolution and hence limits the possibility to reconstruct sharp
contrast-gradients, e.g. smaller high-contrast inhomogeneities inside the object.
According to these remarks the regularization term is determined as follows [25]:

µ = α
1
N
Trace(J∗J)errβ , (3.16)

where α and β are determined empirically.
The regularization parameter is thus here dependent on the distance between

the computed and measured scattered field. In this way, its value increases or
decreases according to the convergence of the iterative process. Moreover, in order
to reduce the condition number of J∗J the trace of the matrix is introduced in the
expression. This allows to add an average of the singular values of the J∗J matrix
to all of its diagonal elements, and thus, to reduce the ratio between its highest and
lowest eigenvalue.
The choice of the initial guess, C0, helps to improve the solution in two ways.

First, by introducing a priori information in order to compensate for the lack
of information, due for instance to, a strong regularization process. Second, by
starting with a initial solution closer to the final one, the nonlinearity nature of the
inverse problem is reduced [53].

3.2.3 Open Configuration Newton-Kantorovich Algorithm

The 2D scalar NK algorithm previously presented, has been applied to quantitative
breast imaging. The complex permittivity distributions of the tumor and homoge-
neous breast tissues and their sizes have been chosen according to the experimental
phantoms describe in Chapter 5. The Initial guess, the number of iterations and
the regularization parameters are fixed and would be systematically used for all the
results presented in Chapter 4 and 5.
The existing NK code has been extended in this study with input- and output-

file interfaces in order to obtain a more flexible 2D numerical tool, as illustrated in
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Figure 3.7. The first extension concerns, the use of the NK code for any geometry,
in order to compare different experimental configurations (Chapter 4) and to use
it for any (single-frequency) microwave imaging system, as the flexible robotic one
developed at Mälardalen University and presented in Chapter 5. The input files
specific to the system, such as, the frequency, the type of the incident wave, the
positions and number of the receivers, the positions and number of transmitters,
are represented in purple in Figure 3.7.
The second extension is concerned with the calibration process, to reduce the

error introduced from both the experimental system and the implemented model.
According to Chapter 5, the model improvement concern the incident field distri-
bution inside the object region, the position of the sensor array with the respect
to the rotation axis and the complex permittivity of the background medium. The
experimental system corrections are related to the choice of the calibration tech-
nique according to those describe in Chapter 5. These parameters are represented
in orange in Figure 3.6.

Figure 3.7: Flow-chart of the open-configuration Newton-Kantorovich algorithm,
with the in- and output file interface.

As one can see, in Figure 3.6, a high flexibility is obtained by using this extended
version of the 2D scalar NK code, where almost any single-frequency microwave
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imaging system can be used as long as the 2D scalar Helmholtz wave equation is
valid. In more detail, modifications in the physical arrangement of the imaging
system have an effect on the running time of the NK code. The receiving antenna
arrangement can increase the size of the Green matrix KR,O, but it does not affect
the rank of the matrix, which has to be inverted. Thus, the resulting effect on the
running time is rather small.
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Chapter 4

Preliminary Validation

The planar setup has been reported a limited performance in microwave imaging,
compared to cylindrical setups, for several reasons [52],[54]. First, due to the fact
that some diffraction information is lost while measuring only behind the object of
high contrast objects. Second, due to the longer distance between the object and
the receiver elements on the edges of the measuring line, lower received signal levels
are obtained in those regions, due to the attenuation in the background medium.
However, beside those limitations, the planar camera, with the MST, offers a great
package of rapid acquisition by 1024 elements placed on a vertical plane behind an
object. By using all this data, a 2D reconstruction, where only one line is used,
may be extended into a quasi-3D reconstruction, by using data from all the vertical
plane. Even a depolarized object may be reconstructed if the camera is able to
measure both the vertical and horizontal polarized fields. In this configuration the
planar camera will offer an efficient platform with rapid measurements for both
2D and 3D reconstructions, which is one of the motivations for the investigations
presented in this chapter. These investigations settle a knowledge platform for the
experimental validations in chapter 5 and the development of a future planar breast
imaging systems. The content in this chapter is based on the included papers paper
A, B and F
In the first section the concepts and the criteria for breast tumor detection in

the microwave domain will be introduced. Followed by presenting the first breast
tumor detection investigation made at Mälardalen University, where the field in a
cavity based system with three antennas is simulated by using a commercial 3D
FDTD tool, QWED QW-3D [99, 100]. In this setup a simple cavity system is used
to study the responses due to a 10 mm diameter tumor inside a 100 mm diameter
breast phantom. The variations of the received field due to different positions of
the tumor are investigated.
The second section, concerns the tumor detection ability by using a planar multi-

view system. The 2D direct problem, presented in chapter 2.2, is used to simulate

33
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the planar microwave camera in a multi-view configuration. Different breast tissue
type, background medium, breast and tumor size are investigated.
In the last two sections, the planar geometry will be validated for breast imaging,

in terms of quantitative imaging performance of realistic numerical breast phantoms
by using the NK algorithm. Section three will be concerned with a comparison
between the results obtained by using the planar microwave camera with the more
popular circular geometry. In the fourth section the possibilities of a future planar
breast imaging system will be discussed.

4.1 Detection of Breast Tumors

Many research groups are interested in microwave breast imaging, as mentioned
in the introduction section 1.1. However, there is still a need for improvements
and investigations in both the algorithmic and experimental domain. Therefore,
investigations on the physical setup’s influence of the retrieved information of the
biological tissues, are necessary. In fact, even the most sophisticated algorithm is
dependent on the quality of the measured data, so some attention is needed to fit
the physical system with the application.
It has been shown that the quality of the data in terms of SNR and model

errors has a major influence on the final result solving the nonlinear inverse scat-
tering problem [53], (likewise the antenna position errors and other measurement
errors influences the image reconstruction [101]). The SNR is defined by the loga-
rithmic ratio between the square mean amplitude of the measured E-field and the
variance of the measured data, according to Equation (4.1). Note, this ratio gives
the global dynamics of the measured E-field and does not mean that the measured
data contains information from an internal inhomogeneity inside the object.

SNR = 10 log(
|Emean(x, y)|2

σ2
|E(x,y)|

) (4.1)

Therefore, while imaging inhomogeneous objects, this concept must be clarified.
Physically there are two major phenomena which are concerned with the measured
response in the received electromagnetic wave, due to the presence of a tumor,
when the frequency is fixed. First, the contrast in complex permittivity between
the background medium and the object itself causes a major diffraction effect in
the surface of the object, limiting the amount of energy penetrating the object.
Secondly, high losses inside the object suppressing the differential response from an
inhomogeneity inside the object, especially considering relatively large objects. In
literature, this phenomenon refers to the penetration depth, δ, defined in Equation
(4.2), for a planar incident field. The penetration depth is also dependent on
the frequency choice, while biological tissues are highly dispersive in terms of the
conductivity. In general, going up in frequency inside the microwave band increases
the losses inside the object.
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the losses inside the object.
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From section 2.3, we know that high losses are generally concerned in the human
body, limiting the penetration depth of microwaves.
Jacobi et. al. was the first group solving the problem of coupling the electro-

magnetic waves into a biological object by using a matching external (background)
medium, in the late 70s [1]. By immersing the biological body and the antennas
into water they were able to produce qualitative images of the internal structures
of canine kidneys, [2]. Since then, some kind of water-based mixtures have been
completely dominant as background medium, [11, 53, 49, 56, 58]. There are several
reasons why water mixtures are a good choice. First, many organs in the human
body have a complex permittivity relatively close to water, so a reasonable wave
impedance matching (similar complex permittivity) is obtained between the water
and the human body. Second, many unwanted secondary effects like the interaction
between the equipment and the object are suppressed by the losses of the water.
Finally, the high permittivity will shorten the wavelength improving the resolution
of the reconstruction, while the physical resolution is λ/2. Note that, by using an
iterative optimization process, (such as the NK algorithm), this resolution limit can
be overcome somewhat [53].
As discussed in section 2.3 the contrast between fatty breast tissues and water is

quite high, so in the following investigations the usability of water as a background
medium for breast imaging will be investigated.

4.2 3D Electric Field Simulations of a Breast Phan-
tom

The electromagnetic field distribution inside a breast phantom with a background
medium of water has been investigated using a commercial 3D FDTD simulation
tool, QWED QW-3D [99, 100]. A 2.45 GHz setup consisting of octagonal metal-
lic cavity with a diameter of 160 mm (between the corners) was used with three
dielectric-filled waveguide antennas, depicted in Figure 4.1. Inside a breast phan-
tom , based on Fear et. al. review [64], is placed. It consists of a 96 mm diameter
and 240 mm high fat cylinder (r=9, σ=0.4 S/m) covered by a skin layer (r=36,
σ=4 S/m) of 2 mm. The tumor (r=50, σ=4 S/m) is modeled as a 10 mm diameter
cylinder moved in different positions inside the breast phantom. Distilled water at
room temperature (r=78, σ=1.4 S/m) is selected as a background medium . The
three dielectric-filled waveguide antennas are similar to the ones used by Semenov
et. al., [8], referred as port 1, 2 and 3 in the following. Port 1 is the transmitter
and the other two measure the transmitted field behind the object (port 2) and
the diffracted field, (on the border between transmission and reflection regions [5]),
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90◦ relative to the straight path through the object (port 3), depicted in Figure
4.1. The distance between antenna one and two is 145 mm. Note, while using a

Figure 4.1: The three port simulation setup, consisting of three dielectric filled
wave-guide antennas mounted on a metallic cavity with a 100 mm diameter breast
phantom in the middle. Port 1 is the the transmitter, while S21 is measured on
port 2 and S31 is measured on port 3.

cylindrical object without variations in the vertical axis the 3D effects are kept at a
minimum level, while studying the influences in a 2D cross sectional plane through
the phantom. However, these simulations are performed in full 3D to illustrate a
more realistic field distribution and to increase the accuracy.
This software illustrates the 3D electromagnetic field distribution of the com-

plete setup, not only at the receivers location. By looking at Figure 4.2 one may
see how the vertical electric field Ez propagates in quite spherical modes from the
transmitting antenna, but the propagation radius in the xy-plane (left) is approx-
imately three times larger than the propagation radius in the yz-plane (right) [8].
The waveguide antennas are constructed for TE10 mode, so the emitted field will
mainly contain a vertical component of the electrical field, Ez. This clearly illus-
trates how a standing wave pattern is obtained between the metallic cavity and the
surface of the object. Also, a significant part of the wave tries to get around the
object. However, one can clearly see that the background water attenuates those
unwanted secondary effects.
The tumor having much larger conductivity compared to the fatty breast tissues,

results in large losses through the tumor. This can be illustrated by investigating the
dissipative power i.e. the attenuation of the pointing vector. The dissipative power
in the setup is depicted in Figure 4.3, where, the largest attenuation is observed in
the water close to the transmitter but also the small tumor in the center is clearly
appearing. Note, an impact due to the tumor cylinder may also be observed in the
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(a)
(b)

Figure 4.2: The simulated E-field, the z-component of the linear-scaled amplitude
in: (a) the xy-plane, (b) the yz-plane.

Ez field at the center of the breast phantom in Figure 4.2.

Figure 4.3: The linear-scaled dissipative power of the propagating waves through
the setup in the xy-plane.

By looking at the scattering parameters, the measured responses due to the
tumor measured behind the breast, S21, and the 90◦ projection from the breast,
S31, can be studied. Figure 4.4 shows the simulated response received in S21 at
2.45 GHz. This is the differential response with and without a tumor presence at
different discrete locations inside the phantom. Both amplitude variations (left)
and phase variations (right) are presented. It is clear that the detection of an
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inhomogeneity is possible with a dynamic response between 2.5 dB – 5 dB close
to the path through the breast. Also the phase gives an clear indication with a
response between -31◦–5◦ along the similar path. Note, the expected symmetry in
both amplitude and phase along the x- and y-axis can also be observed.
In Figure 4.5 similar results are shown for S31. Note, the difference in the

symmetry pattern, in this case, the symmetry follows a line 45◦ between port 1
and 3. Regions with high responses are observed in the fourth quadrant of the
plane, between port 1 and 3. The largest amplitude response is observed along the
symmetry axis, -18 dB, and the largest phase response is also noticeable close to
this region.

Figure 4.4: Simulated received differential response S21 at 2.45 GHz as a function
of tumor position, normalized to tumor-free phantom. The amplitude in dB (left)
and the phase in degrees (right).

In conclusion, a background medium of water gives a sufficient matching to the
breast tissues giving responses between 2−18dB, in a noise free situation with only
fatty breast tissues inside the phantom. It is clear that the responses received in
the area beside the objet give much information about the inhomogeneities inside
the object. The responses in S31 are in some regions much larger compared to
S21. However, the antenna in the transmission region, S21, gives a more global
response inside the object, while S31 have unnoticeable responses in many regions.
A combination with measured data from both regions are probably most sufficient.
This fact, is of course a drawback for a planar system measuring only along a plane
behind the object, already studied by Franchois et. al. [54]. However, in the
following section a multi-view planar system will be further investigated in terms
of breast tumor detection capability to see if the information from a planar system
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In conclusion, a background medium of water gives a sufficient matching to the
breast tissues giving responses between 2−18dB, in a noise free situation with only
fatty breast tissues inside the phantom. It is clear that the responses received in
the area beside the objet give much information about the inhomogeneities inside
the object. The responses in S31 are in some regions much larger compared to
S21. However, the antenna in the transmission region, S21, gives a more global
response inside the object, while S31 have unnoticeable responses in many regions.
A combination with measured data from both regions are probably most sufficient.
This fact, is of course a drawback for a planar system measuring only along a plane
behind the object, already studied by Franchois et. al. [54]. However, in the
following section a multi-view planar system will be further investigated in terms
of breast tumor detection capability to see if the information from a planar system
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Figure 4.5: Simulated received differential response S31 at 2.45 GHz as a function
of tumor position, normalized to tumor-free phantom. The amplitude in dB (left)
and the phase in degrees (right).

is sufficient for quantitative microwave breast imaging.

4.3 Breast Tumor Detection Ability of a Planar
System

In this section, the breast tumor detection ability with the multi-view planar 2.45
GHz microwave camera, presented in section 3.1 is investigated. One line of 32
retina elements located 99 mm from the object-center is rotated in 36 views, through
all the study. The scattered field is computed by using the direct problem, described
in Section 2.2 for two situations: for a breast phantom with and without a tumor.
By computing the mean-square difference between the scattered field with and
without a tumor, the tumor detection ability response, TDA, can be determined
by Equation (4.3).

TDA =

|Es

breast − Es
tumor|2

|Es
tumor|2

(4.3)

The numerical phantom in Figure 4.6 is used to simulate the breast, as a sim-
plified 2D cross-section of a breast with a 100 mm diameter homogenous breast
tissue and a 16 mm diameter tumor. Focusing on the physical problem around the
tumor and the breast tissue, the phantom is fully circular and the skin layer is not
considered. Of course, the skin layer has an effect in the matching between the
breast and the external medium, but it is not the objective of this study.
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Figure 4.6: Numerical breast phantom used for tumor detection ability simula-
tions,(right) with and (left) without a tumor.

Using this method the tumor detection ability response, TDA, can be investi-
gated before the computation heavy inverse scattering problem is involved, with
the assumption that if no difference is observed in the scattered field, no imaging
algorithm is able to reconstruct the tumor presence, even the most efficient and
sophisticated one. The goal is to see the capability of the planar system to retrieve
enough information of a 2D breast phantom in term of response levels, TDA. The
study is focused on the usage of water as background medium in a planar system,
where the tissue properties breast phantom will change to cover all possible tissue
properties of normal breast. Later, also the effect of the size of both breast and
tumor will be investigated, keeping the tumor position fixed. At last, the influence
of both the background medium and frequency will be studied.
The minimum tumor detection ability response level, large enough for the tumor

detection, is an important constraint. It is highly dependent on the SNR of the
system. By using the same numerical breast phantom for both scattered fields
in Equation (4.3), but adding a Gaussian noise, with different SNR to Es

tumor,
the response level, TDA, due to the noise level can be analyzed. In Figure 4.7
one can see the noise level between 3 and 70 dB, giving the minimum detectable
response level. As reported in Section 3.1, the planar 2.45 GHz camera measure
with a SNR of 50 dB, so it is realistic to consider a SNR of 40 dB, which gives
approximately 1% in TDA response. Also, the NK algorithm needs some freedom
for the reconstruction, therefore, a minimum response level of 10% is considered.
Moreover, through this investigation, the SNR is considered 40 dB through all
simulations, thus, any eventual influence of the noise level in a real experimental
system, due to the investigated parameters, e.g. the background medium, is not
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Figure 4.6: Numerical breast phantom used for tumor detection ability simula-
tions,(right) with and (left) without a tumor.

Using this method the tumor detection ability response, TDA, can be investi-
gated before the computation heavy inverse scattering problem is involved, with
the assumption that if no difference is observed in the scattered field, no imaging
algorithm is able to reconstruct the tumor presence, even the most efficient and
sophisticated one. The goal is to see the capability of the planar system to retrieve
enough information of a 2D breast phantom in term of response levels, TDA. The
study is focused on the usage of water as background medium in a planar system,
where the tissue properties breast phantom will change to cover all possible tissue
properties of normal breast. Later, also the effect of the size of both breast and
tumor will be investigated, keeping the tumor position fixed. At last, the influence
of both the background medium and frequency will be studied.
The minimum tumor detection ability response level, large enough for the tumor

detection, is an important constraint. It is highly dependent on the SNR of the
system. By using the same numerical breast phantom for both scattered fields
in Equation (4.3), but adding a Gaussian noise, with different SNR to Es

tumor,
the response level, TDA, due to the noise level can be analyzed. In Figure 4.7
one can see the noise level between 3 and 70 dB, giving the minimum detectable
response level. As reported in Section 3.1, the planar 2.45 GHz camera measure
with a SNR of 50 dB, so it is realistic to consider a SNR of 40 dB, which gives
approximately 1% in TDA response. Also, the NK algorithm needs some freedom
for the reconstruction, therefore, a minimum response level of 10% is considered.
Moreover, through this investigation, the SNR is considered 40 dB through all
simulations, thus, any eventual influence of the noise level in a real experimental
system, due to the investigated parameters, e.g. the background medium, is not
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Figure 4.7: Noise dependency of the computed tumor detection ability response,
TDA, when the same numerical breast phantom is used with and without noise.
This indicates the influence of different SNR in the scattered field.

included herein.

4.3.1 Tumor detection ability dependent on breast tissue

In the first investigation the background medium, (tap water at 37◦C ( = 73.37,  =
7.16)), is fixed together with the breast and tumor geometry, fixed to 100 mm and
16 mm in diameter respectively. The tumor properties are fixed to ( = 65,  = 14)
and the frequency is set to 2.45 GHz. In this condition, the breast tissue properties,
in terms of contrast in the real permittivity, C = external

breast
, and the imaginary part,

, will be investigated. The contrast between the breast tissue and the background
medium is chosen between 1 and 14 and the imaginary part  is chosen between 0
and 20, resulting in a 20x20 matrix of tumor responses depicted in Figure 4.8.
As one can see, the detection ability is both sensitive to the contrast and the

losses, (in form of increased ). A large region gives no detection, with responses
close to 0%, when the losses in the breast tissues are too large. However, considering
realistic values of the breast tissues, published by Lazebnik et. al. and introduced
in section 2.3.1, in form of three different adipose tissue groups, one can see that
all three groups give responses larger than 10%. The high adipose, low loss tissues
have higher detection ability than low adipose tissues, mainly due to the losses in
the breast tissue. Note, another reason is also that the complex permittivity of
the tumor is closer to the low adipose breast tissues, resulting in a smaller contrast
between tumor and normal breast tissue. However, low adipose situations give
responses around 13%, assuming a mix of all three tissue groups with an average
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complex permittivity of i.e. ( = 35,  = 5) gives very strong tumor responses
around 35%.

Figure 4.8: Tumor detection ability of a 16 mm tumor inside the 100 mm diameter
breast phantom with water as background medium (73.37, 7.16) using a frequency
of 2.45 GHz. The properties of the breast tissues are changed in terms of the real
permittivity contrast, between the breast tissues and the background medium, and
the imaginary permittivity.

4.3.2 Tumor detection ability dependent on breast and tu-
mor size

The next interesting point is the influence of the size of both the tumor and the
breast. The background medium is kept to tap water at 37◦C and the four different
breast tissue types are investigated. The breast radius is changed between 30 and
60 mm and the tumor radius is changed between 1 and 15 mm resulting in a 20x20
matrix of tumor detection ability responses. In Figure 4.9 the tumor response for
the four different breast tissues are depicted where the radius of the tumor and the
breast is changed.
As expected, both the tumor size and the breast size have a major influence on

the detection ability. If the tumor size is decreased or the breast size is increased
the detection ability is deceased. Consider a larger breast gives a limited sensitivity
in the tumor detect ability. It is also clear that the low fat tissues (Figure 4.9 (b)
and (c)) have limited resolution in tumor size, while in the low fat case a tumor of
just a few mm in size can be detected (figure 4.9 (d)). Note, in figure 4.9 (d), in
case of high adipose tissue in the breast, (low ), the dependency of the breast size
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the detection ability is deceased. Consider a larger breast gives a limited sensitivity
in the tumor detect ability. It is also clear that the low fat tissues (Figure 4.9 (b)
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is lower than in the case of low adipose tissue. Let us consider a breast size of 100
mm for all cases gives a minimum detectable tumor size of 10 mm for an average
tissue, 18 mm for low adipose tissue, 15 mm for medium adipose tissue and finally
a few millimeters for high adipose tissue. Noteworthily, the breast is discretized by
4 mm cells (a 27x27 matrix of 2λ/7 in individual cell size), during the simulation.

Figure 4.9: Tumor detection ability of a tumor (65.0, 14.0) with different size in a
breast phantom with different size and, (a) ”Simulated phantom” breast medium
(35.0, 5.0), (b) ”0-30% adipose” breast medium (47.0, 12.0), (c) ”31-84% adipose”
breast medium (38.0, 9.0), (d) ”85-100% adipose” breast medium (5.0, 0.5), using
a fixed external medium (73.37, 7.16) and a frequency of 2.45 GHz.
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4.3.3 Tumor detection ability dependent on background medium

The next point gives an insight into the influence of the external medium on the
tumor detection ability. By finding a more suitable background medium the chances
of tumor detection for the low adipose tissues are increased. Keeping the same
breast phantom properties constant in the same four cases, while changing the 

and  of the external medium this influence can be analyzed in all four situations.
The  of the background medium is chosen between 1 and 80 and  is chosen
between 0 and 15, resulting in a 20x20 matrix of tumor responses. One can see
the result for the four different phantoms in Figure 4.10. In all cases, the increased
losses in the external medium increases the response level, and the detection ability
of the tumor, which confirms the conclusions given in [10]). When the surface wave,
going around the breast surface, is attenuated the received tumor response will have
a larger impact. Note, the tradeoff is the SNR level in the system, while increasing
the losses () in the external medium the propagating wave is also attenuated,
lowering the SNR of the measured signal at the receiver.
When both () and () of the background medium match the breast the ex-

pected maximum tumor detection ability response is obtained, while the intersec-
tion breast-background medium disappears. One may see that the tumor detection
ability response levels differs a lot between the different phantoms in Figure 4.10,
which is not only due to the losses () in the breast tissues. Note that, the con-
trast between the tumor and the normal breast tissues differ between the phantoms,
which of course also influences the tumor detection ability. However, in Figure 4.8
it is shown that the imaginary part of the breast tissue’s permittivity has a major
influence on the detection ability of the tumor.

4.3.4 Tumor detection ability dependent on frequency

Finally, the frequency influence will be studied, by using the same setup as in Figure
4.8 but using different frequencies. In Figure 4.11 one can see the result using 500
MHz, in this case, the responses are lower in overall compared to the situation of
2.45 GHz (Figure 4.8). The increased wavelength, lowering the resolution, which
results in smaller responses due to the small inhomogeneity. The utilization of lower
frequency also lowers  in the external tap water, which also lowers the detection
ability as show in previous section. However, lowering  in the external water
increases the SNR of the received signal, which increases the usability of smaller
responses while the noise is level lowered. Anyway, by using a lower frequency, the
tumor detection in low adipose tissue may be difficult, while the responses is just
a few %.
By increasing the frequency to 900 MHz the tumor detection ability is also in-

creased, as depicted in Figure 4.12. All tissue types have at least 5% difference in
the scattered field, where the high adipose tissues give more than 15% responses.
Also here, the tumor is hard to detect in low adipose tissues with response lev-
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els as low as 5%. Further frequency studies are needed to verify the usefulness of
different frequencies. However, it is reported in the literature that lower frequen-
cies introduce stability in the inverse scattering problem, while higher frequencies
introduce higher resolutions [102]. Probably, the dielectric properties of the back-
ground medium have to be adjusted to obtain a better match to the breast, for
lower frequencies.

Figure 4.10: Tumor detection ability of a 16 mm tumor (65.0, 14.0) using different
external medium with a breast phantom with, (a) ”Simulated phantom” breast
medium (35.0, 5.0), (b) ”0-30% adipose” breast medium (47.0, 12.0), (c) ”31-84%
adipose” breast medium (38.0, 9.0), (d) ”85-100% adipose” breast medium (5.0,
0.5), using a frequency of 2.45 GHz.
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Figure 4.11: Tumor detection ability of a 16 mm tumor inside the 100 mm diameter
breast phantom with water as background medium (74.0, 4.5) using a frequency
of 500 MHz. The properties of the breast tissues are changed in terms of the real
permittivity contrast, between the breast tissues and the background medium, and
the imaginary permittivity.

Figure 4.12: Tumor detection ability of a 16 mm tumor inside the 100 mm diameter
breast phantom with water as background medium (73.9, 4.2) using a frequency
of 900 MHz. The properties of the breast tissues are changed in terms of the real
permittivity contrast, between the breast tissues and the background medium, and
the imaginary permittivity.
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Figure 4.12: Tumor detection ability of a 16 mm tumor inside the 100 mm diameter
breast phantom with water as background medium (73.9, 4.2) using a frequency
of 900 MHz. The properties of the breast tissues are changed in terms of the real
permittivity contrast, between the breast tissues and the background medium, and
the imaginary permittivity.
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To conclude, the tumor detection ability investigation of the planar microwave
system, the size of the breast and the losses breast tissues, are indeed the major
effects on the tumor detection ability. The tumor detection ability can be improved
by increase  of background medium, and keep  quite close to the one of nor-
mal breast tissue. Also, the choice of frequency has a significant influence on the
detection ability. However, when using lower frequencies changing the background
medium can improve the tumor detection ability. At 2.45 GHz 37◦C tap water
seems to be an efficient background medium, giving reasonable tumor responses for
a realistic breast phantom.

4.4 Simulated Validation of the Planar Geometry

After verifying the capabilities of the planar 2.45 GHz microwave camera to detect
a breast tumor through the differential response on the scattered field, the next
step is to see if the information in the data is enough to reconstruct the tumor
quantitatively using the NK algorithm.
In this section, the ability of the planar 2.45 GHz camera to produce quantita-

tive images for breast tumor detection is investigated. The imaging performance is
studied through simulations, verifying the tomographic ability to reconstruct the
inhomogeneity inside the breast surrounded by water. Since, a 2D-TM case is con-
sidered, only one line of the retina is included in the investigation with a numerical
2D cross-sectional breast phantom.

4.4.1 Numerical Breast Phantom

A circular 2D cross-sectional breast model is considered, with a the diameter of 100
mm, containing a 16 mm diameter tumor inside, as depicted in Figure 4.13. A 3
mm thick skin layer covering the breast tissue is used in order to simulate a realistic
situation. The object is discretizised by 27 x 27 cells of 2λ/7 in individual size. The
complex permittivity values used in the phantom are given in Table 4.1. Note, that
they corresponds approximately to the average value of the different tissue groups
of normal breast tissues presented in Section 2.3.

Tissue r r
Breast Tissue 35 5
Tumor 65 14
Skin 37 8
Water 77.8 8.66

Table 4.1: Complex permittivity used in the numerical phantom [10, 14, 11, 18, 84].
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Figure 4.13: The 100 mm diameter numerical breast phantom used in the simulated
validation.

4.5 Comparison Between the Planar and Circular
Systems

The open-configuration Newton-Kantorovich code, presented in Section 3.2.3, is
used in order to compare the tomographic ability of a planar geometry with two
other existing circular multi-view systems [10, 52]. The three different setups are
depicted in Figure 4.14. They differ in the arrangement of the receiving antennas
and the nature and frequency of the incident wave. The view is changed by the
position of the emitting antenna, by rotating the view axis represented by the dotted
line in Figure 4.14. In the planar camera configuration (Figure 4.14 (a)), a 2.45 GHz

Figure 4.14: The 3 differnet multi-view configurations. (a) Planar camera. (b)
Barcelona camera. (c) Circular fix-receiver system.

incident plane wave is considered. 32 receivers are located on a 22.3 cm straight
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measurement line, which center is 19.8 cm from the transmitter. In the both two
circular configurations, a 2.33 GHz cylindrical incident wave is used. 64 antennas
on a circular array, whose diameter is 25 cm, can be operated in transmitting or
receiving mode. When a given antenna T is transmitting, the other R ones are
used as receiving antennas. The difference between the two circular systems is the
receiving antenna arrangement. One of the circular systems is based on the circular
scanner developed by Jofre et. al. in Barcelona. This system uses the 33 antennas
on a half-circle behind the object opposite to the transmitter, in each view [52]. The
receiving antenna array follows when the active transmitting antenna is changed,
(Figure 4.14 (b)). The second circular system uses the same fixed 32 receiving
antennas evenly spread along the complete circle trough the multi-view process [5],
(Figure 4.14 (c)).
The open-configuration Newton-Kantorovich algorithm allows simulations of all

three setups with the same code, where only the antenna arrangement is changed.
Also, an objective comparison was obtained by using the same 64 views for all
three systems, where one view consists of M set complex values of the scattered
field at Rm (m=1,2 ... M) receiver positions. The measured scattered field is
obtained by using the direct problem, presented in Chapter 2.2, for the numerical
phantom presented in Figure 4.13. To obtain a realistic situation a Gaussian noise
distribution , defined by Equation (4.1), is added to the simulated measured field
giving a SNR of 40 dB.
Figure 4.15 shows the results obtained at iteration-number three for all three

multi-view systems when the SNR is considered to 40 dB.

Figure 4.15: Reconstructed complex permittivity distribution at iteration no3 for
three different multi-view systems using simulated data with SNR = 40 dB. (a)
Initial guess. (b) Real and imagery part 2.454 GHz planar camera. (c) Real and
imagery part circular 2.33 GHz Barcelona camera. (d) Real and imagery part 2.33
GHz circular fixed-receiving antennas configuration. (e) exact solution.
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The initial guess and the exact solution are shown in Figure 4.15 (a) and (e)
respectively. From these results it appears that successful results may be obtained
using the planar camera (Figure 4.15 (b)). The results are similar to the one ob-
tained with the Barcelona system (Figure 4.15 (c)). The fixed complete circular
system has a small advantage in the quality of the reconstructed results, however
this system is difficult to realize in a practical point of wiew, while the large mea-
surement domain needed to cover large variation of the measured field introducing
nonlinearities in the transceiver system [5]. One can see that, considering a realistic
situation using simulated data with an applied Gaussian distributed noise, (SNR =
40 dB), the planar microwave camera is able to perform quantitative images with
quality close to the more popular circular geometry.
From those simulations the planar 2.45 GHz camera seems to be an interesting

platform to apply for breast tumor detection. In the next section, future realization
of the planar camera is investigated toward a more specific future 2D or 3D planar
microwave breast imaging system.

4.6 Toward a Planar Microwave Mammography
System

It has been shown that the existing camera setup provides a good basis for early in-
vestigations in the domain of microwave breast imaging. However, some other and
possibly more appropriate arrangements could be considered for the future, while
maintaining the advantages of the MST technology. Let us remind that these advan-
tages mainly consist in high sensor density, rapidity, simplified microwave circuitry
and, hence, reduced cost [50]. Figure 4.16 shows two examples of future planar
and cylindrical arrangements providing multi-view acquisition capability, without
any antenna rotation, thanks to an array of modulated transmitters. The need for
rotating the target is probably the major drawback of the existing camera setup.
The MST technology seems particularly convenient to realize both the transmit-
ting and the receiving arrays. By the way, a transmitting array looks exactly like
a receiving array. A double modulation scheme allows isolating the transmission
coefficient between any set of transmit-receive antennas. Indeed, if the transmitting
and receiving arrays elements are modulated at frequency Ft and Fr, respectively,
then the signal at the beat frequency IFt ±FrI corresponds to a wave transmitted
between the considered set of transmit/receive elements. In Figure 4.16 (b), the
transmitting and the receiving arrays are planar. In Figure 4.16 (a), the receiving
array is still planar but the transmitting array has been cylindrically shaped. The
question is to know if such systems are able to provide a sufficient number of inde-
pendent data. To answer the question, two 2D multi-incidence (instead multi-view)
configurations have been considered. The use of the linear retina has been volun-
tary conserved and, only the transmission part has been changed. The emitters are
placed on a linear array (4.17 a), for the first configuration and along an elliptical
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Figure 4.16: Future planar concept systems using MST for both the transmitting
and the receiving antenna array (a) elliptical transmitting array (b) linear trans-
mitting array.

array (4.17 b) for the second one. In each case 32 emitters are used.

Figure 4.17: Geometry of the two 2D multi-incidences antenna arrangements (a)
linear transmitting array (b) elliptical transmitting array.

Figure 4.18 shows the reconstructed images after 4 iterations for both setups.
Results for the planar camera have been added for comparison. As one can see, the
tumor is detected even when a linear array is used for emission. By comparison,
the elliptical setup provides some improvement of the image and appears as a good
candidate when the object/antenna rotation is impossible. On the other hand,
the planar microwave system has the clinical advantage to provide results directly
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comparable to those obtained by means of standard X-ray mammography and,
hence, to allow the production diagnostic images fusing both technologies and X-
ray microwave. Finally, it is worth mentioning that compressing the breast could
avoid problems associated with the interface between the skin and the immersion
liquid. Considering the compressed breast as a thick parallel plate (inhomogeneous)
slab could be expected to simplify the reconstruction procedure.

Figure 4.18: Reconstructed complex permittivity distribution at iteration no4 for
three different planar 2.45 GHz systems using simulated data with SNR = 40 dB: (a)
multi-view planar camera (b) multi-incident planar system from linear transmitting
array (c) multi-incident planar system from elliptical transmitting array.
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Chapter 5

Experimental Validation

In this chapter the experimental work done trough this study will be issued, covering
the presented results in Paper C,D and E. This chapter includes the realization of
a realistic breast phantom, the calibration of the planar camera in order to obtain
the first quantitative image in the frame of breast tumor detection. Moreover,
the first result obtained by using data from all the retina is also presented. In
the final section, the contribution to the flexible robotic data acquisition system
at Mälardalen University will be presented. The robotic system will be validated
experimentally by comparing the measured scattered field with synthetic data for
an object for which the dielectric properties are known.

5.1 Triton X-100 and Water Based Breast Phan-
tom

In section 2.3 the state of the art in breast tissue characteristics was given. Using
those values as a platform, a realistic breast phantom for the experimental valida-
tion has been developed. The goal is to find a simple breast phantom material,
composed of a few components and able to simulate whatever normal breast or
tumor tissue is considered, by changing the proportion of the included materials.
Earlier, Lazebnik et. al. proposed a sophisticated wideband breast phantom based
on a mixture of Kerosene and Safflower oil together with P-toluic acid, n-propanol,
Deionized water, surfactant and Formaldehyde [103]. However, it is interesting to
use a less complex phantom material composition at the early-stage investigations
of microwave breast imaging. Different mixtures of corn-syrup could be an alter-
native, as presented by Bindu et. al. [104]. However, referring to the results from
Lazebnik et. al., the real part of the complex permittivity varies too much in these
mixtures, making it hard to match a wide frequency band.

53
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Herein, a mixture of the surfactant Triton X-100 and deionized water is pro-
posed for the first time as a breast phantom material. The complex permittivity
of different mixtures are measured by using an Agilent 85070E open-ended coaxial
probe in a frequency band between 300 MHz and 5 GHz, depicted in Figure 5.1
(a). While the planar microwave camera is working at a temperature of 37◦C the
samples are heated using the temperature controlled water-bath shown in Figure
5.1 (b). By using this system the temperature inside each sample is controlled at
36.5◦C ±0.3◦C. Note, all concentrations in this section are defined in weight %.

(a) (b)

Figure 5.1: Measurement setup for complex permittivity characterization of breast
tissue mimicking samples, (a) the Agilent 85070E open-ended coaxial probe, (b)
Sample heating system controlling the temperature close to 37◦C.

By using different concentrations of Triton X-100 9 samples have been realized
and characterized, as shown in Figure 5.2. One can see how the real part of the
complex permittivity is evenly separated according to the Triton X concentration.
It is also worth noting the low dispersion in this part. However, the imaginary part
is more complex due to the nonlinear and small variations for low-concentration
Triton X-100 mixtures.
If we compare these results with the Cole-Cole model for the three different

adipose breast tissue groups one can see, in Figure 5.3, that the real part fits very
well for all three groups. Thus, as a result, concentrations of 100%, 40% and 30%
Triton X mixtures can be used to simulate the three different adipose breast tissues,
as long as salt is used to adjust the imaginary part for low adipose tissues.
By considering the 50% Triton X concentration as a suitable average of the three

different breast tissues the influence of salt is investigated. The concentration of salt
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(a) (b)

Figure 5.2: Measured complex permittivity of different concentration of Triton X-
100 mixed in deionized water, (a) Real part, (b) imaginary part.

is changed between 0 - 0.9%, as 0, 0.1 0.3, 0.5, 0.7 and 0.9%. The measured complex
permittivity, for the different salt concentrations are depicted in Figure 5.4. One
can see that the salt has a minor influence on the real part, while the imaginary
part is highly affected, especially below 3 GHz. It is clear that the imaginary part
can be controlled by the salt concentration.

(a) (b)

Figure 5.3: Measured complex permittivity of different concentration of Triton X-
100 mixed in deionized water compared with the Cole-Cole model of realistic breast
tissues [84], (a) Real part, (b) imaginary part.

Figure 5.5 allows a comparison of the obtained values with the different breast
tissue groups. One can see that a similar dispersion behavior is obtained for the
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(a) (b)

Figure 5.4: Measured complex permittivity of a 50% Triton X-100 mixture with
different concentration of salt, (a) Real part, (b) imaginary part.

lower frequencies, which makes it possible to create a realistic phantom even in this
frequency range. However, the usable frequency band is limited by the imaginary
part, due to the complexity to fit the mixture to the dispersion of real breast tissue.
If we consider a narrow-band phantom, makes it more straight forward to obtain
realistic breast tissue mimicking mixtures. Note, as mentioned in section 2.3.1
the reference Cole-Cole model seems to slightly overestimate the imaginary part of
lower frequencies.

(a) (b)

Figure 5.5: Measured complex permittivity of a 50% Triton X-100 mixture with
different concentration of salt compared with the Cole-Cole model of realistic breast
tissues [84], (a) Real part, (b) imaginary part.
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(a) (b)

Figure 5.5: Measured complex permittivity of a 50% Triton X-100 mixture with
different concentration of salt compared with the Cole-Cole model of realistic breast
tissues [84], (a) Real part, (b) imaginary part.
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From the curves shown in Figure 5.2, the measured complex permittivity for
different concentrations of Triton X-100 at 2.45 GHz is deduced, as depicted in
Figure 5.6. It is clear that Triton X-100/Water is a good candidate for a narrow-
band breast phantom in this frequency range. Two of the three breast tissue groups
can be directly obtained, while the low adipose tissue can be reproduced by adding
salt in order to fit the imaginary part. By adding 0.5% salt in the 40% Triton X
concentration an almost perfect fit is obtained.

Figure 5.6: Measured complex permittivity of different concentration of Triton X-
100 mixed in deionized water at 2.45 GHz.

From Figure 5.6 one can see that the real part of 10% and 20% Triton X-100
mixtures fit well with the realistic breast tumor value mentioned section 2.3.1. By
using those mixtures the salt influence can be investigated again. In Figure 5.7
one can see that a 10% and 20% Triton X concentration produce good estimations
for a tumor phantom, when a salinity of 0.5% and 0.6%, are used respectively. At
this point it has been shown that Triton X-100/Water mixtures with some salt
added can be used to simulate any realistic breast tissue. By adding salt a better
fit may be obtained at lower frequencies and for low adipose tissue. During the
mixture preparation, it is recommended to heat up the liquids between 30 and
50◦C to improve the mixing process. Triton X-100 has quite low viscosity in room
temperature, which makes it hard to get rid of introduced air bubbles during the
mixing process.
To hold the phantom two different tube structures were used, Plexiglas and

PVC, as depicted in Figure 5.8. However, Plexiglas does not support Triton X-100.
A chem-mechanical process initiated by Triton X-100 has destroyed the Plexiglass
structure completely, after one week. From this observation, only PVC structures
are recommenced to be in contact with the breast phantom liquids.
Through the experimental validation both phantoms have been used containing
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(a) (b)

Figure 5.7: Measured complex permittivity of Triton X-100 mixtures with different
salt concentration to simulate the tumor tissues, (a) 10% Triton X-100 mixture, (b)
20% Triton X-100 mixture.

(a) (b)

Figure 5.8: The cylindrical tube based breast phantom containing different Triton
X-100/Water mixtures simulating the normal breast tissue and the tumor. (a) A
100 mm diameter and 3 mm thick Plexiglas structure, and (b) a 90 mm diameter
and 3 mm thick PVC structure. They contains different smaller tubes of different
size, 10-16 mm in inner diameter, simulating the tumor
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(a) (b)

Figure 5.7: Measured complex permittivity of Triton X-100 mixtures with different
salt concentration to simulate the tumor tissues, (a) 10% Triton X-100 mixture, (b)
20% Triton X-100 mixture.

(a) (b)

Figure 5.8: The cylindrical tube based breast phantom containing different Triton
X-100/Water mixtures simulating the normal breast tissue and the tumor. (a) A
100 mm diameter and 3 mm thick Plexiglas structure, and (b) a 90 mm diameter
and 3 mm thick PVC structure. They contains different smaller tubes of different
size, 10-16 mm in inner diameter, simulating the tumor
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a 16 mm tumor tube with 0.6% saline solution ( = 71.6,  = 15.9). A 50% Triton
X-100/water mixture has been used in order to simulate an average of the three
categories of adipose breast tissues. This corresponds to: ( = 29,  = 8.2) for the
complex permittivity value of the homogeneous breast.

5.2 Calibration

In the Newton-Kantorovich algorithm the solution is found iteratively by mini-
mizing the error between the measured and the computed scattered field from a
numerical model in the direct problem. Consequently, the convergence of such an
iterative process requires, at least, the numerical model to reproduce the experi-
mental setup as accurately as possible, and thus, the equipment has to be carefully
calibrated. Earlier the calibration process of the planar 2.45 GHz camera has been
studied by Franchois et. al., during their study of quantitative imaging of homoge-
nous objects [51]. Their work, focused on both hardware calibration and model
error minimization, and it can be summarized in the following points:

• Transceiver calibration

• Incident field model estimation

• Background medium permittivity estimation

• Retina-object position

• Element dispersion and coupling effects in the retina

Different nonlinearities in the transceiver system must be identified and corrected,
while the coherent receiver has a I- and Q-channel where both amplitude and phase
offsets and non-quadratic behaviors may appear. However, after several modifica-
tions of the transceiver system the influence of the nonlinearities was acceptably
small. Thus, no receiver nonlinearity calibration was needed.
In quantitative microwave imaging using an optimization process, the numerical

incident field model must satisfy the real incident field in the experimental system.
Otherwise, different artifacts will be introduced by the model errors. Franchois et.
al. have found out that the exponential damped plane wave model fits quite well
with the reality in the planar camera, as long as the object is relatively small. By
comparing the scattered field for several reference objects with a known complex
permittivity, an amplitude and phase offset were adjusted in the incident field
model. Note, the same result can be obtained, by duality, correcting the amplitude
and phase of the measured data by an offset. In this way, the measured data from
the retina is calibrated by adjusting a global amplitude and phase offset. In this
thesis, an extended plane wave model is presented, a waveform propagation model,
where a polynomial waveform is estimated from real measurements.
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Still more critical is the estimation of the complex permittivity since a false
value has an impact on parameters such as wavelength, contrast and the Green
function kernel etc. Franchois et. al. used the well known method, the open-
ended coaxial probe to measure the complex permittivity of the external medium.
However, herein an alternative method is developed, which deduces the complex
permittivity from the incident field measured during the incident field estimation,
as discussed above.
The retina-object positions are noticed to be less sensitive to the reconstruction

as compared to the other errors, as long as the variations is around 1 mm. Also,
the retina element dispersion is neglected while differential scattered field data is
measured.
The calibration process described here is presented in paper E. However, each

modeling approach will be described in the following sections before making a
comparison between three different calibration techniques.

5.2.1 Incident Field Estimation

The incident field of the planar camera is observed by connecting the transmitting
horn to a VNA and by measuring the incident field with a monopole test-antenna.
Note, the receiving part of the camera is not used. The amplitude and phase are
measured along a matrix of 88 points covering the 100 x 100 mm square object
region, as shown in Figure 5.9. This measurement configuration, by lines parallel
to the retina, helps to demonstrate the propagation pattern of the wave.

Figure 5.9: Incident field measurement setup, with a Vector Network Analyzer
connected to the the transmitting horn antenna and a monopole test antenna moved
in different positions inside the object region and along a line parallel with the retina
through the center of the water tank.

In Figure 5.10 (a), the amplitude, and in Figure 5.10 (b), the phase are shown
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along the different lines, parallel to the retina. One can see that even if small
artifacts exist along each line, the wave propagates symmetrically like a wavefront
propagation. Amplitude and phase variations of maximum 1 dB and 30◦ along
each wavefront are respectively observed. Consequently, the incident field at the

(a) (b)

Figure 5.10: The measured incident field inside the object region line by line,
parallel to the retina. (a) Amplitude, (b) unwrapped phase.

discrete points, corresponds to the object region, can be estimated in two ways.
First, by using an interpolation method. Second, by fitting a polynomial model to
the experimental wavefront data. The second method is more suitable in the frame
of multi-incidence experiments, and has therefore been chosen here. Considering a
polynomial model of the amplitude, A(y), and the phase, θ(y), a 2D exponential
wavefront propagation model can be defined as follows:

E(x, y) = A(y)e−j(k1x+θ(y)). (5.1)

In order to include the width of the retina in wavefront model 17 measurement
points along the center line of the water tank are used, as depicted in Figure 5.9.
A polynomial model can be estimated for both the logarithmic amplitude and the
phase, by using a least squares (LS) method (Appendix 6.1). A good match is
found by using a 8th-order polynomial for the amplitude, Equation (5.2), and a
first-order polynomial for the phase, Equation (5.3).

AdB(xi, β) = β1 + β2xi + β3x2i + ...+ β9x
8
i , (5.2)

θ(xi, β) = β1 + β2xi, (5.3)

As shown in Figure 5.11 (a) the final 8th-order amplitude model fits very well with
the measurements obtained at the center of the water tank. Also, the propagated
field at the retina location fits well with the measured incident field at the retina.
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However, the phase is more sensitive to position errors during the measurement.
Indeed, due to the wavelength (λ1 = 14.3 mm) 1 mm position error produces
25◦ phase error. As one can see in Figure 5.11 (b), at the center of the water
tank, comparable values to the one given by the test antenna measurement are
obtained. Moreover, the propagated phase model gives large differences at the

(a) (b)

Figure 5.11: Comparison between the incident field model and the measured in-
cident field with a test-antenna and the retina, along a line in the center of the
water-tank and at the retia location respectively, amplitude (left) and phase (right).

retina location, as depicted in Figure 5.11 (b). The largest differences may be due
to position errors, while the retina and the test antenna measurements are not
completely parallel. Additionally, different coupling effects from the retina cannot
be completely neglected.
In order to include the multi-view process in the incident field model the angle

of the transmitting antenna, θt, is introduced into the model as follows:

E(rprop, rwave) = A(rwave)e−j(k1rprop+θ(rwave)), (5.4)

where
rprop = x cos(θt) + y sin(θt)

rwave = x sin(θt)− y cos(θt)

5.2.2 Background Permittivity Estimation

Using tap water as background medium the theoretical model developed by Stogryn
can be used to estimate the complex permittivity [105], if the temperature and the
salinity are known. However, while the exact properties of the background medium
are unknown a measure-based method is preferable.
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The method developed here uses one line ofM number measurements along the
propagation direction from the test-antenna incident field measurements in earlier
section, depicted in Figure 5.12. The measured data represented in logarithmic
amplitude and phase are arranged along a line, depicted in Figure 5.13. A straight
line model is found to fit the measured data using the LS method, described in
appendix 6.1. The straight line model fits the experimental data with a very good

Figure 5.12: Measurement setup for background medium characterization, using a
test-antenna in different positions along the propagation line.

accuracy as depicted in Figure 5.13.
Lets consider a plane wave propagation, as E(x) = Ae−jk1x = Ae−j(k

1+jk
1 )x,

where the complex wavenumber, k1, can be deduce directly from the slope of the
amplitude and phase curves. The real part, k1, is directly obtained from the phase
given in Figure 5.13 (b) as

k1 =
2π(phase(M)− phase(1))

360(x(M)− x(1))
, (5.5)

where x(1) = −50 mm and x(M) = 50 mm. The imaginary wavenumber, k1 , is
found by differentiating the logarithmic amplitude

δAdB

δx
= 20k1 log10(e), (5.6)

and this quantity is given by the slope from Figure 5.13 (a).
Starting from the definition of the wavenumber:

k21 = (2πf)
2µ00( + j), (5.7)

which can be rewritten as:

(k1 + jk

1 )

2 = (2πf)2µ00( + j). (5.8)
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By substituting equation (5.5) and (5.6) into (5.8)the complex permittivity expres-
sions are obtained:

 =
k21 −


δAdB
δx

20 log10(e)

2

(2πf)2µ00
(5.9)

 =
2k1

δAdB
δx

20 log10(e)

(2πf)2µ00
. (5.10)

The introduction of the experimental values in Equation (5.9) and (5.10), gives a

(a) (b)

Figure 5.13: Comparison between the measured data along a line and the estimated
straight-line LS model in logarithmic amplitude (left) and phase (right).

complex permittivity of 72, 85+ j7.21. The estimation of the complex permittivity
from the theoretical Stogryn model for a temperature of 37◦C and a saline concen-
tration of 0.43 g/l gives 73, 37+j7.21. A comparison of those values gives a relative
error less than 0.1% in both real and imaginary part, which proves the validity of
the experimental method.

5.2.3 Rotation Axis Position Estimation

A precise estimation of the sensor array position, with respect to the rotation axis is
essential, specially when using the planar camera in multi-view configuration. Even
if high-precision measurement tools are used, the exact positions is hard to estimate.
Herein, a method using the experimental and simulated scattered field signatures
of a reference object to find the rotation axis position, is presented. A 35 mm
diameter PVC cylinder located at the rotation axis of the experimental system is
used as a reference object. The rotation axis is moved at different positions, relative
to the retina, during the simulations, as depicted in Figure 5.14. The position is
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Figure 5.14: Simulation setup of the retina-object position calibration, using a 35
mm diameter PVC cylinder. The reference object is moved to different positions
(3 mm steps) in simulations giving different scattered field signatures, from which
the position of the retina and the object can be estimated by comparing with the
measured scattered field signature.

changed 3 mm in each direction, where position one is the estimated position of
the rotation axis. Each position gives different signature of the scattered field. As
shown in Figure 5.15, the phase signature of the scattered field is highly sensitive

(a) (b)

Figure 5.15: Comparison between the measured scattered field signature of a 35 mm
diameter PVC cylinder and 5 different computed scattered field signatures different
positions of the 35 mm diameter PVC cylinder, (a) amplitude and (b) phase.

to the position. Thus, the phase signature has been used to determine the rotation
axis position with respect to the retina.
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5.2.4 Comparison Between Three Different Calibration Tech-
niques

Franchois et. al. proposed to calibrate the planar camera by adjusting a global
phase and amplitude offset to the incident field model [51]. The coefficients are
found by comparing the average value of the four central retina elements on the
scattered field signature, for several reference objects with a known complex permit-
tivity. Note, the same result can be obtained by duality, by correcting the measured
data with a global phase and amplitude offset. Thus, the measured data from the
retina is calibrated by a global coefficient.
Different research groups have proposed other calibration methods, where a

calibration vector is estimated by comparing the measured and computed electrical
field individually for each receiving antenna element using a reference situation.
Broquetas et. al. proposed a method which uses a 40 mm diameter metallic rod
as a reference object to calibrate the scattered field in a circular system [52]. The
idea is to use reference objects for which an analytical form of the fields exists, in
order to calibrate measured data. Another similar method, proposed by Meaney
et. al., compares the computed and measured incident field without an object in
the calibration process [55].
The three different methods will be called, ”global offset” (Franchois et. al.),

”scattered field” (Broquetas et. al.) and ”incident field” (Meaney et. al.) cali-
bration, in the following. The difference between the implemented methods is that
in the global offset and the scattered field calibration method the scattered field
from a reference object are used. Whereas, in the incident field calibration the
incidence field model is compared with the measured incidence field. Moreover, the
incident field and the scattered field calibration are a vector calibration methods,
where each receiving element is calibrated individually, while, the global offset uses
the same coefficient for all receiving elements. By making the comparison of the
three different calibration methods the most efficient one for an planar system can
be found.
A 35 mm diameter PVC cylinder, ( = 2.7,  = 0.06), is considered as the

reference object, placed at the center of the water tank. The comparison between
the computed and the measured scattered field from the reference object is depicted
in Figure 5.16. In this figure a global amplitude and phase offset has been used to
fit the simulated data to the measurement, in the same manner as in the ”global
offset” calibration. One can see that the unwrapped measured phase fits well with
the simulated, along the retina. The amplitude, on the other hand, fits well in
the center but some large artifacts can be observed in the measured scattered
field on the borders. Those discontinuities appear in a region where the scattered
field is lower, (the incident and total field are quite the same). Moreover, those
artifacts are probably introduced by coupling effects due to the retina, but this
point will be discussed further later on. To validate the calibration methods the
scattered field of a breast phantom is used. The 100 mm diameter plexiglas breast
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(a) (b)

Figure 5.16: The measured and simulated scattered field of the 35 mm diameter
PVC reference object, (a) amplitude and (b) unwrapped phase.

phantom is used with 16 mm tumor inside, depicted in Figure 5.17. A 50% Triton
X-100 mixture, ( = 29,  = 8.2), is used as breast tissue and a (0.6%) saline
solution, ( = 71.6,  = 15.9), as tumor tissue. The measured scattered field

(a)

(b)

Figure 5.17: The 100 mm diameter Plexiglas breast phantom with a 16 mm inner
diameter tumor tube inside. A 50% Triton X-100 mixture, ( = 29,  = 8.2), is
used as breast tissue and a (0.6%) saline solution, ( = 71.6,  = 15.9), as tumor
tissue.
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from this phantom has been calibrated with all three methods, by using the 35 mm
PVC cylinder for the global offset and scattered field calibration and the incident
field only for the incident field calibration. The result is depicted in Figure 5.18,
where data from each method is shown together with the simulated one. One

(a) (b)

Figure 5.18: The calibrated scattered field of the breast phantom in one view, (a)
amplitude and (b) unwrapped phase. A comparison between the ”global offset”, the
”scattered field” and the ”incident field” calibration techniques with the simulated
scattered field

can see that the phase fits quite well, whichever method is used, but the incident
field calibration seems to have a slightly better fit and the global offset calibration
a slightly worse. Concerning the amplitude, the result differs more between the
different techniques. The incident field calibration gives the best match in overall.
A good fit is also observed with the scattered field method, at the center of the
retina, for 18 elements, but huge artifacts exist at the border. Those artifacts are
directly coupled to the artifacts seen in the scattered field of the reference object,
shown in Figure 5.16. Therefore, the calibrated field obtained with the scattered
field calibration technique, can be influenced by the reference object it self.
With this in mind minor modifications of the planar camera are done. By using

a VNA connected to the transmitting and the receiving horn-antenna, the reflec-
tion coefficients S11 and S22 for the transmitting and the receiving horn antenna
respectively, are measured. It was found that the transmitting horn is well matched
with the water tank, since, S11 = −30 dB. While the impedance match between
the receiving horn and the retina has to be improved, since S22 = −2 dB. At this
point, the transmission loss, S21, between the transmitting and the receiving horn-
antenna was −48 dB. From those results, the receiving horn matching was improved
by changing the impedance matching screws on the receiving horn-antenna’s wave
guide. By this modification the S22 was minimized to −17 dB, which also minimizes
the transmission loss S21. A transmission loss of −43.5 dB is obtained, which is 4.5
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dB lower than it was initially.
The interesting point is to see how the collector-retina matching effects the

measured field. It is important that the measured incident field signature is not
perturbed by those system modifications. As an illustration Figure 5.19 shows
the incident field profile before, (measurement 1), and after, (measurement 2), the
modification. It can be observed that a gain of 3− 4 dB is obtained through those
modifications with no influence on the incident field shape. The same comparison

(a) (b)

Figure 5.19: The measured incident field along line 15 of the retina before, (mea-
surement 1), and after, (measurement 2), the receiving horn-antenna and retina
impedance matching improvement. (a) Amplitude and (b) phase

can be done by looking at the scattered field of the 35 mm PVC cylinder, before
and after the modification, depicted in Figure 5.20. Here, one can see that the
scattered field signature of the amplitude has changed completely. The artifacts
are not removed, but moved. The minimization in transfer loss seems to increase
the artifacts in the scattered field.
Consequently, a deeper study has been conducted by using different reference

objects. First, the effect of metallic cylinders with different diameters: 20, 50 and
100 mm has been investigated. The scattered field signatures obtained with three
different metallic objects are shown in Figure 5.21. It appears that the result is
strongly dependent on the size of the object. It seems that the smaller the object
is the larger the artifacts are. Note, those artifacts appear mainly at the border of
the retina as it was observed in the calibrated data, refer to Figure 5.18.
The same experiment was conducted with dielectric objects: different PVC

tubes of diameters 46 and 50 mm and the 100 mm breast phantom, without a
tumor. As it was observed above the scattered field signatures (Figure 5.22) are
once again very sensitive to the reference object, but in this case, a slightly smaller
diameter seems to give a better fit between the numerical and the measured data.
As a conclusion the incident field calibration method seems to give a better result
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(a) (b)

Figure 5.20: The measured scattered field of the 35 mm diameter PVC reference
cylinder along line 15 of the retina before, (measurement 1), and after, (measure-
ment 2), the receiving horn-antenna and retina impedance matching improvement
compared with the simulated scattered field. (a) Amplitude and (b) phase

compared to the other two methods. The scattered field calibration is still interest-
ing but it is limited due to the sensitivity of the reference object. It is likely that, a
deeper study on the coupling effects due to the retina could help to understand this
sensitivity. Note, that in the following we will use only 18 elements at the central
part of the retina for the quantitative reconstruction from these calibrated data.

5.3 Image Reconstruction Using the Planar 2.45
GHz Camera

In this section the reconstructed images from experimental data measured by the
2.45 GHz planar camera will be presented. Both the Newton-Kantorovich algo-
rithm, for quantitative image reconstruction, and the spectral algorithm, for qual-
itative differential images, will be used.

5.3.1 Quantitative 2D Image Reconstruction

The first results concerns the comparison of the different calibration techniques
discussed in Section 5.2.4. The 100 mm Plexiglas phantom is filled with 50% Tri-
ton X-100 mixture, ( = 29,  = 8.2), with a 16 mm tumor tube filled with a
(0.6%) saline solution, ( = 71.6,  = 15.9), inside. The 100x100 mm object re-
gion is discretized by 27x27 cells with a individual cell size of 2λ/7. Only the 18
elements on the center of the retina will be used in 36 views, while, large artifacts
were found outside this region by using the scattered field calibration technique.
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Figure 5.21: The measured and simulated scattered field, in amplitude and phase,
for metallic cylinders of different diameter. (a) 20 mm diameter, (b) 50 mm diam-
eter and (c) 100 mm diameter.
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Figure 5.22: The measured and simulated scattered field, in amplitude and phase,
for different dielectric cylinders of different diameters. (a) 46 mm diameter PVC
cylinder, (b) 50 mm diameter PVC cylinder and (c) 100 mm diameter Plexiglas
breast phantom without tumor.
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Figure 5.22: The measured and simulated scattered field, in amplitude and phase,
for different dielectric cylinders of different diameters. (a) 46 mm diameter PVC
cylinder, (b) 50 mm diameter PVC cylinder and (c) 100 mm diameter Plexiglas
breast phantom without tumor.
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In Figure 5.23, one can see the reconstructed images after three iterations, start-
ing with the complex permittivity distribution of a homogeneous breast without
tumor as initial guess. The global offset calibration technique gives no information

Figure 5.23: Reconstructed complex permittivity of the 100 mm phantom after 3
iterations, starting from the initial guess (a), using 18 retina elements (18x36 data)
with the different calibration techniques: (b) ”global offset”, (c) ”scattered field”,
(d) ”incident field” and (e) expected profile.

about the tumor, while the tumor is reconstructed, at least in the real part, when
both the scattered field calibration and the incident field calibration techniques are
used. The incident field calibration technique gives a better reconstruction of the
tumor, while the homogeneous breast tissue is slightly better reconstructed when
the scattered field calibration technique is used. However, since the scattered field
calibration technique is sensitive to the reference object the incident field calibra-
tion is considered as the most suitable calibration method for the planar microwave
camera. Note, by using the incident field calibration technique the number of us-
able retina elements are increased from 18 to 24. Thus, 24 elements have been used
in the following experiment.
The 90 mm PVC phantom, presented in Section 5.1, is used with the same tissue-

mimicking liquids and tumor size. The 90x90 mm object region is discretized by
27x27 cells, with a individual size of λ/4. As usual 36 views are used. The image
reconstruction process is shown in Figure 5.24. Starting from the initial guess of
a breast without tumor, the best result is obtained after three iterations as usual
(Figure 5.24 (d)). Here, the tumor is reconstructed in both real and imaginary
part, even if a small artifact is found next to the tumor in the real part. This
is the first time an inhomogeneous object is reconstructed quantitatively with the
planar 2.45 GHz camera, this result validates the planar system’s ability to produce
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Figure 5.24: The complex permittivity image reconstruction process of the 90 mm
phantom using 24 retina elements (24x36 data), starting from the initial guess (a):
(b) iteration 1, (c) iteration 2, (d) iteration 3 and (e) expected profile.

quantitative breast images.

5.3.2 2D Real-Time Differential Imaging

The spectral algorithm, presented in Section 3.2.1, has been used for real-time
imaging purposes. In this section a different way of using the spectral algorithm will
be discussed. The differential measured field, with and without an inhomogeneity
inside the object (e.g. a breast tumor) is used, instead of the total field and the
incident field with and without the complete object, as discussed in Section 3.2.1.
Several examples will be presented here, to illustrate the potential of this technique.
First, the possibility of tumor detection in the conditions of the previous ex-

periment has been investigated. Hence, the fields produced by the 100 mm breast
phantom with and without the 16 mm diameter tumor have been measured. The
result from the differential fields at the retina and the tumor locations are shown in
Figure 5.25, (a) and (b) respectively. Both images show that the measured differen-
tial field contains information of the tumor, and thus a quantitative reconstruction
is possible, using an iterative algorithm.
Second, an experiment has been conducted in order to investigate the detection

ability of the system, experimentally, introduced numerically in Section 4.3. More
precisely, the purpose is to show in the experimental conditions of the camera, (in
terms of frequency, water background medium and the planar geometry), the losses
of the breast tissues have a significant influence of the tumor detection ability. As
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be discussed. The differential measured field, with and without an inhomogeneity
inside the object (e.g. a breast tumor) is used, instead of the total field and the
incident field with and without the complete object, as discussed in Section 3.2.1.
Several examples will be presented here, to illustrate the potential of this technique.
First, the possibility of tumor detection in the conditions of the previous ex-

periment has been investigated. Hence, the fields produced by the 100 mm breast
phantom with and without the 16 mm diameter tumor have been measured. The
result from the differential fields at the retina and the tumor locations are shown in
Figure 5.25, (a) and (b) respectively. Both images show that the measured differen-
tial field contains information of the tumor, and thus a quantitative reconstruction
is possible, using an iterative algorithm.
Second, an experiment has been conducted in order to investigate the detection

ability of the system, experimentally, introduced numerically in Section 4.3. More
precisely, the purpose is to show in the experimental conditions of the camera, (in
terms of frequency, water background medium and the planar geometry), the losses
of the breast tissues have a significant influence of the tumor detection ability. As
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(a) (b)

Figure 5.25: The linear-scaled normalized amplitude of the differential scattered
field of the 100 mm diameter breast phantom with and without the 16 mm tumor,
(a) at the retina and (b) the normalized equivalent current distribution at the tumor
position, (75 mm from the retina), using the spectral algorithm.

an illustrative example, the same 16 mm diameter tumor phantom is immersed in
the 100 mm diameter plexiglas cylinder filled with water with different salinity.
The result from the differential field, obtained by using 0.25%, ( = 72.7,  =

10.5), and 1%, ( = 70.4,  = 21.9), salinity, are depicted in Figure 5.26 and 5.27
respectively. As it was expected, the tumor is undetectable in the second case,
shown in Figure 5.27. Noteworthy, this experiment was conducted in the same
conditions but with a 15 mm diameter metallic rod, instead of the tumor phantom,
and the same observation was obtained. Thus, it seems that whatever the contrast
is between the tumor and the breast tissues high losses in the breast tissue makes
the breast tumor detection harder. Those results are in complete agreement with
those expected according to the numerical study, in Section 4.3.

5.3.3 Preliminary Investigation on 2.5D Imaging

In this section the first 2.5D quantitative imaging obtained with the planar 2.45
GHz camera is investigated. The appellation of 2.5D means that all the retina is
used in order to reconstruct the object. This will be conducted in two ways, with
the numerical tools presented in Chapter 3.2. First, by using the 3D scalar spectral
algorithm, associated with differential data. Second, by slice the object in different
2D slices the 2D scalar NK algorithm is applied to each slice, using data from 24
retina elements from the line in front of the 2D slice. Note that, the differential
data are obtained by the difference on the field produced by the phantom with and
without the 3D inhomogeneity.
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(a) (b)

Figure 5.26: The linear-scaled normalized amplitude of the differential scattered
field of the 100 mm diameter breast phantom, filled with saline water (0.25 %
salinity  = 72.7,  = 10.5) with and without the 16 mm tumor phantom
( = 71.6,  = 15.9), (a) at the retina and (b) the normalized equivalent current
distribution at the tumor position, (75 mm from the retina), using the spectral
algorithm.

(a) (b)

Figure 5.27: The linear-scaled normalized amplitude of the differential scattered
field of the 100 mm diameter breast phantom, filled with saline water (1 % salinity
 = 70.4,  = 21.9) with and without the 16 mm tumor phantom ( = 71.6,  =
15.9), (a) at the retina and (b) the normalized equivalent current distribution at
the tumor position, (75 mm from the retina), using the spectral algorithm.
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Figure 5.26: The linear-scaled normalized amplitude of the differential scattered
field of the 100 mm diameter breast phantom, filled with saline water (0.25 %
salinity  = 72.7,  = 10.5) with and without the 16 mm tumor phantom
( = 71.6,  = 15.9), (a) at the retina and (b) the normalized equivalent current
distribution at the tumor position, (75 mm from the retina), using the spectral
algorithm.

(a) (b)

Figure 5.27: The linear-scaled normalized amplitude of the differential scattered
field of the 100 mm diameter breast phantom, filled with saline water (1 % salinity
 = 70.4,  = 21.9) with and without the 16 mm tumor phantom ( = 71.6,  =
15.9), (a) at the retina and (b) the normalized equivalent current distribution at
the tumor position, (75 mm from the retina), using the spectral algorithm.
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The experiments were conducted with the 90 mm diameter PVC breast phan-
tom, two different 3D inhomogeneities were introduced inside the 16 mm tumor
tube. In the first experiment, a 1 λ (14 mm) diameter metallic rod, 7λ (100mm)
long oriented along the vertical axis, has been considered, as depicted in Figure
5.28. The result obtained with the spectral algorithm, at the retina and at the cen-
ter of the metallic rod locations, are shown in Figure 5.29 (a) and (b) respectively.
From both images one can see the the bottom of the metallic rod is close to the

(a) (b)

Figure 5.28: The 90 mm diameter breast phantom with a 14 mm diameter metallic
rod inside the 16 mm diameter tumor cylinder, (a) the experimental phantom (b)
the numerical 2D model

center of the retina. Thus, the metallic rod seems to be detectable from 3D scalar
data.
In Figure 5.30 the quantitative reconstruction slice by slice of the object, with

and without the metallic rod, using the NK algorithm. One line of 24 elements are
used in each reconstruction, (between line number 10 to 20), in 36 views.
As it can be seen accept for the line 13, where one element of the retina is defect,

the metallic rod appears, between line 10 and 15, as expected from the quantitative
results. Moreover, by comparison with the reconstructed image obtained with the
phantom without the metallic rod, a stronger contrast is noticeable at the location
of the metallic rod, especially in the reconstructed imaginary part.
A second experiment was conducted with a λ (14mm) diameter dielectric glass

sphere ( = 6,  = 0.05). The sphere is introduced in the tumor tube in the
manner as previous, depicted in Figure 5.31 Differential data is obtained from the
breast phantom with and without the sphere, which is depicted in Figure 5.32 using
the spectral algorithm. As it can be seen the sphere can be detected and localized
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(a) (b)

Figure 5.29: The linear-scaled normalized differential scattered field of the 90 mm
diameter breast phantom with and without the 14 mm diameter and 100 mm long
metallic rod inside the 16 mm tumor phantom, (a) at the retina and (b) the nor-
malized equivalent current distribution at the tumor position, (75 mm from the
retina), using the spectral algorithm.

in the center of the retina, in the differential image.
Next, the result obtained with the quantitative 2D NK algorithm are given slice

by slice in Figure 5.33. However, one can see that no information of the sphere
are visible from the reconstructed complex permittivity distribution. The sphere
should appear around line 16. Note, that differential imaging of the reconstructed
permittivity could help to confirm it.

From those experiments the following conclusions can be suggested:

1. From Figure 5.30 and 5.33, the 2D scalar NK algorithm succeeded to recon-
struct the 1 λ diameter and 7 λ long metallic cylinder in the different 2D
slices. However, as could be expected, the 2D scalar NK algorithm failed to
reconstruct the 3D spherical object, for which the 2D assumption is not valid
at all.

2. From Figure 5.32, it is shown that, since, the real-time reconstructed images
detects the sphere, even if the sphere is a 3D depolarizing object (electrical
size around 1), the sphere can be found from the main polarization component
(vertical). This fact, can be very useful considering a scalar 3D situation.

From those conclusion the following future investigations are proposed:

1. Extend the NK algorithm to a 3D scalar version in order to use the data
concerned with the 3D inclusions.
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Figure 5.29: The linear-scaled normalized differential scattered field of the 90 mm
diameter breast phantom with and without the 14 mm diameter and 100 mm long
metallic rod inside the 16 mm tumor phantom, (a) at the retina and (b) the nor-
malized equivalent current distribution at the tumor position, (75 mm from the
retina), using the spectral algorithm.

in the center of the retina, in the differential image.
Next, the result obtained with the quantitative 2D NK algorithm are given slice

by slice in Figure 5.33. However, one can see that no information of the sphere
are visible from the reconstructed complex permittivity distribution. The sphere
should appear around line 16. Note, that differential imaging of the reconstructed
permittivity could help to confirm it.

From those experiments the following conclusions can be suggested:

1. From Figure 5.30 and 5.33, the 2D scalar NK algorithm succeeded to recon-
struct the 1 λ diameter and 7 λ long metallic cylinder in the different 2D
slices. However, as could be expected, the 2D scalar NK algorithm failed to
reconstruct the 3D spherical object, for which the 2D assumption is not valid
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detects the sphere, even if the sphere is a 3D depolarizing object (electrical
size around 1), the sphere can be found from the main polarization component
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Figure 5.30: The reconstructed complex permittivity 2D slices of the 90 mm diame-
ter breast phantom with and without the 14 mm diameter and 100 long metallic rod
inside the 16 mm tumor phantom. 24 elements in 36 views are used from different
lines of the retina, (between line 10 and 20), with the scalar 2D Newton-kantorovich
algorithm.
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(a) (b)

Figure 5.31: The 90 mm diameter breast phantom with a 14 mm diameter ceramic
sphere inside the 16 mm diameter tumor cylinder, (a) the experimental phantom
(b) the numerical 2D model

(a) (b)

Figure 5.32: The linear-scaled normalized differential scattered field of the 90 mm
diameter breast phantom with and without the 14 mm glass sphere inside the 16
mm tumor phantom, (a) at the retina and (b) the normalized equivalent current
distribution at the tumor position, (75 mm from the retina), using the spectral
algorithm.
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Figure 5.31: The 90 mm diameter breast phantom with a 14 mm diameter ceramic
sphere inside the 16 mm diameter tumor cylinder, (a) the experimental phantom
(b) the numerical 2D model

(a) (b)

Figure 5.32: The linear-scaled normalized differential scattered field of the 90 mm
diameter breast phantom with and without the 14 mm glass sphere inside the 16
mm tumor phantom, (a) at the retina and (b) the normalized equivalent current
distribution at the tumor position, (75 mm from the retina), using the spectral
algorithm.
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Figure 5.33: The reconstructed complex permittivity 2D slices of the 90 mm diam-
eter breast phantom with and without the 14 mm glass sphere inside the 16 mm
tumor phantom. 24 elements in 36 views are used from different lines of the retina,
(between line 10 and 20), with the scalar 2D Newton-kantorovich algorithm.
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2. In the NK code minimize the distance on differential data, which are pro-
duced by the introduction with and without the 3D inclusion, and not the
distance on the data produced from the whole phantom which contains the
3D inclusion.

5.4 Extended Work: A Robot Based Data Acqui-
sition System

One result of the collaboration between the School of Innovation, Design and Engi-
neering at Mälardalen University and Departement de Recherche en Électromagnétisme
at L2S/Supélec is the new developed flexible robot based data acquisition system
for microwave imaging at Mälardalen University. The objective is to achieve a flex-
ible multi-frequency microwave imaging system. Indeed, the interaction between
the two laboratories, through this joint supervision thesis, gives the opportunity
for Mälardalen University to benefit from the hardware and software experiments
done, in the development of the new system. The first experimental validation of
the system is published in Paper D.
The complete system depicted in Figure 5.34 contains an ABB robot (IRB140),

which controls the mechanical positioning of the receiving antenna, a 2m diameter
water-tank into which the object is immersed, an object-fixture with a rotator for
multi-view process, two monopole antennas connected to a vector network analyzer
(VNA) (Rohde&Schwarz ZV8), and a developed MatlabTMinterface controls the
data acquisition. There are several advantages of the robot controlled microwave
imaging system, first, the positioning of the receiving antenna can cover different
geometries. Second, high accuracy and stability of the receiving antenna position-
ing. The relative position error is estimated to less than 0.1mm. Third, using only
one receiving antenna at different positions makes it possible to investigate dif-
ferent synthetic antenna-array geometries without introducing the coupling effects
between multiple antenna elements, in the system design stage. Fourth, a wide-
band system gives the possibility to investigate suitable frequency-band according
to different imaging applications. Finally, a relatively fast data acquisition time
is obtained for broadband measurements: 1s for each receiver position when us-
ing a very slow movement-mode in the robot, which increases the precision in the
measurements.
The system uses two identical monopole antennas, as transmitter and receiver,

which is shown in Figure 5.35. The monopole antenna is a good starting point for
the system since it is already proved to be efficient for microwave imaging [10, 55]. It
can easily be modeled as a line source producing a 2D vertical polarized cylindrical
electrical field, and easily constructed by using a semi rigid coaxial cable. The
antennas have a center frequency of 1 GHz with a broad bandwidth between 950
and 1150 MHz, where the return loss is lower than -10 dB, inside 10◦C cold water
( = 83.2,  = 7.3).
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Figure 5.34: Experimental setup of the robot controlled data acquisition system.
The ABB robot (IRB140) with the receiving monopole antenna, the water-filled
tank with an object fixture with a multi-view rotator, the transmitting monopole
antenna, the Vector Network Analyzer (VNA) (Rohde&Schwarz ZV8), and the PC
with the MatlabTM controlling interface.

Figure 5.35: The receiving monopole antenna mounted on the tip of the robot arm.
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The receiving antenna is placed on the tip of the robot arm, moving along
cylindrical or half-spherical surfaces, (other possible geometries can be included in
the future), around the object under examination, as depicted in Figure 5.36. The
radius and angular steps are adjustable for the different geometries before each
examination. The object is positioned on a rotation axis in the center of the tank
(center point of the system), controlled by a step motor. In this way multi-view
examination is possible with an angular step as small as 1.8◦. The transmitting
antenna is fixed at one position through the examination, but can manually be
moved to different positions. During the cylindrical-mode, the receiving antenna
measures the vertical component of the electrical field on a cylindrical surface up
to 270◦ in coverage, as depicted in Figure 5.36 (a). In the spherical-mode the
receiving antenna is moved along a half-spherical surface, where the polarization of
the antenna follow the gradient of the spherical surface towards the center.

(a) (b)

Figure 5.36: The available receiving antenna scanning geometries, (a) cylindrical
path and (b) spherical path.

Through the acquisition the control interface receives wideband data from the
VNA, at each position, with a SNR of 45dB. The scattered field is computed con-
sidering Es = E−Ei, as it is done for the planar camera. Thus, two measurements
are needed: The field with and without an object. The control interface storing
both fields and computing the scattered field by subtracting the measured incident
field from the measured total field.
The first experimental validation is performed by using a polycarbonate (PC)

cylinder whose diameter is 110mm, (3 mm thick), filled with sunflower oil ( =
2.5,  = 0.1). The cylinder is placed at the center of a tank, filled by 10◦C water
( = 83.2,  = 7.3), as depicted in Figure 5.34. Thus, in this first experiment
a high contrast homogeneous object has been used. By using the direct solver,
described in section 2.2, configured for a circular incident field, a validation of the
experimental system can be obtained. The frequency is chosen to 1 GHz and the
measurement is done in a single-view at 55 different receiving points, with a step
size of 5◦ along the 270◦ circular arc, opposite to the transmitter. The radius of the
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cylindrical measurement surface is 225 mm, while the transmitter is located 114 mm
from the center. In Figure 5.37, one can see the comparison between the measured
and computed scattered field. The phase, (Figure 5.37 (b)), has almost a perfect
fit, while the amplitude, (Figure 5.37 (a)), have some differences, especially on the
borders. However, the receiving elements on the half-circle behind the object, give
amplitude errors of maximum 1.2dB.

(a) (b)

Figure 5.37: Comparison of the measured and computed scattered field from a
sunflower oil ( = 2.5,  = 0.1) filled 110 mm diameter polycarbonate tube @ 1
GHz, (a) amplitude, (b) unwrapped phase.

In order to see, the usability of this system, in the frame of quantitative breast
tumor detection, the preliminary simulation validation is performed for the cylindri-
cal geometry described above. A realistic PC breast phantom whose diameter is 110
mm, containing a 16 mm diameter tumor cylinder. For the tumor phantom, a com-
plex permittivity of ( = 57.4,  = 17.4) was considered, which corresponds to a
20% Triton X-100/Water sample with 0.5% salt added. The breast complex permit-
tivity corresponds to an average of the different adipose tissues ( = 34,  = 11.5).
It will be reproduced by a 50% Triton X-100/Water mixture, with 0.5% salt. The
background medium is considered as tap water at 10◦C with a complex permittivity
of ( = 83.2,  = 7.3). The object is discretized into 27x27 cells of λ/7 in individ-
ual size. Reconstructed images have been obtained by using the open configuration
NK code with an applied Gaussian distributed noise, giving a SNR of 40dB.
In Figure 5.38 one can see the reconstructed image during the iterative process,

starting from the initial guess of a breast without a tumor. one can see that in
those conditions both real and imaginary parts are well reconstructed. As for the
planar system the best results is obtained after three iterations.
Next step, is concerned with the image reconstruction from experimental data.

However, in the case of using a frequency of 1 GHz the imaginary part of the
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Figure 5.38: The complex permittivity reconstruction process of the numerical 110
mm breast phantom, using synthetic data with a SNR of 40 dB in 55 measurements
points along a 270◦ cylindrical arc and 40 views, starting from the initial guess of
a breast without a tumor.

surrounding water is much lower compared to the normal breast tissues. Hence,
the temperature must be kept to maximum 10◦C, otherwise, the imaginary part of
the background water will be too small, resulting in very small tumor responses,
discussed in Section 4.3.3. While it is hard to control the temperature at 10◦C a
better solution is to add salt in the external water. This gives the opportunity to
work in room temperature. The group is optimistic to obtain experimental results
in the near future, when the stabilization of the external medium will be solved.
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Figure 5.38: The complex permittivity reconstruction process of the numerical 110
mm breast phantom, using synthetic data with a SNR of 40 dB in 55 measurements
points along a 270◦ cylindrical arc and 40 views, starting from the initial guess of
a breast without a tumor.

surrounding water is much lower compared to the normal breast tissues. Hence,
the temperature must be kept to maximum 10◦C, otherwise, the imaginary part of
the background water will be too small, resulting in very small tumor responses,
discussed in Section 4.3.3. While it is hard to control the temperature at 10◦C a
better solution is to add salt in the external water. This gives the opportunity to
work in room temperature. The group is optimistic to obtain experimental results
in the near future, when the stabilization of the external medium will be solved.

Chapter 6

Concluding Remarks

The work included in this dissertation was focused on quantitative microwave imag-
ing for breast tumor detection. The study was made in the frame of a joint su-
pervision Ph.D. thesis between University Paris-SUD 11 (France) and Mälardalen
University (Sweden), and conducted through two experimental microwave imaging
setups, the existing 2.45 GHz planar camera (France) and the multi-frequency flex-
ible robotic system, (Sweden), which is under development. In this context a 2D
scalar flexible numerical tool based on a Newton-Kantorovich (NK) scheme, has
been developed.
The possibilities of using the existing planar 2.45 GHz microwave camera and

the scalar 2D Newton-Kantorovich algorithm for quantitative breast imaging have
been studied. First, the tumor detection ability of a planar multi-view system
has been tested, by investigating the scattered field generated by the presence of a
tumor. Second, the quantitative microwave breast imaging capabilities of the planar
camera has been presented, in form of a comparative study with other circular
systems. It was shown that the existing multi-view planar 2.45 GHz camera with
37◦C tap water as background medium achieves enough tumor detection to handle
the situation of different breast tissue content. Moreover, a new concept which uses
a transmitting array with MST, was shown to be an interesting possibility to avoid
antenna rotation involved in the multi-view process.
Through an experimental validation of the planar camera, the first quantita-

tive images of an inhomogeneous breast phantom with a 16 mm diameter tumor
were obtained. The first step was devoted to the breast phantom realization, A
simple breast phantom based on the surfactant Triton X-100 and deionized water
has been proposed. By using this phantom material all breast tissue types are cov-
ered, in a narrow-band breast phantom. Then, significant work has been devoted
to the calibration and model error minimization. In this work, both, the incident
field distribution and the complex permittivity value of the background medium,
have been estimated from an experimental based polynomial wavefront propaga-
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tion model. Three calibration techniques were compared. It appeared that the
vectorial calibration of the incident field, where each receiving element is calibrated
individually, gives the best results.
Next, qualitative image reconstructions of 3D inclusions inside the breast phan-

tom, obtained from using all the retina data, have shown that an extension of the
NK algorithm to a 3D scalar version could be a preliminary step for 3D quantitative
imaging.
Finally, the extended work, towards the development of the flexible robotic

data acquisition system for microwave imaging, at Mälardalen University, has been
presented. The initial experimental validation of the system was given. However,
this project exceeds the range of this dissertation, but it will stand as a platform for
the development of future microwave imaging systems. Next step will be to obtain
reconstructed images from experimental data.

6.1 Future Research

As a result of this work, an experimental platform for quantitative imaging of inho-
mogeneous objects using the planar 2.45 GHz microwave camera and the Newton-
Kantorovich algorithm is established at DRE, L2S/Supélec. From this platform the
conception of a future planar microwave breast imaging system, with duplicated re-
ceiving horn-antenna and retina, can be initiated. However, still a lot of work is
needed:

1. The investigation of the coupling effect introduced by the retina itself is
needed. This could be a help in order to improve the sensitivity and accuracy
of the future system.

2. The extension of the NK algorithm to a 3D scalar multi-incidence version in
order to obtain quantitative imaging of 3D inclusions in the breast phantom
from all the retina data.

3. The influence of changing the background medium in the experimental system
needs to be investigated, in order to improve the tumor detection ability of
the future system.

4. A retina able to measure both the vertical and horizontal component of the
electrical field must be developed to approach a system able to measure the
full vectorial field.

Looking to the trend in the community of microwave breast imaging, there are
in general two future directions. A multi-frequency or wideband approach similar to
Meaney et. al. and Persson et. al. and 3D image reconstruction algorithms. The
planar microwave camera is an interesting tool for approaching a 3D microwave
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imaging system. However, the bandwidth of the system can be a limitation to
approach a multi-frequency system.
The new developed flexible multi-frequency robotic system, at Mälardalen Uni-

versity, could be the platform needed for investigate future approaches of microwave
imaging, in terms of efficient modeling, geometry of the physical setup, frequency
usage and different imaging algorithms.
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Appendix A

Linear Least Square Data Fitting

Linear least squares is a general method to fit experimental data to a polynomial
model, which has been used in the experimental based modeling in Chapter 5 and
Paper E. The M number of data points are fitted in a least square sense as

S =
M
i=1

r2i , (6.1)

with the residual is given by

ri = yi − f(xi, β), (6.2)

for i = 1, 2, ...,M . It containing the difference between the measured data, yi, and
the model function, f(xi, β), with the definition as

f(xi, β) =
N
j=1

Xijβj , (6.3)

where Xi1 = 1, Xi2 = xi, ..., XiN = xN−1
i . Note, N − 1 is the order of the

polynomial model. The model parameters, βj , is found when the gradient of S is
minimal,

∂S

∂βj
= 2

M
i=1

ri
∂ri
∂βj

= 0 (j = 1, 2, ..., N). (6.4)

The gradient of the residual is
∂ri
∂βj

= −Xij . (6.5)

If this expression (6.2), (6.3) and (6.5) are substituted into the gradient equations
(6.4), it leads to:

∂S

∂βj
= −2

M
i=1

Xij


yi −

N
j=1

Xijβj


 = 0, (6.6)
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which can be expressed as N normal equations

M
i=1

N
k=1

XijXikβk =
M
i=1

Xijyi. (6.7)

In matrix notation the normal equations may be written as

(XTX)β = XT y (6.8)

Straight Line Data Fitting

In the case of straight line curve fitting the model containing only two parameters,
N = 2. Therefore the model function is simply estimated from (6.3) as

f(xi, β) = α+ βxi (6.9)

Xi1 = 1, Xi2 = xi.

This gives two normal equations as


12

α+


xi


β =


yi (6.10)


xi


α+


xi


β =


yi,

where all summations goes from i = 1 to M . For simplicity each summation may
be replaced by a symbol, as 

12 =M

xi = Sx


yi = Sy (6.11)


x2
i = Sx2


xiyi = Sxy.

Using the symbol notation the normal equations may be written as

Mα+ Sxβ = Sy

Sxα+ Sx2β = Sxy (6.12)

The solution can be found by using Cramer’s Rule as

α̂ =
Sx2Sy − SxSxy

D

β̂ =
Sxy − SxSy

D
(6.13)

D =MSx2 − (Sx)2
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Higher-Order Data Fitting

In higher order model fitting the model function is defined

f(xi, β) = β1Xi1 + β2Xi2 + β3Xi3 + ...+ βNXiN , (6.14)

Xi1 = 1, Xi2 = xi, Xi3 = x2
i , ..., XiN = xN−1

i ,

where N − 1 is the polynomial order of the model function. The solution is found
by solving eq. (6.15):

β = (XTX)−1XT y (6.15)
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