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Abstract

In this thesis, we present studies of the discrete time optimal stopping problem corre-

sponding to the early exercise of American type options in discrete time markets.

The thesis contains results presented in the five papers listed above. In the first

paper, Paper A, we present an experimental study of the structure of the optimal stopping

domains for various types of payoff functions, such as, piecewise linear, stepwise, quadratic

and logarithmic. Also classification errors are analyzed.

In the second paper, Paper B, sufficient local conditions on non-negative, non-decreasing,

convex payoff functions are given, such that the optimal stopping domains have a one-

threshold structure, i.e., the optimal stopping domains are semi-infinite intervals. The

underlying asset follows a time inhomogeneous geometric random walk.

In the third and fourth paper, Paper C and Paper D, we extend the results given

in Paper B, assuming that the underlying asset follows a general discrete time Markov

process. In these two papers, the sufficient conditions for the stopping domains to have

a one-threshold structure are given for convex payoff functions that are non-increasing

(corresponding to put type options) and non-decreasing (call type options) in Paper C

and Paper D, respectively.

In the last paper, Paper E, we present convergence results for the reward functions

for discrete time optimal stopping problems, corresponding to a family of American type

options in discrete time markets, under the assumption that the transition probabilities

of the underlying price processes and the payoff functions depend on a “perturbation”

parameter and converge to corresponding “unperturbed” limit quantities. The underlying

price processes are inhomogeneous discrete time Markov processes and the payoff functions

are time inhomogeneous monotone functions.
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Introduction

1 An informal introduction to the studies

The topic of the present thesis is presented in this section in an informal manner. It

is supposed to be an introduction that is accessible to anyone who has none or just a

little knowledge of options and higher mathematics. In Section 2 of the present thesis,

we give a more formal presentation of the topic and discuss more rigorously the theory in

the studies. Here the optimal stopping problem is formulated and the solution method

is formalized. The summary of the results from the five papers that are included in the

thesis is given in Section 3.

1.1 European and American options

An option is a contract on the financial market giving the holder the right, but not the

obligation, to buy or sell an underlying asset for a pre-specified price, called the strike

price. If the holder has the right to buy the underlying asset the option is called a call

option, and if the holder has the right to sell it is called a put option. An option is only

valid for a pre-specified time period. The last date of validity is called the expiration date.

To receive this right the holder has to pay a premium, the price of the option, to the

writer of the option.

When the holder decides to use the right to buy or sell the underlying asset it is said

that the option is exercised. The type of exercise of the option is also pre-specified. If

the option is of European type, it is only possible to exercise the option at the expiration

date. If the option is of American type, the exercise of the option can be made at any

moment up to and including the expiration date.

Examples of underlying assets are stocks, currencies, indices, and other financial con-

tracts.

We consider only options of American type in this thesis.

For a general introduction to options see, e.g., Jarrow and Turnbull (2000) and Hull

(2006). We would like also to refer to some well known books on mathematical finance:

Pliska (1997), Shiryaev (1999), Karatzas and Shreve (2001), Björk (2004), Föllmer and

Schied (2004), Shreve (2004a, 2004b), and Musiela and Rutkowski (2005).
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(a) American call option.
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(b) American put option.

Figure 1: Standard payoff function for American call and put option, respectively, with strike

price K = 50.

1.1.1 Standard payoff functions

The option’s payoff describes the value of exercising the option, and is, of course, depen-

dent on the value of the underlying asset (and the strike price).

The payoff is described by the payoff function g acting from R
+ to R

+.

We will treat the exercise of the option as a transaction of the payoff g(s) to the

holder from the writer, where s is the value of the underlying asset. That is, if the holder

exercises a call option, we do not assume that he receives the underlying asset, we just

assume that he receives the payoff g(s).

This is similar to assume that the holder receives the underlying asset and immediately

sells the asset for the price s, without paying any fees, etc, that is, the transactions are

made on a frictionless market.

Example 1. Standard American call option. At any time up to and including the

expiration date T the holder has the right to exercise the option. When the option is

exercised the holder pays the strike price K for the underlying asset with value s.

If s < K, the holder does not exercise the option, since he would spendK for something

worth s. On the other hand, if s > K, the holder could exercise the option and receive

the payoff s−K > 0. Thus, the payoff for the standard American call option is given by

g(s) = [s−K]+ = max{0, s−K}. (1)

Figure 1(a) shows a payoff function for a standard American call option.

2



Example 2. Standard American put option. At any time up to and including the

expiration date T the holder has the right to exercise the option. When the option is

exercised the holder receives the strike price K for the underlying asset with value s.

If s > K, the holder does not exercise the option, since he would receive K for

something worth s. On the other hand, if s < K, the holder could exercise the option

and receive the payoff K − s > 0. Thus, the payoff for the standard American put option

is given by

g(s) = [K − s]+ = max{0, K − s}. (2)

Figure 1(b) shows a payoff function for a standard American put option.

1.1.2 Non-standard payoff functions

In this thesis we will consider American options with more complicated payoff functions

than the standard functions (1) and (2). In particular, call options with convex, non-

decreasing payoff functions, and put options with convex, non-increasing payoff functions.

An example of one such type of payoff function considered is the piecewise linear function

given in Figure 2.
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Figure 2: Piecewise linear payoff function for an American

type call option with strike prices K1 = 30 and K2 = 70,

and coefficients a1 = 1 and a2 = 3/2.
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1.2 Asset price evolution

There are two alternatives to model the financial markets, either using continuous time

models or discrete time models. In the present thesis we consider discrete time models

only. However, we begin with a short description of the standard model used in continuous

time, the geometric Brownian motion.

In the continuous time models the market is assumed to operate continuously. The

price of the underlying asset is assumed to change continuously with time and the Amer-

ican option can be exercised at any moment up to and including the expiration date.

Traditionally the value of the underlying asset in the continuous market is considered

to follow a diffusion process. This idea was presented 1900 by Louis Bachelier in his thesis.

He proposed that the prices follows a stochastic process called Brownian motion, i.e.,

St = S0 + µt+ σWt, t ≥ 0,

where S0 is the initial price, µ and σ is the drift and the volatility per time unit, respec-

tively, of the process and Wt is a standard Brownian motion (or Wiener process), i.e., a

process with independent normal increments and continuous trajectories, satisfying the

following conditions W0 = 0, EWt = 0, EW 2
t = t.

However, this model was later improved as it was proposed that it is the logarithm of

the prices that approximately follows a Brownian motion and not the prices themselves.

That is, the standard model used to describe the evolution of the asset prices in continuous

time is the so called geometric Brownian motion

St = S0e
µt+σWt , t ≥ 0. (3)

The characteristic of the geometric Brownian motion is that it has continuous trajec-

tories and independent and log-normal distributed multiplicative increments.

There are several extensions of the geometric Brownian motion, e.g., jump-diffusion

processes. We will not discuss the continuous time models in details in this thesis. How-

ever, many results about American options in the literature are given for continuous time

models. See for example the discussion about the pricing of American options in Section

2.4 and the optimal stopping domains in Section 2.5.

More information about the Brownian motion and its applications, e.g., in mathemat-

ical finance, can be found in the books by Borodin and Salminen (2002) and Øksendal

(2003).

4



1.2.1 Discrete time models

In this thesis we consider discrete time financial markets, i.e., markets which are assumed

to operate at discrete moments. Thus, the value of the underlying asset changes at discrete

moments and the American option can be exercised at discrete moments only. The discrete

time models can be viewed as approximations of the continuous time models. However,

the discrete time models have their own value and right of existence, in particular in

connection with computer simulation methods.

Let us assume that our discrete time market operates at the moments 0, 1, 2, . . ..

One commonly used discrete time model is the geometric random walk, where the

value Sn of the underlying asset at moment n is given by the value Sn−1 of the process at

moment n− 1 multiplied with a nonnegative random variable Yn,

Sn = Sn−1 Yn , n = 1, 2, . . . . (4)

We can choose different distributions for the random variables Yn and we can choose

whether the random variables Y1, Y2, . . . should be independent or not, and whether they

should be identically distributed or not. Note that we can write (4) as

Sn = s0

n
∏

i=1

Yi , n = 1, 2, . . . .

A very popular discrete time model is the Cox-Ross-Rubinstein-model, or the Binomial

model, first proposed in Cox, Ross, and Rubinstein (1979). In this model, the value of

the underlying asset can, starting from Sn−1 at moment n− 1, only assume two values at

moment n, i.e., either Yn = u or Yn = d, where u and d are non-negative constants, and

P{Yn = u} = p and P{Yn = d} = 1 − p. If we assume that 0 < d < 1 < u we have a

model where the value of the process either increases with a factor u or decreases with a

factor d.

It should be noted that the parameters u, d and p depend on the length of the time

step (in this case we have chosen the length to equal 1). With suitable re-scaling of time

and choices of the parameters u, d and p, the Binomial model converges to the geometric

Brownian motion (3) as the changes in the value of the underlying asset becomes more

and more frequent, i.e., the time between two jumps tends to zero.

The Binomial model (or CRR-model) is the simplest example of a family of discrete

time models called tree models. In the tree models we assume the processes to take

values in a discrete phase space, that is, the random variable Yn in (4) is a discrete

5



random variable that can assume only a finite number of values. The tree models are

powerful in the sense that they are easy to understand and implement.

Another approach is to model directly the geometric random walk such that increment

between two moments has the same distribution as a continuous time model over the same

time interval, for example log-normal. Thus we can create a discrete time analogy to the

continuous time geometric Brownian motion in (3) by choosing Yn = eµ+σξn , where ξn is

a standard normal random variable (i.e., a normal random variable with Eξn = 0 and

Eξ2n = 1). By this choice each Yn is a log-normal random variable and we get a geometric

random walk with log-normal increments where the value of the process at moment n is

given by

Sn = S0e
µn+σ

∑n
i=1 ξi , n = 1, 2, ..., (5)

where we assume that ξ1, ξ2, . . . are independent standard normal random variables.

We can create a continuous time process from the discrete time process by assuming

that the discrete time process is constant between the moments of change, i.e., St = Sn if

n ≤ t < n+ 1.

See, for example, Pliska (1997), Shiryaev (1999), Björk (2004), Föllmer and Schied

(2004), and Musiela and Rutkowski (2005), for details about the continuous and discrete

time models used in financial mathematics.

1.3 Early exercise of American type options

Assume that the option can be exercised at any of the moments 0, 1, 2, . . . , N , where N

is the expiration date.

If the option is exercised at moment 0 ≤ n ≤ N , the present value of the profit is

−C + e−rng(Sn), (6)

where C is the price of the option paid to the writer at moment 0 , r is the continuously

compounded risk free interest rate per time unit, and e−rng(Sn) is the present value of

the payoff if the option is exercised at moment n.

The problem for the holder is to determine the moment which is optimal for exercising

the option. Here we mean optimal in the sense that the expected present value of the

profit is maximized. The decision to exercise the option at time τ should be based on

the information available at that time. The future should be unknown. That is, all past

prices and the present price of the underlying asset are known and should be used, but

6



all future prices of the underlying asset are unknown. Accordingly, only those moments

satisfying this condition are admissible when we want to maximize the expected present

value of the profit.

We should therefore take the expected value of the profit (6) and maximize it over

all admissible times τ , 0 ≤ τ ≤ N . Since the option price C is a constant the optimal

exercise strategy does not depend on it and we can maximize the expected present value

of the payoff over 0 ≤ τ ≤ N ,

max
0≤τ≤N

E e−rng(Sn). (7)

To find the optimal moment to exercise the option such that the expected profit is

maximized is a typical optimal stopping problem. The optimal moment to exercise the

option is called the optimal stopping time.

From the general theory of optimal stopping we know that the decision to exercise

or not should be based on the present price of the underlying asset only (see e.g. Chow,

Robbins, and Siegmund (1971), and Shiryaev (1978)). That is, by knowing the value of

the underlying asset at time τ we can decide whether to exercise or not.

Furthermore, since the decision to exercise or not is based on the present price of

the underlying asset, we can at each moment identify those asset prices such that it is

optimal to stop. We can, therefore, at each moment divide the asset prices into two sets,

the optimal stopping domain and the continuation domain. The optimal stopping domain,

also called the early exercise region, contains all asset prices such that it is optimal to

exercise. The continuation domain contains all asset prices such that it is better to wait

with the exercise, i.e., to continue to hold the option.

The boundary of the optimal stopping domain is called the optimal stopping boundary

or the early exercise boundary.

An example of optimal stopping domains for a discrete time optimal stopping problem

where the underlying process is a geometric random walk with log-normal increments is

given in Figure 3.

To determine which asset values are in the optimal stopping domain and which are

in the continuation domain we use reward functions. The reward function represents, at

each moment n = 0, 1, . . . , N , the value of the optimal strategy at moment n given the

asset value Sn.

For any asset value Sn in the optimal stopping domain for moment n the optimal

strategy is, by definition, to stop and receive the payoff g(Sn). Accordingly, the value of

the reward function (i.e. the optimal strategy) is equal to the payoff for every asset value

7



in the optimal stopping domain.

On the contrary, for any asset value Sn belonging to the continuation domain the

optimal strategy is to continue and the value of the reward function is, therefore, equal

to the expected discounted value of the optimal strategy at the next moment.

Hence, for each asset value we compare the payoff if the option is exercised with the

expected future profit if we continue to hold the option. Whatever value is greater defines

the optimal strategy for that asset value.

The optimal moment to exercise the option, i.e., the optimal stopping time, such that

the expected profit is maximized, is given by the first moment the value of the underlying

asset enters the optimal stopping domain (see Chow, Robbins, and Siegmund (1971), and

Shiryaev (1978)). Consequently the optimal moment to exercise is a so called first hitting

time or a first passage time.

1.4 Optimal stopping domains for American type options

As described above, the optimal moment to exercise the option is equal to the first time

the price of the underlying asset enters the optimal stopping domain.

Hence, for each moment 0 ≤ n ≤ N , we need to know which prices are in the optimal

stopping domain and which are not. That is, we need to know the structure of the optimal

stopping domains.

The structure of the optimal stopping domains and the boundary of the domains for

the standard American put and call options has been studied in, e.g., Van Moerbeke

(1976), Kim (1990), Jacka (1991), Carr, Jarrow, and Myneni (1992), Myneni (1992),

Shiryaev (1994), and Broadie and Detemple (1999). These studies were motivated by

the problem of pricing the option. Since the American option can be exercised early

this feature must be included into the problem of pricing the option and, therefore, it is

important to understand the structure and the properties of the optimal stopping domains

and the optimal stopping boundary.

For the standard American call option in a discrete time model, where the underlying

asset follows a geometric random walk with log-normal increments, the optimal stopping

domains have the structure given in Figure 3.

As seen in Figure 3, the stopping domain for each moment n is a semi-infinite interval.

Consequently, at each moment n, there exists a threshold value dn of the underlying asset

such that the option is exercised optimally for every asset value greater than or equal to

dn. The value dn is some times called the critical value or the critical price.

8
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Figure 3: Example of the structure of the optimal stopping domains

(black) for a standard American call option in a discrete time model

where the option can be exercised at any moment n = 1, . . . , 50. The

strike price K = 25 is marked with the dashed line. The underlying

asset follows a geometric random walk with log-normal increments.

5 10 15 20 25 30 35 40 45 50
0

10

20

30

40

50

60

70

Days

A
ss

et
 p

ric
e

Figure 4: Example of the structure of the optimal stopping domains

(black) for a standard American put option in a discrete time model

where the option can be exercised at any moment n = 1, . . . , 50, which

is the expiration date. The strike price K = 50. The underlying asset

follows a geometric random walk with log-normal increments.
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The structure of the optimal stopping domains for a standard put option in a discrete

time model, where the underlying asset follows a geometric random walk with log-normal

increments, is shown in Figure 4. Also for the standard American put option there exist

a critical value dn for each moment n. But for the put option all values less than or equal

to dn are in the optimal stopping domain.

Due to the early exercise feature there exist in general no analytical solutions to the

pricing problem of American type options. However, if the structure of the optimal

stopping domains is known, different numerical procedures, such as the Monte Carlo

method, can be applied to calculate the price of the option.

The knowledge of the structure of the optimal stopping domains can also be used in

Monte Carlo algorithms to analyze different characteristics of the early exercise, such as,

the average exercise time and the probability of early exercise.

1.5 Description of the studies

In this thesis we study the discrete time optimal stopping problem for the holder of an

American type option that can be exercised at moments n = 0, 1, . . . , N . The value of

the underlying asset follows a discrete time stochastic process.

The thesis contains the results of five papers covering two different topics in connection

with the discrete time optimal stopping problem. The first topic, the structure of the

optimal stopping domains, is presented in Paper A to Paper D. The second topic, the

convergence of the reward functions, is presented in Paper E.

1.5.1 The structure of the optimal stopping domains

The structure of the optimal stopping domains for more complicated payoff functions than

the standard payoff functions (1) and (2), such as, the piecewise linear payoff function

given in Figure 2, is studied in the first part of the thesis. For this rather simple function

the optimal stopping domains can have a more complicated structure than the stopping

domains for the standard call payoff function (1) given in Figure 3. An example is given

in Figure 5.

In particular, we give local conditions on the payoff functions such that the optimal

stopping domains have the same one-threshold structure as the standard payoff functions’

stopping domains.

In Paper A, we give examples of optimal stopping domains for different types of convex

10



non-decreasing payoff functions, e.g., piecewise linear, stepwise, and quadratic. The price

of the underlying asset follows the geometric random walk with log-normal increments

given in (5) and the optimal stopping domains are generated by Monte Carlo simulations.

The results show that the structure of the optimal stopping domains depends on the

choice of payoff function. For the simplest piecewise linear payoff function (with two

intervals with different slopes) the optimal stopping domains may have the structure

shown in Figure 5. Also for a stepwise payoff function with M intervals with different

constant payoff values the optimal stopping domains may be unions ofM disjoint intervals.

However, for the quadratic payoff function the structure of the optimal stopping domains

is equivalent to the structure corresponding to the standard payoff function.
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Figure 5: An example of the structure of the optimal stopping domains

for a piecewise payoff function with two strike prices K1 and K2 in a

discrete time model where the option can be exercised at any moment

n = 1, . . . , 50. The underlying asset follows a geometric random walk

with log-normal increments.

In Paper A, we also present an analysis of classification errors. A classification error

occurs when an asset value belonging to the optimal stopping domain is identified to be-

long to the continuation domain, or the other way around, by the Monte Carlo algorithm.

It is shown that the highest probability to make a classification error is for asset values

close to the optimal stopping boundary and far away from the expiration date.

In Paper B, both theoretical and experimental studies of the structure of the optimal

stopping domains for American type call options are presented. Sufficient local conditions,
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connecting the payoff and the expected payoff from two sequential moments, for the

optimal stopping domains to have a one-threshold structure are given. In the paper, the

price process is a discrete time Markov process with multiplicative increments. The payoff

functions are non-decreasing and convex. A sufficient condition for the existence of a one-

threshold structure for a piece-wise linear payoff function is given explicitly. It is shown,

by experimental results, that the one-threshold structure of the stopping domain can

switch to a more complex structure, a union of two disjoint intervals, when the sufficient

condition is violated.

In Paper C and Paper D, the results given in Paper B are extended, under the as-

sumption that the underlying asset follows a general discrete time Markov processes, such

that the asset value Sn at moment n is a function of the asset value at moment n − 1

and a random variable Yn, i.e., Sn = An(Sn−1, Yn), where An(x, y) is a deterministic

function. In these two papers the sufficient conditions for the stopping domains to have

a one-threshold structure are given for convex payoff functions that are non-increasing

(corresponding to put type options) and non-decreasing (call type options) in Paper C

and Paper D, respectively.

Two examples are given where the conditions are applied to the standard linear payoff

function and to a piecewise linear payoff function of a put option. In both examples the

underlying asset follows either the binomial model or the geometric random walk with

log-normal increments.

1.5.2 Convergence of the reward functions

In the last paper, Paper E, convergence results for the reward functions for discrete time

optimal stopping problems corresponding to a family of American type options in discrete

time markets are presented. The underlying price processes are inhomogeneous Markov

processes and the payoff functions are time inhomogeneous monotone functions.

Using backward recursive analysis the paper studies the convergence of the reward

functions, and the weak convergence of the reward processes and of the finite dimensional

distributions of the reward processes, under the assumption that the transition probabil-

ities of the price processes and the payoff functions depend on some “perturbation”, and

converge to the corresponding “unperturbed” limit quantities as the perturbation tends

to zero.

The paper ends with an application to an American type option in a continuous time

Binomial market.
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2 American type options and optimal stopping in

discrete time

Let us assume that the option can only be exercised at a finite number of moments

n = 0, 1, ..., N until the expiration date. Despite American type options can be exercised

at any time between 0 and the expiration, this assumption is reasonable. At any moment

when the holder would like to exercise the option he must observe the price of the under-

lying asset before making the decision. To assume that the holder can observe the price

continuously is technically and economically not reasonable, since each observation takes

time to do and costs some amount of money.

Let rn ≥ 0 be the riskless interest rate valid between moments n − 1 and n, n =

1, 2, ..., N . Throughout the thesis the interest rate will be deterministic.

We will denote the value of the underlying asset at moment n by Sn, n = 0, 1, ..., N .

The holder of an American type option can at each moment n decide whether to

exercise, and receive the payoff g(Sn), or to hold the option until next moment n+ 1. To

make the decision the holder has only the information available at moment n, and has no

possibility to look into the future.

In the present section we formulate the optimal stopping problem and describe the so-

lution procedure. A description of different approaches to valuate American type options

is given in Section 2.5 to show the connection between the optimal stopping problem of

the holder and the valuation of the option. In particular, the structure of the optimal

stopping domains and the optimal stopping boundary are of importance for pricing Amer-

ican type options. In Section 2.5 a review of the main results about the structure of the

optimal stopping domains and the optimal stopping boundary is given. A review of the

literature on the convergence of reward functions and option prices is given in Section 2.6.

The present section ends with a description of the main problems studied in the thesis.

2.1 Markovian asset price evolution

Section 1.2 presented discrete time models for the price of the underlying asset based on

the geometric random walk. These processes are all examples of Markov processes.

In this thesis we assume that the evolution of the price of the underlying asset follows

a discrete time Markov process with a phase-space R
+ = [0,∞). Underneath our model

we have fixed a probability space (Ω,F , P ), where Ω is the set of all possible states of the
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world, F is a σ-algebra of subsets of Ω, and P is a probability measure defined on F .

A Markov process is a process with the so called Markovian property :

The future value Sn+1 of the process depends on the past values S0, S1, ..., Sn−1,

only through the present value Sn.

Thus, the transition probability that Sn+1 ≤ a, given the path of the past prices

S0 = s0, ..., Sn = sn, depends only on the present price Sn = sn, i.e.,

P{Sn+1 ≤ a|S0 = s0, ..., Sn = sn} = P{Sn+1 ≤ a|Sn = sn}. (8)

The Markov process is homogeneous in time (or stationary) if the transition probabil-

ities are independent of n, i.e.,

P{Sn+1 ≤ a|Sn = s} = P{S1 ≤ a|S0 = s} , for n = 0, 1, . . . . (9)

In general, if the Markov process is homogeneous in time, we can describe the evolution

of the process in the following dynamical form

Sn+1 = A(Sn, Yn+1), (10)

where A : R
+ ×R → R

+, A(x, y) is a measurable function and Y1, Y2, . . . is a sequence of

independent identically distributed real-valued random variables.

One example of A(x, y) is the multiplicative function

Sn = A(Sn−1, Yn) = Sn−1Yn,

where Y1, Y2, . . . is a sequence of non-negative real-valued random variables. That is, the

prices follows a geometric random walk. If Yn is log-normal, then we have the geometric

random walk given in (5).

If the transition probability given in (8) depends on n, the Markov process is said to

be time inhomogeneous (or non-stationary). Time inhomogeneous Markov processes can

be described in the dynamical form

Sn+1 = An+1(Sn, Yn+1), (11)

where An : R
+ × R → R

+, An(x, y) is a measurable function and Y1, Y2, . . . is a sequence

of independent real-valued random variables.

14



2.2 Time inhomogeneous and non-standard payoff functions

As seen in Section 1.1 the payoff functions for standard American options, (1) and (2),

are fixed during the life time of the option.

Throughout the thesis we assume that the payoff functions of the options are time

inhomogeneous, that is, they can change with time, and denote the payoff function at

moment n, n = 0, 1, ..., N , by

gn : R
+ → R

+.

In particular we study general non-negative and monotone payoff functions.

Example 3. Time inhomogeneous standard American call payoff functions. For

the standard American call option we can let the strike price K vary over time such that

the payoff function will be

gn(s) = [s−Kn]
+,

where Kn is the strike price at moment n.

Another way of modifying the payoff function is to multiply the standard payoff func-

tion with a time varying coefficient an > 0 such that

gn(s) = an[s−K]+.

We can, of course, combine these two cases such that

gn(s) = an[s−Kn]
+. (12)

Equivalent modifications of the put payoff function (2) can be made.

We can also consider other types of payoff functions than the standard payoff functions

given in (1), (2) and the modified time inhomogenous versions given in Example 3.

Example 4. Time inhomogeneous piecewise linear payoff functions. A piecewise

linear payoff function for an American type call option can have the following form

gn(s) =















0, if s ≤ Kn,1,

an,1(s−Kn,1), if Kn,1 < s ≤ Kn,2,

an,1(Kn,2 −Kn,1) + an,2(s−Kn,2), if s ≥ Kn,2,

(13)

where an,1 and an,2 are non-negative and 0 ≤ Kn,1 ≤ Kn,2 are the strike prices.

Figure 2 shows an example of a piecewise linear payoff function for a call option with

strike prices Kn,1 = 30 and Kn,2 = 70 and coefficients an,1 = 1 and an,2 = 3/2.
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An American type put option can have a piecewise linear payoff function such as

gn(s) =















an,1(Kn,1 − s) + an,2(Kn,2 −Kn,1), if 0 ≤ s ≤ Kn,1,

an,2(Kn,2 − s), if Kn,1 ≤ s ≤ Kn,2,

0, if s > Kn,2.

(14)

Note that the piecewise linear payoff functions (13) and (14) can be interpreted as

the payoff of a portfolio of two options of the same type written on the same underlying

asset, with different strike prices, exercised simultaneously. In this case, for the call option

an,1 and an,2 − an,1 is the number of units of the option with strike price Kn,1 and Kn,2,

respectively, in the portfolio. For the put option, an,1 − an,2 and an,2 is the number of

units of the option with strike price Kn,1 and Kn,2, respectively, in the portfolio.

We can, of course, have piecewise linear payoff functions with more than two strike

prices, i.e., portfolios with more than two options.

2.3 Optimal stopping

2.3.1 Formulation of the problem

The problem of finding the optimal moment to exercise the option is a discrete time

optimal stopping problem. We are given a set of moments {0, 1, . . . , N} where we can

chose to stop or to continue one step more. At each moment n we observe the price of

the underlying asset and make a decision to stop or to continue. If we stop at moment

n and exercise the option we receive the payoff gn(sn). If we continue, we make a new

observation at moment n+ 1.

In the optimal stopping problem we would like to find the optimal moment τopt to

exercise such that the expected present value of the payoff is maximized. Hence, we

would like to maximize, over all admissible exercise moments τ , the functional

Φg(τ) = Ee−Rτ gτ (Sτ ), (15)

where Rτ = r1 + ...+ rτ is the accumulated risk free interest rate up to moment τ .

2.3.2 Stopping times

We first have to describe the admissible exercise moments.

A stopping time, or a finite Markov time, τ for the price process (Sn) is a finite positive

random variable with the following property:
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The event {τ = n} is determined by the random variables S0, ..., Sn only.

That is, the event {ω : τ(ω) = n} ∈ σ[S0, S1, . . . , Sn], where σ[S0, S1, . . . , Sn] is the

σ-algebra generated by the path of the price process up to moment n.

Thus, we can only use the information available at moment n to decide if τ = n. We

are not allowed to look into the future.

The optimal moment to stop is found in the class of all stopping times for the price

process (Sn) less than or equal to N . Denote byM0,N the class of all admissible stopping

times for the process (Sn) less than or equal to N . That is, M0,N is the class of all

stopping times τ such that for all ω ∈ Ω, 0 ≤ τ(ω) ≤ N , and for every n, the event

{ω : τ(ω) = n} ∈ σ[S0, S1, . . . , Sn].

Hence, the optimal stopping time τopt maximizing (15) is given by

Φg(τopt) = sup
τ∈M0,N

Ee−Rτgτ (Sτ ). (16)

2.3.3 Backward induction, optimal stopping domains, and optimal stopping

time

Backward induction (or dynamic programming) is usually used to solve the maximization

problem (16), see, e.g., Chow, Robbins, and Siegmund (1971), and Shiryaev (1978).

We begin by defining the optimal strategy at moment N , the expiration date. Since

the option will be worthless after the expiration date the optimal strategy will be defined

as follows. If the payoff gN(s) is greater than zero, then the option is exercised. If the

payoff is zero then the option is thrown away without being used. Thus, whatever happens

we stop.

After we have defined the optimal strategy at N we take one step backwards in time

to moment N − 1. To find the optimal strategy at moment N − 1, we compare the value

of the payoff if the option is exercised at N − 1 with the expected discounted value of

the optimal strategy defined for moment N . If the payoff is greater than or equal to the

expected discounted value of the optimal strategy at moment N , it is optimal to stop.

Otherwise, we should continue to N and follow the optimal strategy already defined.

Thus, we can by this procedure divide the asset prices at moment N −1 into two sets,

the optimal stopping domain and the continuation domain.

Let us assume that we have already found the optimal strategies for n+1, ..., N−1, N .

To find the optimal strategy at moment n, we compare the payoff if the option is exercised

immediately with the expected discounted value of the optimal strategy already found for
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moment n+ 1. If the payoff is greater than or equal to the expected discounted value of

the optimal strategy at n + 1, it is optimal to stop. Otherwise, it is better to continue

until n+ 1 and follow the optimal strategy for n+ 1.

We define the reward function wN−n(s) at moment n to be the value of the optimal

strategy at moment n given that the asset price Sn = s. If it is optimal to exercise

the option at moment n for the asset price Sn = s, then wN−n(s) = gn(s). Otherwise,

the reward function is equal to the expected discounted value of the optimal strategy at

moment n+ 1 given that Sn = s.

Consequently, the set of asset prices such that it is optimal to stop at moment n, the

so-called optimal stopping domain for moment n, is defined by

Γn = {s ≥ 0 : wN−n(s) = gn(s)},

i.e., the set of asset prices at moment n such that the value of the optimal strategy is

equal to the payoff.

The complement to the optimal stopping domain is the continuation domain

ΓC
n = R

+ \ Γn = {s ≥ 0 : wN−n(s) > gn(s)},

i.e., the set of asset prices at moment n such that the value of the optimal strategy is

strictly greater than the payoff.

As said above, we begin the backward induction with defining the optimal strategy

at moment N . This is the expiration date and since the option will not exist after N we

define the value of the optimal strategy to be equal to the payoff of the option for all asset

prices. That is, we define the reward function w0,

w0(s) = gN(s),

for all s ≥ 0. Consequently, the optimal stopping domain

ΓN = [0,∞).

Note that the optimal stopping domain at the expiration date includes all values of

the underlying asset. This should not be interpreted as the option is exercised at the

expiration date regardless of the value of the underlying asset. The option should, of

course, only be exercised if the payoff gN(SN) is greater than zero. Otherwise the option

should be thrown away without being used. Thus, the optimal stopping domain is not

equal to the exercise domain at the expiration date.
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To find the optimal strategy at moment N − 1 we compare, for every s ∈ [0,∞), the

payoff if we exercise the option gN−1(s) with the conditional expected discounted reward

at moment N given that SN−1 = s. Hence, for every s ∈ [0,∞), the reward function is

defined by

w1(s) = max
{

gN−1(s), E[e−rNw0(SN)|SN−1 = s]
}

,

where rN ≥ 0 is the risk free interest rate valid between N − 1 and N .

The optimal stopping domain at moment N − 1 is by definition

ΓN−1 = {s : w1(s) = gN−1(s)} =
{

s : E[e−rNw0(SN)|SN−1 = s] ≤ gN−1(s)
}

.

After finding the optimal strategy at moment N − 1 we continue to moment N − 2.

For each asset price s ∈ [0,∞) we compare the value of the payoff gN−2(s) if we exercise

the option with the expected discounted value of holding the option until moment N − 1

and follow the optimal strategy already defined for moment N − 1 given that SN−2 = s.

We will, therefore, have the following reward function

w2(s) = max
{

gN−2(s), E[e−rN−1w1(SN−1)|SN−2 = s]
}

,

where w1(SN−1) = gN−1(SN−1) if SN−1 ∈ ΓN−1, and w1(SN−1) = E[e−rNw0(SN)|SN−1] if

SN−1 ∈ ΓC
N−1.

The optimal stopping domain at moment N − 2 is by definition

ΓN−2 = {s : w2(s) = gN−2(s)} .

By continuing this induction reasoning we can define the reward functions and the

optimal stopping domains for all moments N − 3, ..., 1, 0.

By construction, the reward function at moment 0 is the value of the optimal strategy

at moment 0, given that the price process starts at s0.

Hence

wN(s0) = Φg(τopt).

Furthermore, the optimal stopping time is given by

τopt = min{0 ≤ n ≤ N : Sn ∈ Γn}, (17)

that is, τopt is the first moment the asset price enters the optimal stopping domain (see,

e.g., Chow, Robbins, and Siegmund (1971) and Shiryaev (1978)). Hence, the optimal

stopping time is a so called first hitting time or first passage time.
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The first hitting time structure of the optimal stopping time implies that at any

moment n, the optimal decision to stop and exercise or to wait should be based on the

value Sn only and should not depend on the past values S0, ..., Sn−1.

Note that the reward process (wN−n(Sn)) is the Snell envelope of the discounted

payoff process
(

e−Rngn(Sn)
)

, that is, it is the smallest supermartingale (Zn) such that,

for every n, Zn ≥ e−Rngn(Sn). (A discrete time Markov process (Zn) is a supermartingale

if E{Zn+1|Z0, . . . , Zn} ≤ Zn.)

Denote by Mn,N the class of all admissible stopping times for the process (Sn) such

that n ≤ τn ≤ N . From the general theory of optimal stopping we also have that

wN−n(Sn) = ess sup
τn∈Mn,N

E
[

e−Rτngτn(Sτn)| Sn

]

(P−a.s.), (18)

where Rτn = r1 + . . .+ rτn .

The essential supremum of a family M of random variables defined on (Ω,F , P ) is a

random variable η = ess supξ∈M ξ such that: (a) P (η ≥ ξ) = 1 for all ξ ∈ M; (b) if η̃ is

another random variable such that P (η̃ ≥ ξ) = 1 for all ξ ∈M, then P (η̃ ≥ η) = 1.

Moreover, the optimal stopping time τn maximizing (18) exists and is given by

τn = min{n ≤ k ≤ N : Sk ∈ Γk}.

As shown above, the optimal stopping domains are defined using the reward func-

tions. However, the definition is too inexplicit and gives no information about the actual

structure of the optimal stopping domains. Thus, we cannot, for example, describe how

the structure depends on the properties of the payoff functions.

2.4 Pricing of American options

To find the fair price of an American type option the early exercise feature has to be

taken under consideration. This makes the valuation of American type options much

more complicated than the valuation of European options, since in the latter case the

option can be exercised at maturity only.

This section gives a short review of the basic approaches to price American type

options, without any attempt to be complete. The main idea is to show the connection

between the optimal stopping theory presented above and the valuation of the options.

The section begins with a summary of some of the main principles of pricing financial

derivatives to initiate those readers whom are not familiar with the theory.
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There are several books on the subject of mathematical finance and pricing of fi-

nancial derivatives, for example, Pliska (1997), Shiryaev (1999), Karatzas and Shreve

(2001), Björk (2004), Föllmer and Schied (2004), Shreve (2004a, 2004b), and Musiela and

Rutkowski (2005).

2.4.1 Risk-neutrality

A key concept in valuation of any financial derivative is that the fair price should not

create arbitrage opportunities. Arbitrage opportunities are defined using so called self-

financing strategies. A trading strategy is a strategy used by an investor to rebalance

an investment portfolio consisting of the assets traded on the market. A self-financing

trading strategy is a trading strategy where no money is added to or withdrawn from the

portfolio during the lifetime of the investment. Hence, any changes in the portfolio’s value

during the lifetime of the investment is due to a gain or a loss in the investment.

Let πN be a self-financing trading strategy with maturity at moment N , and let V πN
n

denote the value of πN at moment n. The trading strategy πN is said to be an arbitrage

opportunity at moment N if

(i) V πN
0 = 0;

(ii) V πN
N ≥ 0 (P − a.s.);

(iii) P (V πN
N > 0) > 0.

Thus, a self-financing trading strategy is an arbitrage opportunity if starting with

zero value the portfolio has a nonnegative value at the maturity of the investment with

probability one, and with positive probability the value is positive.

The First fundamental asset pricing theorem gives the necessary and sufficient

condition for a market to be arbitrage-free:

A financial market is arbitrage-free if and only if there exists a risk-neutral

(or equivalent martingale) probability measure.

A risk-neutral probability measure Q, also called an equivalent martingale measure, is a

transformation of the original (historical) probability measure P such that it is equivalent

to P and the discounted price process
(

e−RnSn

)

is a martingale under this transformed

measure, i.e., EQ {e
−Rn+1Sn+1| e

−RnSn} = e−RnSn for all n. (Two probability measures

P and Q, defined on the same measurable space (Ω,F), are equivalent if P (A) = 0
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if and only if Q(A) = 0, A ∈ F , i.e., the two measures agrees about which events

are improbable. A discrete time Markov process (Zn) is a martingale if, for every n,

E{Zn+1|Z0, . . . , Zn} = Zn.)

Note that the First fundamental asset pricing theorem does not say anything about

the uniqueness of the risk-neutral probability measure.

The uniqueness of the risk-neutral probability measure is closely related to the concept

of completeness of a financial market. Before defining what it means that a market is

complete we need the notion of attainable or marketable contingent claims.

A contingent claim XN is a random variable that represents the payoff at time N

of some financial contract (e.g. an European type option) with maturity N . A contin-

gent claim is attainable or marketable if there exists a self-financing trading strategy πN

replicating the contingent claim, that is, at maturity N , V πN
N = XN (P − a.s.).

We can now define what a complete market is:

A financial market is complete if every contingent claim can be replicated.

A market that is not complete is said to be incomplete.

An example of a complete discrete time model is the Binomial model, and a complete

continuous time model is the geometric Brownian motion. The trinomial tree model is

an example of an incomplete discrete time model.

The Second fundamental asset pricing theorem gives the necessary and sufficient

condition for the uniqueness of the risk-neutral measure:

A financial market is complete and arbitrage-free if and only if there exists a

unique risk-neutral (or equivalent martingale) probability measure.

Thus, in an incomplete arbitrage-free market there are more than one risk-neutral

probability measure. Let P(P ) denote the collection of risk-neutral probability measures

equivalent to P .

In an incomplete market the contingent claim is attainable if and only if the expected

discounted payoff at moment N , EQ e−RNXN , takes the same value for every risk-neutral

probability measure Q ∈ P(P ).

For American type options the question about attainability becomes more complicated

since we have to create a self-financing strategy that replicates the payoff of the option

for any admissible stopping moment τ . The following is however true:
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An American option is attainable if and only if, for every admissible stopping

time τ , the expected discounted payoff EQ e−Rτ gτ (Sτ ) takes the same value for

every risk-neutral probability measure Q ∈ P(P ).

That is, the option is attainable if and only if there exists a unique arbitrage-free price.

Since this holds if there exists only one risk-neutral probability measure, every American

option is attainable in a complete market.

2.4.2 The arbitrage pricing method

One approach to value an American type option is to use a hedging strategy, i.e., invest-

ment and consumption strategy that replicates the payoff of the option. This approach is

based on the seller’s ability to protect himself from future liabilities to the option holder.

It is important that the constructed strategy replicates the option’s payoff at any admis-

sible stopping time τ . Since the strategy replicates the option’s payoff, the option and the

strategy must have the same value at any time. Otherwise there would exist an arbitrage

opportunity.

2.4.3 The optimal stopping strategy of the holder

Another approach is to solve the optimal stopping problem of the holder of the option,

i.e., to find the holder’s optimal exercise strategy.

The arbitrage-free price of the American option in a complete market is in this case

found by solving the optimal stopping problem

Φg(τopt) = sup
τ∈M0,N

EQ e−Rτ gτ (Sτ ), (19)

where the expectation is with respect to the unique risk-neutral probability Q.

Therefore, since wN(s0) = Φg(τopt) and the reward functions are defined recursively,

wN(s0) is the time zero value of the option if the expectations in the reward functions are

with respect to the unique risk-neutral probability measure.

Moreover, the discounted value of the option at moment n is given by the Snell envelope

wN−n(Sn) = ess sup
τn∈Mn,N

EQ

[

e−Rτngτn(Sτn)| Sn

]

(Q− a.s.), (20)

under the condition that the expectation is with respect to the unique risk-neutral prob-

ability measure Q.
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Pricing an American option that is not attainable in an incomplete market becomes

more complicated, since there exists no unique risk-neutral probability measure and no

unique arbitrage-free price. Instead we have a collection of arbitrage-free prices.

We can at least say that the time zero value of the option will be less than or equal

to the upper price

sup
Q∈P(P )

sup
τ∈M0,N

EQ e−Rτ gτ (Sτ )

and greater than or equal to the lower price

inf
Q∈P(P )

sup
τ∈M0,N

EQ e−Rτgτ (Sτ ).

In continuous time models the continuous time optimal stopping problem (19) can by

formulated as a free boundary value problem using partial differential equations.

In the free boundary value method, the value of the American option is defined in two

different ways depending on whether the value of the underlying asset is in the stopping

region or in the continuation region. In the stopping region the option is exercised and

the value is equal to the payoff. In the continuation region the option is alive and the

value is given by a partial differential equation.

By solving the partial differential equation under suitable terminal and boundary

conditions, the value of the (live) American option can be determined as a function of

the early exercise boundary. Unfortunately the boundary is unknown (that is why it is

called the free boundary value problem) and, therefore, has to be found simultaneously

as solving for the value of the option.

2.4.4 The early exercise premium representation

The connection between the value of an American option and the early exercise boundary

(and the optimal stopping domains) are clearly visible in the so called early exercise

premium representation of the American option’s value.

The representation, given in Kim (1990), Jacka (1991), and Carr, Jarrow, and Myneni

(1992), expresses the value of the American call (put) option as the sum of the value of

an European call (put) option and the so called early exercise premium, i.e.,

CAM(St, dt, K, T ) = CEU(St, K, T ) + e(St, dt), 0 ≤ t ≤ T,

where CAM(St, dt, K, T ) is the value of the American call, CEU(St, K, T ) is the value of

an European call written on the same underlying asset and with the same strike price K
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and expiration date T as the American option, and e(St, dt) is the early exercise premium.

The early exercise premium is a function of the early exercise boundary dt and the value

of the underlying asset St. However, since the early exercise boundary is unknown, it is

defined implicitly by a recursive integral equation.

In Salminen (1999), the early exercise premium representation for standard American

put options is derived using an alternative technique, developed in Salminen (1985), and

based on the representation theory of excessive functions.

A discrete time version of the early exercise premium representation for a discrete time

standard American put option is derived in Iwaki, Kijima, and Yoshida (1995), when

the underlying price process is a Markov process with time homogeneous independent

increments.

2.4.5 Numerical approximations

Since there is a lack of analytical solutions of the value of American options several differ-

ent types of numerical procedures to solve the problem have been proposed, e.g., binomial

or multimnomial tree methods, finite difference methods and Monte Carlo methods. We

refer to Broadie and Detemple (1996), Rogers and Talay (1997), Kwok (1999), Glasserman

(2003), and Hull (2006), for a review of numerical methods in finance.

The Monte Carlo method is the approach to approximate the maximization problem in

(16) best fitted in the context of the present thesis. Due to its flexibility the Monte Carlo

method is very useful. We can, for example, use it to investigate options with complicated

payoff functions or complicated price processes. Using Monte Carlo methods we can also

estimate the average exercise time, the probability of early exercise, the probability that

the option is ever exercised and other characteristics concerning holding the option.

The critical point in valuing American options with Monte Carlo methods is, just as

for any other method, that it is necessary to know the structure of the optimal stopping

domains and the optimal stopping boundary.

See Boyle, Broadie, and Glasserman (2001), and Glasserman (2003) for recent re-

views of Monte Carlo methods in option pricing. See also and Basso, Nardon, and Pi-

anca (2002a) and the references therein. Examples of Monte Carlo algorithms using the

knowledge of the structure of the optimal stopping domains can be found in Silvestrov,

Galochkin, and Sibirtsev (1999) and Silvestrov, Galochkin, and Malyarenko (2001).
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2.5 Structure of the optimal stopping domains

In Section 2.4 we saw that the valuation of American type options implies studies of

the structure of the optimal stopping domains and the properties of the early exercise

boundary.

In this section we will give a short review of the main results known about the optimal

stopping domains and the optimal stopping boundaries of American type options.

Most of the results about the structure of the stopping domains and the early exercise

boundary are based on continuous time models.

2.5.1 Standard American options

The two main properties known about the optimal stopping domains for standard Amer-

ican call options (see Example 1) are:

C1. Up-connectedness : if s ∈ Γt, then s′ ∈ Γt for every s′ ≥ s.

C2. Right-connectedness : if s ∈ Γt, then s ∈ Γt′ for every t′, 0 ≤ t ≤ t′ ≤ N.

Up-connectedness means that if an asset price at moment t is in the optimal stopping

domain, then all asset prices above this asset price are also in the optimal stopping domain.

This property is presented in Broadie and Detemple (1999) for an asset price evolution

based on a (risk-neutral) geometric Brownian motion.

Note that the up-connectedness property is imposed on the optimal stopping domain

by the definition of the early exercise boundary used in the free boundary formulation

given in Section 2.4.4. In Broadie and Detemple (1999), this property is proved using the

arbitrage pricing method with consumption and investment portfolios.

Right-connectedness means that if an asset price s at moment t is in the optimal

stopping domain Γt, then s is in the optimal stopping domains for all moments t′, such

that t ≤ t′ ≤ N . This property is presented in Broadie and Detemple (1999) for a

(risk-neutral) geometric Brownian motion.

The right-connectedness property can be formulated in the following equivalent ways

for any moments t and t′, such that 0 ≤ t ≤ t′ ≤ N :

Γ0 ⊆ Γt ⊆ Γt′ ⊆ ΓN

and

ΓC
0 ⊇ ΓC

t ⊇ ΓC
t′ ⊇ ΓC

N .
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In discrete time this property, known from the general theory of discrete time optimal

stopping (see Shiryaev (1978)), holds for time homogeneous Markov chains and can be

expressed as

Γ0 ⊆ Γ1 ⊆ . . . ⊆ ΓN

and

ΓC
0 ⊇ ΓC

1 ⊇ . . . ⊇ ΓC
N .

In fact, this is true for homogeneous Markov chains which can take any value in

the phase space at every moment n = 0, 1, . . . , N . (See the discussion below about the

stopping domains for the American put option in the Binomial model.)

The following two properties for the optimal stopping boundary are interesting:

C3. The optimal stopping boundary is non-increasing in time, i.e., for every t and t′

such that 0 ≤ t ≤ t′ ≤ N :

d0 ≥ dt ≥ dt′ ≥ dN .

C4. If the model of the underlying asset has continuous (in time) trajectories, then the

optimal stopping boundary dt is continuous in time.

Property C3, the optimal stopping boundary is non-increasing, is presented in Van

Moerbeke (1976) for a geometric Brownian motion and in Kim (1990) for a risk-neutral

geometric Brownian motion.

The non-increasing property of the optimal stopping boundary is equivalent to the

right-connectedness of the optimal stopping domain, property C2, if property C1 holds.

Property C4 is presented in Van Moerbeke (1976) (it is actually proved that the

boundary was continuously differentiable) and in Kim (1990). The continuity of the

stopping boundary follows from the continuity of the trajectories of the price of the

underlying asset, hence, the continuity of the optimal stopping boundary is, of course,

only true for continuous time models with continuous trajectories such as the geometric

Brownian motion.

The up- and right-connectedness properties of the optimal stopping domains and that

the optimal stopping boundary is non-increasing for standard American call options are

illustrated in Figure 3 for a discrete time geometric random walk with log-normal incre-

ments.

The two main properties known about the optimal stopping domains for standard

American put options (see Example 2) are:
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P1. Down-connectedness : if s ∈ Γt, then s′ ∈ Γt for every s′ ≤ s.

P2. Right-connectedness : if s ∈ Γt, then s ∈ Γt′ for every t′, 0 ≤ t ≤ t′ ≤ N.

The down-connectedness follows from the definition of the early exercise boundary

used in the free boundary formulation (see Merton (1973)). The down-connectedness of

the optimal stopping domain is proved in Jacka (1991) by showing that the continuation

domain is up-connected.

The right-connectedness is equivalent with property C2 for call options (see Kim

(1990)).

The following two properties of the optimal stopping boundary for American put

options are interesting:

P3. The optimal stopping boundary is non-decreasing in time, i.e., for every t and t′

such that 0 ≤ t ≤ t′ ≤ N :

d0 ≤ dt ≤ dt′ ≤ dN .

P4. If the model of the underlying asset has continuous (in time) trajectories then the

optimal stopping boundary dt is continuous in time.

The non-decreasing property of the optimal stopping boundary is presented in van

Moerbeke (1976), Kim (1990), Jacka (1991), see also Myneni (1992).

The continuity property is presented in van Moerbeke (1976), see also Jacka (1991)

and Myneni (1992), and is identical to property C4 for American call options.

The properties of the optimal stopping domains and the optimal stopping boundary of

a standard American put option are illustrated in Figure 4 for a discrete time geometric

random walk with log-normal increments.

Other results about properties of the optimal stopping boundary can be found in

Barles, Burdeau, Romano, and Samsœn (1995), Kuske and Keller (1998), Touzi (1999),

Evans, Kuske, and Keller (2002), and Ekström (2004). In Ekström (2004), for example,

the stopping boundary for a standard American put option is proved to be convex in

time, as the underlying asset follows a risk-neutral geometric Brownian motion.

In this context we would like also to mention the paper by Janson and Tysk (2003)

where continuity, monotonicity, and convexity properties of option prices are studied.

For the binomial model the up-connectedness or down-connectedness exists. However,

the boundary is in general not non-increasing or non-decreasing, i.e., neither dn ≥ dn+1

nor dn ≤ dn+1 for all n = 0, 1, . . . , N . This is due to the fact that from each price Sn the
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price at moment n+1 can take only two values, either Sn+1 = uSn or Sn+1 = dSn, where

0 < d ≤ 1 ≤ u. In the paper by Kim and Byun (1994), the optimal exercise boundary

for an American put option in a Binomial model is studied. They show that the optimal

exercise boundary is non-decreasing as the option approaches the expiration date, but

there exist saw-toothed shapes superimposed in the general increase. Their results imply

that one and only one of the following is true for n = 2, . . . , N : 1) dn−2 = dn > dn−1; 2)

dn−2 = dn < dn−1; 3) dn−2 < dn−1 < dn. Hence, the right-connectedness property does

not necessarily hold.

2.5.2 Dividends and the optimal stopping domains

In this section we will describe some results known about the structure of the early exercise

regions for the standard American option, i.e., an option with the time homogeneous

payoff functions given in (1) and (2), if the underlying asset pays dividends.

For the American call option written on an underlying asset paying continuous div-

idends with constant dividend yield, the structure of the optimal stopping domains has

the properties described above, i.e., up- and right-connectedness with non-decreasing and

continuous (if continuous model) boundary. See, e.g., Merton (1973), Kim (1990), Jacka

(1991), Broadie and Detemple (1999).

In fact, if the underlying asset does not pay dividends and the interest rates are posi-

tive, then the American call option will not be exercised optimally before the expiration

date. The result follows from the fact that the value of the American call is strictly larger

than the value of the payoff [s −K]+ for any value s ≥ 0 of the underlying asset in this

case. And since the option will be optimally exercised only for those values of the under-

lying asset such that the value of the option is equal to the payoff, the option will never

be optimally exercised earlier than the expiration date. (To see this in a complete discrete

time model, use the fact that
(

e−RnSn

)

is a Q-martingale and that 0 ≤ Rn ≤ Rn+1 for all

n, to prove that EQ [e−Rn+1(Sn+1−K)+|e−RnSn] ≥ e−Rn(Sn−K)+. Consequently, by the

definition of the reward functions wN−n(s) = EQ [e−rn+1wN−n−1(Sn+1)|Sn = s]. Hence,

τopt = N and Φ(τopt) = wN(s0) = EQ [e−RN (SN − K)+|S0 = s0]. Note that we here

consider the problem of optimal stopping under the risk-neutral probability measure. For

a more detailed discussion, see, e.g., Merton (1973), Pliska (1997), Kwok (1999), Föllmer

and Schied (2004), Hull (2006).)

This result implies that if the value of the underlying asset is significantly above the

strike price, i.e., the option is deep-in-the-money, and the holder believes that the value
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will fall until the expiration date, then it is better to sell the option than to exercise

it. Hence, there will exist optimal stopping domains based on the holder’s personal

market view and these domains will give recommendations for the holder to stop owning

the option. The practical decision to either sell or exercise should be based on what is

generating the largest profit.

Finally, in the case of discretely payed dividends, the American call option could be

optimally exercised just prior to the ex-dividend dates, i.e., just before the dividend is

payed, if the dividend is sufficiently large relative to the strike price, the value of the

underlying asset is above the exercise boundary and the ex-dividend date is close to the

expiration date (see, e.g., Kwok (1999)). Once again we point out that there exist optimal

stopping domains based on the holder’s preferences and that these domains will give the

recommendation to stop owning the option.

For an American put option written on an underlying asset paying continuous divi-

dends with constant dividend yield, the structure of the optimal stopping domains and

the early exercise boundary are equivalent to the structure corresponding to an American

put option written on an underlying asset without dividend payment. That is, properties

P1 - P4 hold in both cases. See, e.g., Kim (1990), Jacka (1991), Broadie and Detemple

(1999), Basso, Nardon, and Pianca (2002a, 2002b).

In the case of discretely payed dividends, the American put option is most likely to

be exercised at ex-dividend dates, i.e., just after the dividend is payed, or just prior to

the expiration date, or at very low values of the underlying asset (see Geske and Shastri

(1985), Omberg (1987) and Meyer (2002)).

Again the optimal stopping domains based on the holder’s preferences will give rec-

ommendations to stop holding the option. And these optimal stopping domains will not

necessarily coincide with the early exercise regions, just as in the two cases for the call

option mentioned above.

However, the optimal stopping problem where we consider both early exercise and re-

selling of the option is much more complicated, since we in this case have a two dimensional

optimal stopping problem. Furthermore, we have to create a stochastic model not only

for the value of the underlying asset but also for the market price of the option, since the

market price of the option could deviate from the theoretical price. The optimal stopping

problem considering both early exercise and re-selling is a problem for future research.
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2.5.3 Non-standard American options

In the studies of non-standard American type options it has been shown that the structure

of the optimal stopping domain may differ from the structure of the standard American

options. In this section we give some references to studies of non-standard American

options’ optimal stopping domains.

Properties of the optimal stopping boundary are derived for discrete time American-

Asian call options in Wu and Fu (2003), under the assumption that the price process is

Markovian. The payoff of an American-Asian call option is given by the standard payoff

function given in (1) with the current stock price replaced with the arithmetic average,

i.e.,

gn(s̄n) = [s̄n −K]+,

where s̄n = s0+s1+...+sn
n

, n = 1, . . . , N . For this type of options it is shown that the

boundary satisfies properties C1 - C3.

In Shriyaev (1999), the structure of the optimal stopping domains is studied for Amer-

ican type call options with time inhomogeneous payoff functions

gn(s) = an[s−K]+,

and put options with time inhomogeneous payoffs

gn(s) = an[K − s]+,

where 0 < a ≤ 1.

The evolution of the value of the underlying asset is assumed to follow the Binomial,

or Cox-Ross-Rubinstein, model with the Markov property.

Under these assumptions it is shown that, for 0 < a < 1, the structure of the optimal

stopping domains is equivalent with the structure of the optimal stopping domains for

the standard American call option, i.e., the up-connectedness property holds. For a = 1

we get the standard call option’s payoff and since there is no dividends we have the trivial

stopping problem τopt = N .

For the put option the down-connectedness property is verified.

In the paper by Broadie and Detemple (1999), the early exercise domains for American

call options with an upper bound on the payoffs, such as

g(s) = [s ∧ L−K]+,

where L is the cap (L > K) and x ∧ y = min(x, y), are investigated.
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The price process (St) is a geometric Brownian motion.

They show, for example, that the early exercise boundary for an option with constant

cap is

dL
t = L ∧ dt, 0 ≤ t ≤ N,

where dt is the early exercise boundary for an American uncapped call option (i.e., a

standard American call option) with the same maturity date and exercise price as the

capped option.

For options with growing caps, e.g., Lt = Leγt, where γ > 0 is the constant growth

rate, the early exercise boundary will be more complicated. See Broadie and Detemple

(1999) for details.

In Kukush and Silvestrov (2000, 2004) the structure of the optimal stopping domains is

analyzed for three different types of non-decreasing payoff functions: (a) inhomogeneous

in time analogue of the standard payoff function, see (12), (b) piecewise linear convex

functions, e.g., (13), and (c) general convex functions. The evolution of the asset price

is modelled by a two component inhomogeneous in time Markov process. Under general

conditions on the price process and the payoff functions, it is shown that the optimal

stopping domain for each moment is either an empty set, a single point or a semi-infinite

interval, for an inhomogeneous standard payoff function. For the piecewise linear convex

payoff function it is shown that the optimal stopping domain for each moment n is either

an empty set, a semi-infinite interval or a union of intervals. Finally, for a general convex

payoff function, it is described how an ε-optimal structure of the optimal stopping domains

can be found by approximating the convex function with a piecewise linear function.

The standard American option has a single underlying asset. There exists American

type options with several underlying assets, e.g., an option on the maximum (or minimum)

of the values of two assets. For this kind of options the optimal stopping domains will also

differ from the standard American option’s optimal stopping domains. See, e.g., Broadie

and Detemple (1997) and Villeneuve (1999) and references therein.

2.6 Convergence of American option values from discrete- to

continuous-time models

As described in Section 1.5.2 one topic of the present thesis is the convergence of the

reward functions for a family of American type options, which can be exercised at the

moments 0, 1, . . . , N , under the assumption that the “perturbed” transition probabilities
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and payoff functions converge to corresponding “unperturbed” limit quantities.

The convergence of different quantities of interest in finance, such as option prices

and hedging strategies, under the assumption that a sequence of discrete time models

converge to a continuous time model has been studied in a large number of papers. In

the monograph by Prigent (2003), the author gives a summary of the main results in the

area of weak convergence of financial markets.

In the present section we give a summary of some of the results concerning the conver-

gence of the value of American type options. We will also give references to convergence

results for general optimal stopping problems.

In the seminal paper by Cox, Ross, and Rubinstein (1979), it is shown that the value

of an European option in a binomial model converge to the value in the Black-Scholes

model, where the price process is a geometric Brownian motion, as the time between two

binomial jumps goes to zero. The convergence is proved using the Central Limit Theorem

for sequences of independent random variables, under the assumption that the parameters

of the Binomial model are chosen such that the model satisfies the Lyapunov condition.

The result is valid also for American call options when the underlying asset does not pay

any dividends.

Similar convergence results for American type call options when the underlying asset

pays dividends or American type put options are harder to prove since the option gives the

holder the right to exercise the option at any moment up to and including the maturity.

Thus, we have to study the convergence of the Snell envelopes given in (20).

The convergence of the critical prices, i.e., the early exercise boundary, is studied in

Lamberton (1993) for an American put with standard payoff function, for a sequence of

discrete time random walks approximating the geometric Brownian motion.

In the paper by Amin and Khanna (1994), the convergence of the time zero value of

an American option for a sequence of discrete time models to the time zero value of the

option in a continuous time model is studied, under the assumption that the sequence of

processes describing the value of the underlying asset converges weakly to a diffusion or a

diffusion with discrete jumps at fixed moments. For every integer n they divide the trading

interval of the option [0, T ] into n intervals of equal length. For each n the discrete time

process is modelled by a Markov chain. A continuous time process, with right continuous

with left limit paths, approximating the limit continuous time process, is constructed by

interpolating the Markov chain such that the process is constant between moments of

jumps of the Markov chain. Under the assumptions that the mean and covariance of
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the sequence of prelimiting processes converge to the corresponding values for the limit

process over compact intervals, that the limit process is continuous and that the payoff

functions are uniformly integrable, they prove that the sequence of option values converges

to the value of the option in the limit continuous time model, where the underlying asset

follows a diffusion process, as n→∞. Moreover, it is shown that a payoff function that

is bounded above by a polynomial function of the underlying asset value is uniformly

integrable. One example of a discrete time model satisfying the conditions of the paper

is the Binomial model in Cox, Ross, and Rubinstein (1979).

The result in Amin and Khanna (1994) is extended in Mulinacci and Pratelli (1998). In

the latter paper it is proved that if a sequence of positive, uniformly integrable processes,

with right continuous with left limit paths, converges weakly to a limit process and satisfies

some additional hypotheses, the sequence of Snell envelopes converges weakly to the Snell

envelope of the limit process.

In Iwaki, Kijima, and Yoshida (1995), the convergence of the price of a discrete time

American put option to the price of a continuous time American put option is studied,

under the assumption that the discrete price processes are Markov processes with time

homogeneous independent increments and the continuous time price process is the strong

solution of a stochastic differential equation. The convergence is proved for a sequence of

refinements of the set of exercise times such that max0≤i≤n(ti+1− ti)→ 0 as n→∞. For

the set of exercise times t0 < t1 < . . . < tn = T , the set of exercise times t′0 < t′1 < . . . <

t′n = T is a refinement if there is some 0 ≤ k ≤ n− 1, such that t′i = ti, i = 0, . . . , k, and

t′i+1 = ti, i = k + 1, . . . , n.

A different problem is studied in Dupuis and Wang (2005). They study the problem of

optimal stopping for a one dimensional diffusion process for two classes of stopping times.

In the first class, the stopping time is allowed to take values in the interval [0,∞], with∞

corresponding to the decision to never stop. In the second class the stopping time must be

selected from a fixed discrete set of times in [0,∞], e.g., a grid {nh : n = 0, 1, . . . ,∞} with

step h. The payoff is given by a nonnegative, nondecreasing function, and both the payoff

function and its derivative are of polynomial growth. They assume that the stopping

region has a one-threshold structure [x∗,∞). Using this setup they study the convergence

rate of the reward function at time zero of the discrete time problem as it converges

to the reward function at time zero of the continuous time problem as h → 0, and the

convergence rate of the boundary of the stopping region of the discrete time problem as

xh
∗ converges to the boundary in the continuous time problem as h → 0. Furthermore,
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they give simple formulas for the rate coefficients in both cases.

Convergence in optimal stopping problems for general Markov process has been studied

in, for example, Mackjavičjus (1973, 1974), Fährmann (1978, 1979, 1982), Dochviri and

Shashiashvili (1982, 1983), and Dochviri (1988). Closest to the convergence problem

considered in the present thesis are the papers by Mackjavičjus (1973, 1974), where the

convergence of the optimal rewards for an optimal stopping problem for a sequence of

Markov processes and payoff functions is investigated.

However, these and other authors use very strong uniform convergence assumptions

imposed on the payoff functions and the transition probabilities in the conditions to

prove the convergence of the optimal reward. These strong uniformity conditions are

not necessary in the convergence study in the present thesis and are replaced by local

convergence assumptions thanks to the monotonicity properties of the payoff functions

and the transition probabilities. These monotonicity conditions are natural to assume

for transition probabilities for price processes, but would not be appropriate for general

optimal stopping problems with general Markov processes.

2.7 Main problems studied in the thesis

The present thesis studies the discrete time optimal stopping problem for the holder of

an American type option that can be exercised at moments n = 0, 1, . . . , N . The price

process of the underlying asset is a discrete time Markov process. The two main topics of

the thesis are the structure of the optimal stopping domains and the convergence of the

reward functions.

From the preceding sections it is obvious that the optimal stopping domains and the

reward functions are of great importance when studying American options. To find the

optimal moment to exercise the option, maximizing the expected discounted payoff of

holding the option, we use backward induction and define the optimal stopping domains

with the help of the reward functions. The optimal stopping time is the first time the price

process is in the optimal stopping domain. Unfortunately, the definition of the optimal

stopping domains gives no explicit information about the structure of these domains.

The knowledge of the structure of the stopping domains can be used in Monte Carlo

algorithms for analyzing different characteristics of the option, such as, the probability of

early exercise, the average exercise time, and the expected profit of holding the option.

Due to the early exercise feature of American type options, the reward functions and

the optimal stopping domains have key roles in the valuation of the options. The reward
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functions represent the value of the option, if the expectations are with respect to a

risk-neutral probability measure. The analytical solutions to the valuation problem that

exist give the option value as a function of the boundary of the optimal stopping domain.

Numerical procedures also have to use the knowledge of the structure of the boundary

and the stopping domains to calculate the option value.

2.7.1 Structural studies of the optimal stopping domains

In the first part of this thesis we study the structure of the optimal stopping domains for

American type options. In particular, we study the dependence between the character-

istics of the payoff function and the structure of the optimal stopping domains. We also

consider how the payoff function’s parameters influence the structure.

The structural studies begin in Paper A with an experimental Monte Carlo study of

the optimal stopping domains for different types of payoff functions, such as, piecewise

linear, stepwise, and logarithmic. The price process of the underlying asset is assumed to

be a Markov geometric random walk.

The second part of the structural study concerns the existence of local sufficient con-

ditions such that the optimal stopping domains have a one-threshold structure.

In Paper B, the sufficient conditions are given for non-decreasing, non-negative, convex

payoff functions under the assumption that the price process is a geometric random walk.

The sufficient conditions given in Paper B are extended in Paper C and Paper D to

cover non-increasing (Paper C) and non-decreasing (Paper D) payoff functions, which

corresponds to the cases of put and call type options, respectively. The price process of

the underlying asset is in these papers a time inhomogeneous Markov process.

2.7.2 Convergence of the reward functions

In the final paper, Paper E, we study the convergence of the reward functions for a family

of American options that can be exercised at the same pre-specified moments.

For each option we are given a time inhomogeneous monotone payoff function with not

more than polynomial growth, and a price process that is a time inhomogeneous Markov

process.

Using backward recursive analysis the paper studies the pointwise convergence of the

reward functions, and the weak convergence of the reward processes and finite dimen-

sional distributions of the reward processes, under the assumption that the transition
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probabilities of the price processes and the payoff functions depend on some “perturba-

tion” parameter δ ∈ [0, δ0], and converge to the corresponding “unperturbed” (δ = 0)

limit quantities as δ → 0.

3 Summary of the papers

The present thesis is based on results obtained in the following five papers: Jönsson

(2001) (Paper A), Jönsson, Kukush, and Silvestrov (2002) (Paper B), Jönsson, Kukush,

and Silvestrov (2004) (Paper C), Jönsson, Kukush, and Silvestrov (2005) (Paper D), and

Jönsson (2005) (Paper E).

This section gives a summary of the studies and the main results given in these five

papers.

3.1 Paper A

In Paper A, the structure of the optimal stopping domains for different types of time

homogeneous payoff functions is studied using a Monte Carlo algorithm. The study is

mainly devoted to convex, non-decreasing functions, such as the standard payoff functions,

piecewise linear payoff functions, quadratic payoff functions, and stepwise payoff functions.

However, the optimal stopping domains for a logarithmic payoff function, i.e., a concave,

nondecreasing function, are also presented.

The price of the underlying asset is modelled by a time homogeneous Markov geometric

random walk with multiplicative log-normal change, i.e.,

Sn = Sn−1Yn, n = 1, 2, ..., N,

where Yn, n = 1, 2, ..., N , are independent log-normal random variables, i.e.,

Yn = eµ+σXn ,

where µ and σ is the mean and standard deviation, respectively, of the continuously

compounded rate of return of the asset and X1, X2, . . . , XN , are independent standard

normal random variables.

The study is based on a Monte Carlo algorithm presented in the paper. The main idea

is to impose a grid structure by a discretisation of the phase space of the price process at

each moment n = 0, 1, ..., N , such that the value of the asset is given by

sn,j = slow + j∆, j = 0, 1, ..., J,
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where slow ≥ 0 is a pre-specified lower bound of the asset price and J and ∆ > 0 are fixed

constants.

For each asset price sn,j on the grid we use the Monte Carlo technique to determine

whether the asset price sn,j is in the stopping domain or not, approximating the expected

value of the future reward if the option is exercised according to the optimal strategy

defined for n+ 1 by simulating a large number of trajectories originating from sn,j.

For the standard payoff function, the up-connectedness and right-connectedness prop-

erties are confirmed and the optimal stopping domains have the one-threshold structure

shown in Figure 3.

For the homogeneous in time version of the piecewise linear payoff function given in

(13) it is shown that the up-connectedness property does not hold always.

The structure of the optimal stopping domains depends on the quotient between the

coefficients a1 and a2, the difference between the strike prices K1 and K2, as well as on

the values of µ, σ and r. It is shown that for values of a2 large enough relative a1, the

optimal stopping domains will not satisfy the up-connectedness property.
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Figure 6: Optimal stopping domains for an American type call option in

a discrete time model where the option can be exercised at any moment

n = 0, . . . , 30. The payoff function is a piecewise linear function with two

slopes a1 = 1.0 and a2 = 2.0 and strike prices K1 = 500 and K2 = 560.

The underlying asset follows a geometric random walk with log-normal

increments.

In Figure 6, typical optimal stopping domains for a homogeneous in time piecewise linear

payoff function are shown. It is clear that the up-connectedness property does not hold for
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all moments n. Instead the optimal stopping domains now consists of unions of disjoint

intervals for the moments n = 5, ..., 29.

An explanation for the appearance of this structure is that as the asset price at moment

n, Sn = x, approaches K2 from below the probability P{xYn+1 > K2} increases. Thus, it

becomes more and more likely that the payoff at moment n + 1 will be greater than the

payoff at moment n. Consequently, the expected discounted payoff at moment n+ 1

e−rn+1E g(xYn+1) = e−rn+1a1(xYn+1 −K1)P{xYn+1 ≤ K2}

+ e−rn+1 [a1(K2 −K1) + a2(xYn+1 −K2)P{xYn+1 > K2}] ,

will increase as x increases towards K2. Consequently, since wN−(n+1)(x) ≥ g(x) for

every x ≥ 0, the expectation e−rn+1E wN−(n+1)(xYn+1) will become larger than g(x) as x

approaches K2, if a2 is large enough relative a1. Thus, there will be points belonging to

the continuation domain in the neighborhood of K2, if a2 is large enough relative a1.

The right-connectedness property should still hold for the time homogeneous piecewise

linear payoff function. But this is not the case for the asset price 555 at moment n = 19 in

Figure 6. This point is indicated as a stopping point but it should be a continuation point,

since the right-connectedness property is violated otherwise. Thus, this is a classification

error, i.e., a point is classified as a stopping point, but it should have been classified as a

continuation point, or vice versa.

The probability of classification errors is also investigated in the paper. It is shown

that the probability to make a classification error depends on both the distance to the

boundary of the optimal stopping domains and the time to the expiration date. The

highest probability to make a classification error is for the asset prices near the boundary

of the optimal stopping domains and far away from the expiration date.

In fact, for asset prices near the boundary, the difference

g(x)− e−rn+1E wN−(n+1)(xYn+1)

is very small. Hence, it is more likely that the estimation of the expected future reward

will cause a classification error due to the precision of the estimation.

Furthermore, far away from the expiration date, we have to simulate longer trajectories

and use the estimated stopping domains at the future moments to estimate the expected

reward. This will also influence the accuracy of the estimation.

The up-connectedness property of the optimal stopping domains does not hold for the

stepwise payoff function either, see Figure 7. But for the quadratic and logarithmic payoff

39



functions the optimal stopping domains have the same structure as for the standard payoff

function.
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Figure 7: Optimal stopping domains for an American type call option in

a discrete time model where the option can be exercised at any moment

n = 0, . . . , 30. The payoff function is a step function with three steps,

L1 = 10, L2 = 20 and L3 = 40, and strike prices K1 = 500, K2 = 540

and K3 = 580. The underlying asset follows a geometric random walk

with log-normal increments.

The results of the study confirm the theoretical results presented in Kukush and Silvestrov

(2000, 2004). In particular, the result that the optimal stopping domains for the piecewise

linear payoff function with two slopes can be either a single semi-infinite interval, or a

union of two disjoint intervals is confirmed.

3.2 Paper B

In Paper A, we saw that the optimal stopping domains for the piecewise linear payoff

function could have either a one-threshold structure or be a union of two disjoint intervals.

We also saw that the structure depends on the value of the slopes a1 and a2.

In Paper B, a sufficient local condition, connecting the payoff and the expected dis-

counted payoff of two sequential moments, is given for non-decreasing and convex payoff

functions, such that the optimal stopping domains have a one-threshold structure, i.e.,

for every moment n = 0, 1, . . . , N there exists 0 ≤ dn <∞ such that

Γn = [dn,∞).
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In particular, we consider payoff functions from the following two sub-classes of non-

decreasing convex functions: (i) gn(x) ≥ 0 and g′n,(+)(x) > 0 for every n = 0, 1, ..., N , and

x ∈ [0,+∞); (ii) for every n = 0, 1, ..., N , there exists Kn < +∞ such that gn(x) = 0

for every 0 ≤ x ≤ Kn. Examples of payoff functions with these properties are shown in

Figure 8.
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Figure 8: Examples of the two types of general convex payoff functions

considered in Paper B and in Paper D.

In the second sub-class we find, for example, the standard payoff function (1) and the

piecewise linear payoff function (13).

A general time inhomogeneous multiplicative Markov process describes the value of

the underlying asset:

Sn = Sn−1Yn, n = 1, 2, ..., N,

where Yn is a sequence of independent random variables with distribution functions Fn

taking values in the interval (0,∞), i.e., Pn{0 < Yn <∞} = 1, for all n = 1, 2, ..., N . The

initial value S0 > 0 is non-random.

For the first sub-class we impose the condition that the increment of the payoff function

at moment n is greater than or equal to the increment of the expected discounted payoff

at moment n+ 1 for all values of the underlying asset:

B1: For every x ≥ 0 and n = 0, 1, ..., N − 1,

g′n,(+)(x) ≥ e−rn+1EYn+1g
′
n+1,(+)(xYn+1),
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where f ′(+)(x) denotes the right derivative at point x.

We use the right derivative since this derivative exists for all points x ∈ [0,+∞) by

the convexity of the payoff functions.

Note that the right derivative coincides with the ordinary derivative at all points where

the latter exists. Furthermore, the set of points where the ordinary derivative does not

exists is a set of Lebesgue measure zero, since the payoff functions are convex.

Condition B1 does not, however, cover the case when the payoff functions are from

sub-class (ii) since in this case the inequality will not hold for 0 < x ≤ Kn.

In this case we impose the following condition:

B2: For every x ≥ Kn and n = 0, 1, ..., N − 1,

g′n,(+)(x) ≥ e−rn+1EYn+1g
′
n+1,(+)(xYn+1)

+ e−rn+1g′n+1,(+)(Kn+1)EYn+1I[0,Kn+1)(xYn+1).

Here IA(x) is the indicator function of the set A.

We assume that g′n,(+)(Kn) > 0 for all n = 0, ...N .

Remark 1. Note that condition B2, together with the monotonicity of Egn+1(xYn+1) in x,

implies that gn(x) ≥ e−rn+1(Egn+1(xYn+1)−Egn+1(KnYn+1)) ≥ 0 for x ≥ Kn. Therefore,

since Egn+1(KnYn+1) > 0, we will have dn > Kn for every n.

Conditions B1 and B2 given above are sufficient for the optimal stopping domains to

have the one-threshold structure. But to guarantee that the optimal stopping domains

are nonempty sets, i.e., Γn 6= ∅, an extra condition is given in Paper B (see further the

summary of Paper D in Section 3.3.2).

Consider the time homogenous piecewise linear payoff function

g(x) =















0 if x ∈ [0, K1]

a1(x−K1) if x ∈ (K1, K2]

a1(K2 −K1) + a2(x−K2) if x ∈ (K2,∞)

(21)

where 0 < K1 < K2 are the strike prices and 0 < a1 ≤ a2 are the scale pricing coefficients

for price intervals (K1, K2], and (K2,∞), respectively.

We know from Kukush and Silvestrov (2000, 2004) and Jönsson (2001) (Paper A),

that the optimal stopping domains for the piecewise linear payoff function (21) are either

empty, unions of disjoint intervals, or semi-infinite intervals (i.e., have a one-threshold

structure).
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In Paper B, we give both theoretical and numerical upper bounds on a2 for the piece-

wise linear payoff function given in (21), such that the optimal stopping domains have

the one-threshold structure.

For this payoff function, the sufficient condition B2 takes the form of the following

inequality for every n = 0, 1, ..., N − 1,

EYn+1 +
(a2 − a1)

a1
EYn+1I(1,∞)(Yn+1) ≤ ern+1 .

Rewriting this condition gives a sufficient upper bound

a∗2 = min
0≤n≤N−1

a1
ern+1 − EYn+1I(0,1)(Yn+1)

EYn+1I(1,∞)(Yn+1)
(22)

for a2 such that the optimal stopping domains have a one-threshold structure. That is,

the upper bound tells us that for all values of a2 ≤ a∗2, for every n = 0, 1, ..., N − 1, the

optimal stopping domain Γn = [dn,∞).

Assuming that the underlying asset’s price follows a log-normal geometric random

walk

Sn = Sn−1e
µ+σXn ,

where µ = −0.015, σ = 0.05 and Xn is a standard normal random variable, and that

rn = r = 1.5564 ∗ 10−4 for each n = 1, ..., N , (this corresponds to 4% annually interest

rate) and a1 = 1.0, gives a∗2 ≈ 1.035.
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Figure 9: Optimal stopping domains for an American type call option

with piecewise linear payoff function with two slopes a1 and a2. The

difference between a1 and a2 is small and the optimal stopping domains

are semi-infinite intervals. Strike price K1 = 20 is marked with a dashed

line in the right figure. The underlying asset follows a geometric random

walk with log-normal increments.
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Figure 9 and Figure 10 show examples of how the structure of the optimal stopping

domains depends on the values a1 and a2. In Figure 9, a2 is less than the sufficient upper

bound a∗2, and the optimal stopping domains are semi-infinite intervals. In Figure 10,

a2 is greater than a∗2, and many of the optimal stopping domains are now unions of two

disjoint intervals.

0 20 40 60 80 100
0

20

40

60

80

100

120

140

Asset price

P
ay

of
f

10 20 30 40 50
0

10

20

30

40

50

60

70

80

90

Days
A

ss
et

 p
ric

e

Figure 10: Optimal stopping domains for an American type call option

with piecewise linear payoff function with two slopes, a1 and a2. The

difference between a1 and a2 is large and the structure of the optimal

stopping domains are either semi-infinite intervals or union of two dis-

joint intervals. The strike prices, K1 = 20 and K2 = 70, respectively,

are marked with dashed lines in the right figure. The underlying asset

follows a geometric random walk with log-normal increments.

3.3 Paper C and Paper D

The sufficient conditions on the payoff functions for the optimal stopping domains to have

one-threshold structure given in Paper B are extended in two directions. First of all the

price process of the underlying asset is modelled by a general time inhomogeneous discrete

time Markov process

Sn = An(Sn−1, Yn), n = 1, ..., N, (23)

where An(x, y), n = 1, 2, ..., N, is a measurable function acting on R
+ × Y to R

+, R
+ =

[0,∞) and Y is a measurable space.

The second extension is to consider both non-increasing and non-decreasing convex

payoff functions, corresponding to put type options and call type options, respectively.
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3.3.1 Non-increasing payoffs (Paper C)

In Paper C, we consider in particular payoff functions from the following two sub-classes of

non-increasing and convex functions: (i) for every n = 0, 1, ..., N , and every x ∈ [0,+∞),

gn(x) ≥ 0 and g′n,(−)(x) < 0; (ii) for every n = 0, 1, ..., N , there exists Kn < +∞ such

that gn(x) = 0 for every n and every x ≥ Kn, and, furthermore, that g′n,(−)(Kn) < 0, for

every n = 0, 1, ..., N .

In the paper sufficient local conditions on the payoff function and the price process

are given such that the optimal stopping domains have the following structure

Γn = [0, dn], with dn <∞, n = 0, . . . , N − 1. (24)

On the price process we impose the following key condition:

A2: For every n = 1, . . . , N and y ∈ Y, An(x, y) is a non-decreasing and concave function

in x.

The key condition for the first sub-class of payoff functions such that the optimal

stopping domains have the one-threshold structure given in (24) is:

B1: For every n = 0, 1, . . . , N − 1, and x ∈ R
+,

g′n,(−)(x) ≤ e−rn+1Eg′n+1,(−)(An+1(x, Yn+1))A
′
n+1,(−)(x, Yn+1).

Here g′n,(−)(x) denotes the left derivative. The left derivative exists for all x > 0 and

is a non-positive and non-decreasing function. Moreover, the ordinary derivative g ′n(x)

exists for all x ≥ 0, except for at most a countable set, and both derivatives coincide at

the points where the function gn(x) is differentiable.

Condition B1 implies that the increment of the payoff function at moment n is less

than or equal to the expected discounted increment of the payoff at moment n+ 1.

Example of functions from sub-class (i) are gn(x) = ane
−bnx and gn(x) = an(x+cn)

−bn ,

where an, bn, cn > 0.

The key condition B1 takes in these cases a simple readable form. For example, in

the case of the time homogeneous geometric random walk, where An(x, y) = xy, and the

exponential payoff function with coefficients an = a, bn = b, condition B1 takes the form

of a simple inequality: e−rEe−bx(Y1−1)Y1 ≥ 1.

To guarantee, for the first sub-class of payoff functions, that for every n = 0, 1, . . . , N

the optimal stopping domains is not the whole positive half line, i.e., to ensure that

Γn 6= R
+, we impose the following condition:
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E1: For every n = 0, . . . , N − 1, there exists xn such that

gn(xn) < e−rn+1E gn+1 (An+1(xn, Yn+1)) .

For payoff functions from sub-class (ii) the inequality in B1 will not hold for x ≥ Kn.

Condition B1 is, therefore, modified in the following way:

B2: For every n = 0, 1, ..., N, and each 0 < x ≤ Kn,

g′n,(−)(x) ≤ e−rn+1
[

Eg′n+1,(−)(An+1(x, Yn+1))A
′
n+1,(−)(x, Yn+1)

+g′n+1,(−)(Kn+1)EA′n+1,(−)(x, Yn+1)I(Kn+1,∞)(An+1(x, Yn+1))
]

.

The preceding conditions does guarantee that the one-threshold property (24) holds for

the payoff functions in the two considered sub-classes. However, the conditions does not

guarantee that the optimal stopping domains are non-empty, i.e., dn > 0. The following

condition will guarantee that dn > 0 for all n = 0, . . . , N − 1:

D1: For every n = 0, . . . , N − 1,

gn(0) > max
n+1≤k≤N

e−Rn+1,kgk(0),

where Rn+1,k = rn+1 + · · ·+ rk, 1 ≤ n+ 1 ≤ k ≤ N .

3.3.2 Non-decreasing payoffs (Paper D)

In Paper D, the payoff functions are from the two sub-classes of non-decreasing and convex

functions considered in Paper B: (i) gn(x) ≥ 0 and g′n,(+)(x) > 0 for every n = 0, 1, ..., N ,

and x ∈ [0,+∞); (ii) for every n = 0, 1, ..., N , there exists Kn < +∞ such that gn(x) = 0

for every 0 ≤ x ≤ Kn.

In the paper sufficient local conditions on the payoff functions and the price process

are given such that the optimal stopping domains have the one-threshold structure

Γ̃n = [dn,∞), with dn <∞, n = 0, . . . , N − 1. (25)

Instead of condition A2 given in Paper C we now impose the following condition on

the price process:

Ã2 : For each y ∈ Y and n = 1, 2, ..., N, An(x, y) is a non-decreasing and convex function

in x.
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The key condition for payoff functions from sub-class (i) is:

B̃1: For every n = 0, 1, ..., N − 1, and x ∈ R
+,

g′n,(+)(x) ≥ e−rn+1Eg′n+1,(+) (An+1(x, Yn+1))A
′
n+1,(+)(x, Yn+1).

Remark 2. If the payoff functions gn(0) ≡ 0 for all n = 0, ..., N , then dn = 0 for all

n = 0, 1, ..., N , by condition B̃1. Hence, it is optimal to stop at moment n = 0.

The following condition guarantees that dn > 0 for all n = 0, 1, ..., N − 1:

D̃1: For every n = 0, . . . , N − 1,

gn(0) < min
n+1≤k≤N

e−Rn+1,kgk(0),

where Rn+1,k = rn+1 + · · ·+ rk, 1 ≤ n+ 1 ≤ k ≤ N .

The key condition for the payoff functions from sub-class (ii) is:

B̃2: For every n = 0, 1, ..., N − 1, and all x ≥ Kn,

g′n,(+)(x) ≥ e−rn+1
[

Eg′n+1,(+)(An+1(x, Yn+1))A
′
n+1,(+)(x, Yn+1)

+g′n+1,(+)(Kn+1)EA′n+1,(+)(x, Yn+1)I[0,Kn+1)(An+1(x, Yn+1))
]

.

Note that under natural assumptions, for all n = 0, . . . , N − 1, at point x = Kn we

have

Eg′n+1,(+)(An+1(Kn, Yn+1))A
′
n+1,(+)(Kn, Yn+1) > 0.

In that case B̃2 implies that g′n,(+)(Kn) > 0 for every n = 0, . . . , N − 1. Consider, for

example, the payoff function gn(x) = [x−Kn]
+.

The conditions given above are sufficient for the optimal stopping domains to have

the one-threshold structure. But to guarantee that the optimal stopping domains are

nonempty sets, i.e., Γ̃n 6= ∅, we impose the following two conditions:

Ẽ1: For each n = 0, 1, ..., N − 1,

lim inf
x→∞

e−rn+1E gn+1(An+1(x, Yn+1))

gn(x)
< 1.

Ẽ2: For any 0 < d <∞ and for each n = 0, 1, ..., N − 1,

lim
x→∞

P{An+1(x, Yn+1) < d} = 0.
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3.4 Paper E

In Paper E, we study convergence of the reward functions for a family of American

options under the assumption that the transition probabilities of the price processes and

the payoff functions depend on som “perturbation” parameter δ ∈ [0, δ0], where δ0 is a

positive constant, and converge to the corresponding “unperturbed” limit quantities.

For each ”perturbation” parameter δ ∈ [0, δ0] let
(

S
(δ)
n

)

be a time inhomogeneous

discrete time Markov process with phase space R
+ = (0,∞), initial state S

(δ)
0 = s0 ∈ R

+,

and one-step transition probabilities

P (δ)n (x,A) = P{S
(δ)
n+1 ∈ A|S(δ)n = x} , x ∈ R

+, A ∈ B+ , (26)

for n = 0, 1, . . . , N − 1, where B+ is the Borel σ-algebra of subsets of R
+.

The following exponential form of the price processes is also used in the paper,

S(δ)n = S
(δ)
n−1e

∆Y
(δ)
n−1 , n = 1, . . . , N, (27)

where ∆Y
(δ)
n−1 = Y

(δ)
n − Y

(δ)
n−1 and Y

(δ)
n = ln(S

(δ)
n

s0
), n = 0, 1, . . . , N . Obviously

(

Y
(δ)
n

)

is also

a Markov process, with phase space (−∞,∞) and initial state Y
(δ)
0 = 0.

For each δ ∈ [0, δ0] let the payoff at moment n be given by the payoff function g
(δ)
n (x),

which is a nonnegative, B+-measurable function.

The following conditions are imposed on the payoff functions:

A1: For every n = 0, 1, . . . , N , and δ ∈ [0, δ0], g
(δ)
n (x) is nonnegative and nondecreasing

in x > 0.

A2: For every n = 0, 1, . . . , N, g
(δ)
n (x)→ g

(0)
n (x) as δ → 0, for every x > 0.

A3: For every n = 0, 1, . . . , N, g
(0)
n (x) is continuous in x > 0.

A4: For every n = 0, 1, . . . , N, and some γ > 0,

sup
δ

g(δ)n (x) ≤ K1,n +K2,nx
γ, x > 0,

where K1,n and K2,n are nonnegative constants.

Note that we do not assume that the payoff functions are continuous for 0 < δ ≤ δ0.

The following conditions are imposed on the transition probabilities:

B1: For every n = 0, 1, . . . , N , and δ ∈ [0, δ0], P
(δ)
n (x, [y,∞)) is nondecreasing in x > 0

for every y > 0.
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B2: For every n = 0, 1, . . . , N, P
(δ)
n (x, (0, ·])⇒ P

(0)
n (x, (0, ·]) as δ → 0, for every x > 0.

B3: For every n = 0, 1, . . . , N, P
(0)
n (x′, (0, ·])⇒ P

(0)
n (x, (0, ·]) as x′ → x, for every x > 0.

Here and henceforth the symbol ⇒ denotes weak convergence of the corresponding dis-

tribution functions.

Condition B1 ensures a stochastic monotonicity property on the price processes and

is natural to assume for processes describing asset prices.

Condition B2 is the weak convergence of the transition probabilities.

Condition B3 is a continuity condition for the unperturbed transition probability.

Finally, we impose a condition which ensures that for some constant β greater than

the constant γ given in condition A4, the β:th moment of the increment of the process

(27) is uniformly bounded with respect to δ ≥ 0 and x > 0:

C1: For every n = 1, . . . , N , and some β ≥ γ, (where γ is the constant stated in condition

A4)

sup
δ

sup
x

E
(δ)
(n−1,x)e

β∆Y
(δ)
n−1 = C(β)n <∞,

where C
(β)
n is a constant depending on β.

Here E
(δ)
(n−1,x) denotes the expectation with respect to P

(δ)
n−1(x, ·).

Under these conditions we first prove that for every n = 0, 1, . . . , N :

(a) for every δ ∈ [0, δ0], w
(δ)
n (x) is nonnegative and nondecreasing in x > 0;

(b) w
(δ)
n (x)→ w

(0)
n (x) as δ → 0, for every x > 0;

(c) w
(0)
n (x) is continuous in x > 0;

(d) for x > 0,

sup
δ

w(δ)n (x) ≤M1,n +M2,nx
γ ,

where M1,n and M2,n are nonnegative constants, and γ > 0 is the constant given in

condition A4.

We can in fact prove properties (a), (b), and (d) without conditions A3 and B3, if we

assume that the transition probabilities have no atoms, i.e., when the following condition

holds:

B4 For every n = 1, . . . , N , and x > 0, P
(0)
n (x, [y,∞)) is continuous in y > 0.
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However, in this case we cannot of course prove the continuity property of the “un-

perturbed” reward functions.

By using the fact that the reward functions satisfy properties (a) - (d) we can prove

that the reward processes
{(

w
(δ)
N−n(Sn)

)}

δ∈[0,δ0]
converge weakly as δ → 0, and that their

moments of order α ≤ β

γ
have polynomial growth, i.e., for every n = 0, 1, . . . , N :

(e) w
(δ)
N−n(S

(δ)
n )

d
−→ w

(0)
N−n(S

(0)
n ) as δ → 0;

(f) for 1 ≤ α ≤ β

γ
:

sup
δ

E
(δ)
(0,s0)

[

w
(δ)
N−n(S

(δ)
n )

]α

≤ N
(α)
1,n +N

(α)
2,n s

αγ
0 ,

where N
(α)
1,n = 2α−1Mα

1,n and N
(α)
2,n = 2α−1Mα

2,ns
αγ
0

∏n

m=1C
(αγ)
m ; Mα

1,n and Mα
2,n are the

constants given in (d), β and C
(αγ)
1 , . . . , C

(αγ)
n are the constants given in condition

C1, and γ is the constant given in condition A4.

Finally, using the pointwise convergence of the reward functions and the weak conver-

gence of the finite dimensional distributions of the price processes we can prove that the

finite dimensional distributions of the reward processes converge weakly, i.e.,

(g)
(

w
(δ)
N (S

(δ)
0 ), . . . , w

(δ)
0 (S

(δ)
N )

)

d
−→

(

w
(0)
N (S

(0)
0 ), . . . , w

(0)
0 (S

(0)
N )

)

as δ → 0.

Paper E ends with an application to a non-standard American type option called a

Bermudan type option that can be exercised at moments t0 = 0 < t1 < . . . < tN = T ,

where T is the expiration date. The underlying price processes {X (δ)(t), 0 ≤ t ≤ T}δ∈[0,δ0]

are inhomogeneous Markov processes, with paths that are right continuous and admits left

limits, defined on (Ω(δ),F (δ), P (δ)) with phase space R
+ = (0,∞), initial state X (δ)(0) =

s0, and transition probabilities P (δ)(t, x, s, A), A ∈ B+, where B+ is the Borel σ-algebra

of subset of R
+.

It is shown that the above optimal stopping problem with an inhomogeneous Markov

process, with paths that are right continuous and admits left limits, can be reduced to

the discrete time optimal stopping problem with an inhomogeneous discrete time Markov

process studied in the paper. Consequently all convergence results can be immediately

translated to Bermudan type options in a continuous time market.

In an example, where the family {X (δ)(t), 0 ≤ t ≤ T}δ∈(0,δ0] is a sequence of Binomial

models, it is shown explicitly that the conditions B1 - B3 and C1 imposed on the

transition probabilities P
(δ)
n (x, ·) in (26) are satisfied.
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4 Sammanfattning p̊a svenska

Avhandlingen behandlar problemet att välja tidpunkt för att lösa in en amerikansk option.

En amerikansk option ger ägaren rätten att köpa eller sälja en underliggande vara för ett

fast pris, kallat lösenpriset, fram till och med en förbestämd tid, den s̊a kallade slutdagen.

Den underliggande varan kan vara en aktie, en växelkurs, eller n̊agon annan ekonomisk

tillg̊ang. I avhandlingen antar vi att optionen kan lösas in vid vissa givna tidpunkter som

vi för enkelhets skull kallar 0, 1, 2, . . . , N , där N är lösendagen.

Ägaren vill hitta den optimala tidpunkten att lösa in optionen s̊a att nuvärdet av den

förväntade avkastningen maximeras. Att hitta den optimala tidpunkten att lösa in optio-

nen är ett s̊a kallat optimalt stopptidsproblem i diskret tid. I det optimala stopptidsprob-

lemet observerar vi en följd av slumpmässiga värden (t.ex. aktiepriser) och söker efter

den optimala tidpunkten att sluta observera följden och f̊a en avkastning som bestäms

av det senast observerade värdet. Det är optimalt att lösa in optionen om avkastningen

för det senast observerade värdet är större än den förväntade framtida avkastningen givet

det senast observerade värdet.

Utifr̊an denna regel kan vi för varje tidpunkt identifiera vilka värden som tillhör den

optimala stoppmängden, d.v.s. mängden av alla värden för vilka det är optimalt att av-

sluta observationerna och lösa in optionen. Den optimala tidpunkten att lösa in optionen

är den första tidpunkten d̊a värdet p̊a den underliggande varan observeras i den optimala

stoppmängden.

Avhandlingen best̊ar av tv̊a olika studier med anknytning till det optimala stopptids-

problemet. I den första studien, se artiklarna A, B, C och D, undersöks strukturen p̊a

de optimala stoppmängderna. I den andra studien, se artikel E, studeras värdet av den

optimala strategin.

I artikel A presenteras en experimentell studie av hur strukturen p̊a de optimala

stoppmängderna beror p̊a vilken avkastningsfunktion som en amerikansk köpoption har.

Avkastningsfunktionen bestämmer hur avkastningen ska beräknas utifr̊an det observerade

värdet. I artikeln visas att den optimala stoppmängden kan till exempel vara ett intervall

av värden s̊a att det finns ett tröskelvärde för vilket alla värden som är större än detta

tröskelvärde tillhör den optimala stoppmängden. Den optimala stoppmängden kan även

vara en union av tv̊a eller flera intervall där det mellan intervallen finns värden för vilket

det är optimalt att fortsätta att äga optionen.

I artikel B, C och D ges tillräckliga villkor p̊a avkastningsfunktionerna s̊a att det för
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varje tidpunkt finns ett tröskelvärde s̊a att den optimala stoppmängden har en enkel in-

tervallstruktur. Artikel B behandlar amerikanska köpoptioner med avkastningsfunktioner

som är konvexa och icke-avtagande med avseende p̊a värdet p̊a den underliggande varan.

Prisprocessen, som beskriver hur värdet p̊a den underliggande varan förändras med tiden,

är i denna artikel en inhomogen multiplikativ Markovprocess. Det tillräckliga villkoret p̊a

avkastningsfunktionen kan uttryckas p̊a följande sätt: Om värdet av den underliggande

varan vid en tidpunkt ändras, s̊a ska förändringen av avkastningen vid den tidpunkten

vara större än förändringen av den förväntade avkastningen vid följande tidpunkt.

Artikel C och D utökar villkoren givna i artikel B till att gälla även optioner med icke-

växande (artikel C) och icke-avtagande (artikel D) avkastningsfunktioner motsvarande

säljoptioner respektive köpoptioner. Prisprocessen antas i dessa artiklar vara en generell

inhomogen Markovprocess i diskret tid. De tillräckliga villkoren för avkastningsfunktionen

kan i b̊ada artiklarna uttryckas p̊a liknande sätt som villkoret i artikel B.

I den andra studien, se artikel E, studeras hur värdet av den optimala strategin

p̊averkas om det finns en störning som p̊averkar avkastningsfunktionerna och överg̊angs-

sannolikheterna för prisprocessen. Värdet p̊a den optimala strategin för ett observerat

värde som är i den optimala stoppmängden definieras som värdet av avkastningen som

vi f̊ar om vi löser in optionen. Om det observerade värdet är utanför stoppmängden

är värdet p̊a den optimala strategin lika med den förväntade optimala framtida avkast-

ningen givet det observerade värdet. I artikeln ges villkor p̊a avkastningsfunktionerna

och överg̊angssannolikheterna s̊a att värdet p̊a den optimala strategin i det ”störda” fal-

let närmar sig värdet p̊a den optimala strategin i det ”ostörda” fallet när störningen i

avkastningsfunktionerna och överg̊angssannolikheterna avtar mot noll.
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